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PREFACE. 


HE object of this book is to provide an English introduction 
to the symbolical method in the theory of Invariants. 
It was started as an attempt to meet the need expressed by 
Elliott in the preface to The Algebra of Quantics—‘a whole book 
which shall present to the English reader in his own language 
a worthy exposition of the method of the great German masters 
remains a desideratum.’ Since then the need has been partly 
met by the article ‘Algebra’ by MacMahon in the Supplement 
to the Encyclopedia Britannica. The subject has been treated 
from the commencement in order that readers unacquainted 
with Elliott’s treatise or any presentation of the elements may 
be able to understand the argument. Such readers should bear 
in mind that this treatise is only concerned with one part of 
a very extensive subject. The modern theory of Partitions will 
be found in the first part of the article by MacMahon mentioned 
above. ' 

The first six chapters—a great portion of which, we hope, will 
be found easy reading—may be said to lead step by step to 
Gordan’s wonderful proof of the finiteness of the system for a 
single binary form. The sixth chapter is, in fact, devoted to an 
exposition of Gordan’s third proof, but here, as throughout the 
book, we have allowed ourselves a free hand in dealing with the 
memoirs and treatises quoted. For example, we have made much 
use of Jordan’s great memoirs on Invariants in proving Gordan’s 
theorem: in a later chapter on Types of Covariants the development 
of Jordan’s method has led us to some results which we believe 
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to be important as well as novel, notably to an exact formula for 
the maximum order of an irreducible covariant of a system of 
binary forms. 

The remainder of the book is mainly of geometrical interest : 
much space is devoted to Apolarity and Rational Curves, and the 
treatment of ternary forms is from the geometrical rather than 
the analytical point of view. The only complete system of 
ternary forms given is that for two Quadratics: it may be felt 
that more should have been said on this subject, but we think that 
with the methods known up to the present the treatment of 
ternary forms is too tedious for a text-book. 

The number of references to Mathematical Journals etc. will 
perhaps be found unusually small: for this there is no need to 
apologise since the admirable Bericht iiber den gegenwdrtigen 
Stand der Invariantentheorie* of Meyer gives references up to 
the last few years and in a more complete fashion than is 
desirable in a book which makes no pretensions to being exhaustive. 

We wish to thank Dr H. F. Baker for help given to us in our 
early reading and Professor Forsyth for encouragement while 
writing. For reading of proof-sheets we are indebted to Mr J. 
K. Wright, B.A., of Trinity College, Mr P. W. Wood, B.A., of 
Emmanuel College, and in a still greater degree to the late 
Mr A. P. Thompson, B.A., of Pembroke College, whose enthusiasm 
for Mathematics and research was most helpful and whose early 
death is deplored alike by his teachers and his fellow-workers. 
Our thanks are also due to the officials of the University Press 


for great help received during the course of printing. 
J. H. GRACE. 
A. YOUNG. 


* Jahresbericht der Deutschen Mathematiker Vereinigung, Vol. 1., 1892. French 
translation by Fehr; Gauthier-Villars, Paris, 1897. Italian translation by Vivanti; 
Pellerano, Naples, 1899. Article, Invariantentheorie in the Encyclopiidie der 
mathematischen Wissenschaften. 


August 18, 1908. 
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CHAPTER I. 


INTRODUCTION. SYMBOLICAL NOTATION. 


1. IF in the expression 
Ap @y? + 2a, 2, X_ + Ay X,2, 
we write o, = &,X,+Xo, 
Pap. Gee PD: Cy, 
we obtain a new expression, viz. 
AUX +A, Xx {Xo + ALA, 
where A,= yb + 2a es + ase, 
Ay =) &m + & (Erm + &m) + Eom, 
A, = Any + 24,7, N+ A272”. 
It is easy to verify the identity 
A, A, — Ay’ = (MMe — a") (Erm. — &m)’, 


which shews that the function A,A,— A,? of the coefficients of the 
transformed expression differs from the same function aa, —a,? of 
the coefficients of the original expression by a factor involving 


only the coefficients contained in the transformation. 


2. In the present work we shall give an account of the 
theory and structure of functions of the coefficients possessing 
properties analogous to that described above; but before pro- 
ceeding to generalities we shall give some further examples. 


If we transform the two expressions 
Ay Ly? + 2,2, Ly + A222’, 


fe Uf J 
Og Ly, 2A; Hy Ly + Ay L,", 
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in the same way as before, and they become 
A,XP+2A,X,X,+ A,X, 
Ay & + 2ASX XR ALXS, 
then it is easy to verify the identity 
A, A, — 2A, A,’ + Ay’ Ag = (yay — 2a, a4" + Ay de) (E19, — &m)* 


Thus we have here a function of the coefficients of two ex- 
pressions such that the new value differs from the original value 
by a factor depending only on the transformation employed 


3. Asa third example, if the cubic expression 
Ay t) + 30,07 2+ 8d,%, 2,7 + A303 
become A,X; eis 3A, XX, aF 3BA,X, Xx? +A aX 9’, 
when we put a = &,X,+Xo, 
= §,X,+ Xz, 
then we have 
(A, A, — A,?) X22 + (A, A; — A, As) X,X, + (A, A; — A?) XZ 
= {(Ay Gy — Oh?) @,? + (Gps — Gy Uy) By By + (AAs — Ay?) 2°} (Erm, — Em). 
This identity indicates a property quite similar to that illus- 
trated in the two previous examples, but the function, which is 
unaltered except for the factor (&,— &7)?, now involves the 


variables as well as the coefficients of the expression from which 
it is formed. 


The result we have written down may be verified directly, 
but more easily as follows: 


Denoting the original expression by f and the transformed 
expression by # we have to prove that 


OF OF ( OF \)_ (ef Of ( af \ 
Ox OX. in laxax,) 1% lane 020.2 ei ae (Em a Em). 
OF _aF im , aF am 
OX, 08,04, 00,04, 


Now 


oF oF 
= fia, t Sean 
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and in like manner 


oF oR on 
aya oY a 261b5 5am, + be aa 


or or or 
; aX ok,” =n &; = + (En, + &, pO eee 0a 025 a5 E.m. — dus 
or Or or or 


Oxe a “ape ona ay Oat?” 


But these equations are exactly the same as those which 
express A,, A,, A, in terms of a, a, a, (§ 1), hence 


OF CF Cl | Oh ey. of 
OX20X, ln 0X -) = (Ei — £3) ae 0a? -(555) Hi 


The expression of oF - b eT il is called the Hessian of f. 


ON? Oy \Oi1 0X, 


4. Let us now explain the phraseology in common use when 
dealing with questions such as arise in our subject. 


Quantics. A rational integral homogeneous algebraic function 
of any number of variables 2, 2, ... 2p», is called a quantic. 


The degree in the variables is called the order of the quantic, 
and according as the number of variables is two, three, four...... 
we call the quantic binary, ternary, quaternary ...... 


Thus a binary quantic of order m is a rational integral 
homogeneous algebraic function of two variables which is of the 
nth degree in those variables. 


Such a quantic might be written 
Ay By” + Ay Uy Hy + gt” HF + 22. + An Xe”, 


but we shall find it invariably more convenient to write it 
n uv n-1 n N—2m 2 n 
ty + 1 Oh By" Hy + 9 Ogle Ug se se On Le"; 


a.e. with binomial coefficients prefixed to the various a’s. 
The former of these expressions is now commonly written 
(Ags Gi, Op senda Ol, a4), 
and the latter (Go; Gyy Az, »<55 Un 02, @2)", 


a very convenient notation introduced by Cayley. 
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The mere consideration of the transformation of the binary 

form 

Ay X12 + 2d HM + Ay X,? 
will be sufficient to convince the reader of the advantage of the 
introduction of binomial coefficients. 

Passing now to the case of any number of variables, we call 
the quantic a p-ary q-ic when it is homogeneous and of degree q 
in p variables. 

Thus the most general ternary quadratic is written 

oon Vy? + Loa Lo? + Apgg Ls? + 2Ay19 Ly Hq + ZA Lz + 2A %oXs, 
and in general the ternary n-ic is written 
n! 
where the summation is extended to all values of p, q, r satisfying 


the equality 
p+tqtr=n. 


It will be noticed that here we have prefixed multinomial 
coefficients to the a’s. 


5. Linear Transformations. The equations 
= Go ya 
Ly = &X1+ 72Xo 
are said to constitute a linear transformation from the variables 


a,%, to the variables X,X.—it is of course implied that the 
coefficients on the right do not involve either set of variables. 


The determinant 
D= & Uni 
&, Ne 


is called the determinant of the transformation. 


If D vanishes it is evident that x, and «, are virtually identical, 
for their ratio 1s constant, and hence, as the variables are always 
supposed to be independent, we shall throughout only deal with 
transformations which have a non-vanishing determinant. 


On solving for X,X, we find 
X= (22 — ,%)/.D 
X= (- E,m, oP E,2.)/D 
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so that the passage back from the new variables to the old is 
effected by a linear transformation. This is called the inverse 
of the original transformation; it is evident at once that its 


determinant is equal to na 


D 


6. Let us now regard a linear transformation as an operator, 
which acting on 2,, 2, changes them to X,, X,, and let us consider 
the effect of two such operators acting successively. 


If the coefficients of the first are 
Ee ™ 5 2s Na, 
and those of the second 
Sia ties cbs Map 
then we have 
“= EX, +7,X5 
y= EX, + Xo)” 
xy = Ey Xa ue m Xs’) 
Ay = Tee AF no Xs J ; 
and the effect of the two operators acting successively is to change 
from the variables 2,, x, to X,', X,’. 
Now on elimination of X,, X, we find 
LG = (6,8, one E,’) Xy+ (Em at m2) AG, 
Ly = (E85, ae No&e ) Ay + (Eom a8 72M ) XG: 
And accordingly we can pass directly from the original to the 


final variables by means of a single linear transformation which 
we shall call >. 


If we call the two preceding operators S and S’ we may write 
> = SS’ 
and > is called the product or the resultant of S and S’. 


It must be carefully noticed that the order of the factors 
S and S’ is essential in considering their product. In our 
example we supposed that S acted first and then S’. If S’ had 
acted first and then S we should have 
> =S'S 


and it is manifest that } and >’ are not in general the same. 
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Since the resultant of two or any number of linear trans- 
formations is another such transformation, the whole set of linear 
transformations obtained by varying the coefficients is said to 
form a group—a continuous group because the coefficients € and 
m may be supposed to vary continuously. 


The determinant of = is equal to the product of the determi- 
nants of S and S’, as follows from the multiplication theorem for 
determinants. 


The product of a transformation and its inverse is a trans- 
formation which does not affect the variables, 7.e. it is 


which is called the identical operator. The determinant of this 
is unity, and, as we have pointed out, the product of the deter- 
minants of a transformation and its inverse is also unity. 


7. The idea of a linear transformation admits of immediate 
extension to any number of variables a, w,,..., and now the 
transformation consists of w equations 

' 


We CA +l Aa se + Cppecps de ae 0 


The determinant D formed with the &’s for elements is called 
the determinant of the transformation, and inasmuch as when D 
vanishes there is a linear homogeneous relation between the a’s, 
we exclude as before all transformations having a vanishing 
determinant. 


If D+0 we can solve for the X’s in terms of the a’s and, as 
can be easily seen, each X is a linear function of 2, 2, ... Zp, 80 
that we have 

Xx, = Nr Ly + NygLy + +++ + NrpLps 


a linear transformation which is the inverse of the preceding one. 


As in-the case of two variables, the resultant of two linear 
transformations S and Z' is a third linear transformation 


2 = ST, 


and on examining the coefficients in = it will be seen at once by 
the multiplication theorem that the determinant of > is the 
product of the determinants of S and 7". 
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8. In the earlier portion of this work we shall deal almost 
entirely with binary forms, and although we shall be constantly 
considering linear transformations and their effects, yet the fact 
that they form a group will not be explicitly used. Our only 
object, in introducing these elementary properties of groups, is to 
point out that the connection between invariants and groups is 
intimate and universal—in other words, that every group has its 
accompanying invariants and, conversely, every set of invariants 
belongs to a group. 


9. Invariants of Binary Forms. If a binary form / 
be changed by a linear transformation into a new form fF’, and a 
function J of the coefficients of F be equal to the same function 
of the coefficients of f multiplied by a factor depending solely on 
the transformation, then J is called an invariant of the binary form f. 


Thus for example in § 1 the identity 
(A, Ay — Ay?) = (oe — a1”) (Erm — &n)? 
shews that aa. — a? is an invariant of the binary quadratic 
Ay By? + 2a, 2, Hq + Ay H.2. 
An exactly similar definition applies to a joint invariant of 
several binary forms, e.g. 
ge = 20,0; +0; 05 
is an invariant of the two binary forms 
Ap By? + 2a, 21%, + Ayx,?, 


and Ay £2 + QAy' ay Cy + Ae’ X2. 


10. For the present we shall confine our attention to invariants 
which are rational integral functions of the coefficients. It is easy 
to see that there is no further loss of generality if we suppose the 
invariants to be homogeneous in each set of coefficients that they 


contain. 


Thus for example if Z be an invariant of a single binary form 
J which is not homogeneous in the coefficients a we can write J in 
the form 1 oe a ee ae ee 


where each element in this sum is homogeneous. 
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Now by definition we have 
L(A) =M-x T (a); 

and therefore 

I,(A)+1,(A) +...+1;(A) = M {ft (a) + 2, (a) +60. +L, (a)}. 

But the A’s are linear functions of the a’s and M is independent 
of both, and therefore the only part on the left-hand side which is 
of the same degree as J, (a) on the right-hand side is J, (A); 

I, (A) =I, (a), 

that is to say J, is an invariant. Hence a non-homogeneous 


invariant is the sum of several homogeneous invariants. 


This result can be at once extended to any number of binary 
forms. 


As an example 
Ap Ag — Ay? + Ap Ay — 2a, A,’ + Any 
is an invariant of the two binary quadratics 
(A, hh, ah X,, Iq) and (ay, ay, dy Vay, X-)?, 
but it is the sum of two expressions 
pA, — A,”, 
and Ay Ay — 2A, Ay + Ay Ay” 
each of which is homogeneous in the two sets of coefficients. 

11. Covariants of Binary Forms. If a binary form / is 
changed into a form F' by a linear transformation, and a function 
C of the coefficients of #’ and the new variables X,, X, be equal to 
the same function of the coefficients of f and the old variables ,, x, 


multiplied by a factor depending only on the transformation, then 
Cis called a covariant of the binary form. | 


Thus from what we have seen 
OT Of 9 ( of ) 
Ox,? 02.2 0X, 0X, 


is a covariant of the binary cubic f and in fact of any binary form. 


An exactly similar definition applies to a joint covariant of 
several binary forms—as an example the reader will have no 
difficulty in shewing that the Jacobian 

of op _ of 0 


OX, 0X, 0X2 0%, 
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of any two forms f and ¢ is a covariant of those forms, the 
multiplier being (&,7, — &n,) the determinant of the transformation. 


We shall confine our attention to covariants which are rational 
integral functions both of the coefficients and the variables, and, as 
in the case of invariants, there is no difficulty in seeing that there 
is no further loss of generality in supposing such covariants to be 
homogeneous in the variables and in each set of coefficients involved. 
In fact if a covariant be not homogeneous it is the sum of several 
parts each of which is a covariant and homogeneous. 


12. Degree and Order of a Covariant. The degree of a 
covariant of a single form is its degree in the coefficients of that 
form—the order is the degree in the variables. 
at ee 
0n,? 0x2 02, 020, 


of degree two and order 2n — 4. 


The covariant 


2 
) of a binary form of order n is 


A covariant of several binary forms has a definite partial degree 
in each set of coefficients involved and the order is as before the 
degree in the variables. 


The Jacobian of f and ¢ is of degree one in the coefficients of 
each of the two forms, and its order is the sum of the orders of 
f and ¢ diminished by two. 


13. Symbolical Notation. In our investigations we shall 
find it of the utmost value to write the binary quantic 


n n—1 nN tT Tr 1” 
Ay hy” + NA" a+... + - Ay Ly Yi! ae con ap Chai 


in the symbolical form 

(a2 ae OnLy)”, 
so that a,” = a); a)" 1 ag = GQ, ... &" " Ay” = Ay, ... Ag” = Ay. 
This representation is startling at first sight, but consider how the 
use of it would introduce errors into calculation. They would 
arise because relations of the type 


Ady = 42" a? = a? 


between the coefficients prevent our binary form from being a 
general one. Now in representing a function of the coefficients 


10 THE ALGEBRA OF INVARIANTS [CH. I 


symbolically we allow no symbol such as @ to occur more than n 
times in any one term, so that the possibility of relations giving 
rise to 
Ay Ay = Ay” 

is entirely precluded. In fact to obtain this relation there must 
be 2n a’s multiplied together in the representation of the function 
Ay (ly OF a,2, Whereas, when we allow no more than n @’s to occur in 
any one term, the (n+ 1) expressions 


n n—1 n—-r 7 n 
He eRe lin. Whewtonle eins: Ob: 


are independent quantities, 7.e. with these restrictions on the use 
of our symbols the (n+ 1) coefficients of the original quantic are 
not necessarily connected by any relation, and therefore the most 
general quantic can be represented in the form indicated. 


Accordingly in addition to the symbol a we introduce a 

number of equivalent symbols 8, y, ... so that ’ 
pe Ca ar pp)” = (Bia a Seas)" = ( a+ 2%)” =} BOC 
or as 1t will invariably be written 
SJ = 42" = Be" = y2" tee 
The symbolical equivalent of a,a, is not 
a?” a,”, 

because here there are more than n a’s multiplied together. 

To represent a,a, we must use two different symbols a, 8 and 
then 

Ap dy = %" By” BY’, 
which is of course equivalent to 
B,"a," a2, 

whereas in the same symbols a,? is represented by %”"—a,8,"B,. 

In general to represent an expression of degree m in the 
coefficients, we have to use m different symbols of the type 
Bor oe reas 

We have said that not more than n a’s must be multiplied 
together in a given term—on the other hand if the expression has 
an actual as well as a symbolical significance not less than n of 
these symbols must occur together because only the expressions 

Oy”, Oy" Ga, ws Ay” 


have an actual meaning. 
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14. A function of the coefficients can generally be represented 
symbolically in different ways as we have seen in the case of aja, 
for example, which is equivalent to both 

C Aide Me Be and Yo fate Adame 

There is one method of determining the symbolical repre- 
sentation which is very convenient because it often leads to the 
expression most suitable for our purpose. 

Suppose, in fact, that P is a homogeneous function of the mth 
degree in a, ),... dn, then 

0 0 0 
P= (byt bigots + Ons] 
: aq ig, +Ons ce 
is only of degree m—1 in ay, i, ...@n. If in P, we replace each 
b by the corresponding a we obtain mP, as follows from Euler’s 
Theorem relating to homogeneous functions. 
In like manner if in 


3 , ” , 7 , 
joes Con ae +0 5] (Ogi +o stot Ds 5.) P. 


we replace each c and each b by the corresponding a we get 
m(m—1) P and P, is of degree m—2 in the a’s. 

Proceeding in this way we can find an expression P», which 

is linear in each of m sets of symbols 

hl Ra od 
and which becomes equal to P xm! when each ), ¢,... k is 
replaced by the corresponding a. 

Now having formed the expression P,,-, we replace each a 
by the symbol a, each b by the symbol 8, each ¢ by the symbol y 
and so on. Since the expression is linear in each set of letters, 
each symbol will occur exactly m times in every term, and then, 
regarding the symbols as referring to the same quantic, we have 
the required symbolical expression. 


Thus for example 
0 0 


Ay Ay — A = 4 (6, a, +b, ay. +b, -) (Ap A, — A;")p=0 
= 4 (by de + bea) — 20,0:)5=0 
=} (Ba? + Bia,” — 20,28, 8») a” "8," 
= $ (a By — 81)? mB", 
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and the convenience of this expression in terms of a, 8 will be 
abundantly evident in the sequel. 
~ Ex. (i). For the binary quartic shew that 
AyMy — 4a,a3 + 3ay® = $(a,8y —ay8,)', 
and | %  & Ay = F(AyBy— 481)” (Byyo — Bay)” (yr49 — Yaa)”: 


| & Gg ay 


Ex. (ii). By the same method shew that for any binary form 


ef af / of \2 n\? Noe ad 
e alt sf = i (a,Bg — a98;)* az”-28,."—2, 


y 4 
Cy CXy 
ix. (iii). Shew that for a binary form of odd order (a,8,—a.8,)" is zero 
E S 1P2 — AQPy 
and write down its value for a form of even order in. terms of the coefficients. 


15. Polar Forms. The expression 
n— Sel 0 ey ce 
‘ (nae + Yo an =) a 
where fra/= aS = ete. 
is a binary form of order n, is called the rth polar of f with respect 
to y. 
The operator (y, o + Yo 2. , which is frequently written 
vg 


(y x): is called a polarizing operator and the expression 
Ee 78 a Vi 5 
(nae, + M30) J 


is said to be derived from 7 by polarizing 7 times with respect 


(n— 


Tl ‘ 
1s only introduced for con- 
n 


to y. The numerical factor 
venience. 


These polar forms admit of very simple representation in our 
symbols, for 


d é n %—1 
(wan + Y aan sa) a = NAg" "Ay, 


0 On\s 
(: ‘om + Ye 5) az” = n(n —1) a,” ay?, 
and so on. 


Hence the rth polar of f with respect to y is 


—r)! 
Sito} n(v—1)...(n—r+1) a” ay’, 


that is aia 
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The differential coefficients of f with respect to the variables 
are particular cases of polar forms. 
For if y,=1, y= 0, the rth polar is 
WE 
0x," 
and if y,=0, y,=1,; the rth polar is 
of 


Ou” 


In general we have 


Qp+af n! 
0aPdx! (n—p—q)! oe 


NPV. Pat, 


—ptaot 
The form f - ; q)! (y Ay (.2)" f is called a mixed polar 
with respect to y and z; its symbolical expression is 


Oy” Tap? a,f, 


16. Effect of a Linear Transformation. If we write 
t= EA ate m Xo 
Ly = go. ar Nada, 
then a, becomes 
(aE; ot at, E>) X,+ (a), + & 2) 2G 
or a: X,+ 4, Xo, 
and hence the binary form a,” becomes 
(agX, +4, Xo)” 
or CPAP noes a, XOX, a XG 
Accordingly in the transformed expression the coefficient of 
X,” is found by replacing # by & in the original form, and the 
coefficients of X,"7X,, X,"?X,... are found by polarizing the 


coefficient of X,” with respect to 7 once, twice .... Of course 
suitable numerical multipliers must be introduced. 


The reader will easily illustrate this result by reference to the 
transformation of a binary quadratic in § 1. 
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17. The form a,” = 8,” =z"... becomes on transformation 
(ap X, + aX)" = (BzX1+ B, Xo)” = (yeXi + Y, Xa)" =... 
Now we have 
ar 8, —%Be=| GE, + &, Hm + HM 
| PiEi+Pr&, Pim+ Bone 
= (a Be — 41) (Erm — Em), 


a result of fundamental importance. 


x 


E,, &, 


Mm, Ne 


a, A 


Bi, By 


We shall denote the expression (a,8,—48,), which we call a 
symbolical determinantal factor, by (48), so that (a8) = — (Ba), and 
the above relation may be written 

azB,, = a, Be = (a8) (En). 
To illustrate these remarks let us prove that 
Ay Ws a 4a, As + She? 


is an invariant of the binary quartic 


f= On = PF sees 
We have 


(A) as — 4a, a3 + 8a,”) =4 (=o SS) (Ay Ms — 40,5 + 327), = $ (AB). 


Thus, if the coefficients of the new form be denoted by capital 
letters as usual, we have 
(A, A, —4A,A,+ 3A,’) = $ (a8, — a, Be)* 
as follows from the symbolical expression given above. 


But since “8, = a, Be = (af) (En), 
A,A,—44,A; + 3A4,? = (En)! (Qoas — 40,43 + 32,2), 
which shews that a,a,—4a,a,;+ 3a,2 is an invariant and that 


the multiplying factor is the fourth power of the determinant 
of transformation. 


18. Symbolical expressions representing Invariants. 
If the symbolical equivalent of an expression J, homogeneous and 
of degree 7 in the coefficients of the binary form 


JR Gg = Bx" eee 
be an aggregate of terms each of which is a product of factors of 
the type (4@), then J is an invariant of the quantic. 
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For let [= 7, where TJ is the product of w factors of the 
type (a8), then the total degree of 7 in the symbols is 2w and 
it is also n x7, for there must be 7 sets of symbols, each set 
occurring to degree n; therefore ni=2w, so that w is the same 
for every term in the aggregate representing J. 


If l’ be the same function of the coefficients of the transformed 
expression, then I’= XT’ 
where 7” is found from 7 by replacing a by a, a by @, and so on. 
But since (a: 8, — a, Bz) = (48) (En) 
it follows at once that Die En Yor 


and therefore J’ =(&)” J since w is the same for every term. 


Hence J is an invariant. 


Exactly the same result is true for any number of binary 
forms if we suppose that J is homogeneous in each set of 
coefficients, for it is easily seen that the number of determinantal | 
factors must be the same in every term, it being in fact 


£ (mh + Nyt +...) 


when 7, ”,,... are the orders of the forms and 2, 2,, ... the 
respective degrees of J in the coefficients of the forms. 


The rest of the proof then depends only on the fact aha, 
whatever a and £ are, we have 


a:8,, — O, Be = (48) (En). 


Thus J is an invariant and the multiplying factor is now 


(Ente aa): 


19. This simple theorem enables us to construct as many 
invariants as we please—we have only to write down a product 
of factors (a8) and take care that the symbol @ occurs in n of 
these factors where n is the order of the form to which the symbol 
a belongs. If this condition be not satisfied the invariant 
property still holds but the expression has only a symbolical 
meaning. On the other hand, if every symbol occur to the right 
degree but the expression be not reducible to the form above, it 
is an actual function of the coefficients which is not an invariant. 
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As an example we have an invariant of the second degree 
(a8)" for a binary form of order n. This vanishes identically 
when n is odd, as can be seen by expressing it in terms of the 
coefficients; or thus, since a, 8 are equivalent symbols 


(48)" = (Ba)” 
and hence (aB)"=(—1)"(a8)*, 
giving the result at once. 


Again, for the binary cubic we have the invariant 


(a8)? (ary) (B86) (8)? 
and for the binary quartic the invariants 
(aB)*, (a8) (By)? (ya), (a8)? (ay) (88) (8). 

In every case it will be observed that the multiplying factor is 
a power of (En). 

As an example of invariants of several binary forms we may 
mention (a@@)", an invariant of the two different binary forms 
a,” and 8,”. For quadratics this is the well-known invariant 
of § 2. 

Again (48) is an invariant of the two linear forms a, and B, 
and in this case a, 8 are actual coefficients as well as symbols. 
Then (a8) (ay) is an invariant of the quadratic a,? and the linear 
forms 82, Yz- 


20. Covariants. A similar method exists for constructing 
covariants. 
Commencing with an example let us prove that the Hessian 


Hae (ee 


~ Oa2 Ax,2  \Oa,0x, 


is a covariant of the binary form f=a,"=8,"”=... 
Since H is of the second degree in the coefficients 
ON (of OF Che.) 
as = 
ae ( Y =) 0x? 0x2 (ear) i Ree 


(24 CIMAER CAR TOC = J 


0a,” Oa?  Oa,? O42 0%,0X, 02,00 


where Fo = Ooby «.. On Gj 05)". 
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Replacing the a’s by a’s and the b’s by §’s as usual, we have 
Masten — 1) a0," pep 
+ 03? 0," ? BY Bg” * — Qo, pt”? By Bo Ba” *} 
=} 0? (n—1) (a8) ae" Be, 
as can be immediately verified by expressing this in terms of the 
coefficients. 


The transformed quantic is 
(agX, + a,X.)", 
and the corresponding expression derived from this is 


(428, <2 a, Be)? (a Oa a, Xo)" (BX, + Pyaa) 
= (En)? (@B)? an”? Bx”, 
which shews that the expression is a covariant and that the 
multiplying factor is (&)”. 

In general, if an expression C, of degree 7 in the coefficients 
of f and of order m in the variables, can be symbolically repre- 
sented as an aggregate of terms, each of which is the product 
of a number of factors of the type (48) and a number of the type 
a,, then C is a covariant of f. 

In fact let C= ST, where [ is such a product. 

The number of factors with suffix « in [ must be m, the order 
of C, and if w be the number of the type (a8) we have 

2w+m=ni, 
for each of these represents the degree of C in the symbols. 
Hence w is the same for every term. 

If C’ be the corresponding expression derived from the 

transformed quantic, then 

C= =I", 
where I” is derived from T by replacing a by a, a by a, and 
so on, and a, by (az X, + a,X,). 


Thus since (az8, — 4,8) = (a8) (En) 


and Ay, = aX, + a, Xe 
we have PS (en)" TP, 
oC =(En)” C; 


that is to say C is a covariant. 
G. & ¥. 2 
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Exactly the same method applies to a covariant of any number 
of binary forms, but now the symbols a, 8,... may refer to different 
forms and, of course, a symbol such as « must occur in the symbolical 
expression to the requisite degree. 


We can thus easily construct any number of covariants of one 
or more forms, e.g. for a binary form of order n 


( a Bye Lita IS pom 


is a covariant for any integral value of r, but it vanishes when r 


is odd. 
A ain if (one ” are two different uantics 
) we) x ) 


(By a" 8, 
is a covariant; if r=1 it is the Jacobian. 
As further examples we have the covariants 
(a8) (ay) o> Bat ya's (48) (ary) a2? Ba? Ya', 
(a8) (Bry) (ya)? dteBaye, (48) (By) (ya) (48) (BS) (78) aa? Baya? Sa? 
of the binary quintic 
satya, 


As an exercise the reader may prove that the last one 
vanishes identically. 


21. We have seen how useful the symbolical methods are in 
constructing invariants and covariants. In the next chapter we 
shall prove that they constitute an ideal calculus when we shew 
that every invariant and covariant can be represented as a sum of 
symbolical products of factors of the types (48) and a,. Meanwhile 
anticipating this result we shall indicate the methods of trans- 
forming symbolical expressions. These depend on two principles: 


(i) Interchange of equivalent symbols, 
(1) Identities in symbolical expressions. 


According to (i) 1f a symbolical expression have an actual 
meaning and contain two equivalent symbols then its value is 
not altered by interchanging those symbols. We have already 
used this method in proving that the invariant 


(a8)” of the quantic a,” = 8,” 


20-22] INTRODUCTION. SYMBOLICAL NOTATION 19 


vanishes when n is odd. As another easy example we have | 
(a8) (Bry) (ya) = 0 
for the quadratic a= B= y;’, 
or for the two different quadratics a,?= 8,2 and y,2. 
More generally the covariant 
(a8) (Bry) (y2) a2”? Baya 


is always zero unless the three forms a,”, 8,” and y;,” are all 
different. 


22. Fundamental Identities. We have identically 
(By) Ge + (ya) Bx + (OB) Ye =O veeeeeeecee eens (1), 
as can easily be verified. 
From this identity many others may be deduced. 
For example, replacing 2, by 6, and #, by — 6, we have 
(By) (a8) + (72) (88) + (a8) (7S) =O «eee (II), 
a result useful in transforming invariants. 
Again from () 
(By) de = (82) yx — (7%) Bx 
and hence by squaring 
2 (a8) (ay) Bate = (4B) ya? + (ay)? Ba? — (Bry)? aa”... (L11). 
As identities less generally used we may mention 
(Bry)? aa* + (ya) Ba? + (48)? yx* = 3 (By) (ya) (48) 42 Baye 
(By)! an* + (ya)* Bat + (a8) ya" 
= 2 {(aB)? (ay)? Ba? ya? + (By)? (Ba)? ya? ate? + (ya)? (y¥B)? a2? Ba’. 


Ex. (i). For the quadratic 
a,” =, Bx? = yx =f 
(a8) (ay) BxVx =3 {(aB)? Vx" ate (ay)? B= (By)? a,"} 
ae $f . (a8), 


since the symbols a, 8, y are equivalent. 
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Ex. (ii). If fr=a2=8,? and f,=a',?=f'? be two different quadratics, 
to express the square of the Jacobian J=(aa’)a,a', in terms of f and /’. 
We have J? =(aa’) aa’; (88') Bz’ 
or since (88') a’, =(Ba’) B’,— (B'a’) Bx 
J? = (aa’) (8a') a,8,8':? — (aa’) bt ’) a Bie» Ba? 
= B23 {(aa')? By? + (Ba’)? a,? — (a8)? a’,?} 
— Bx? 4 {(aa'? B,? + (B'a "ha 1? —(a8!)2 eg} by (IID), 
or if (B=, (aa'P=(aB'P=...=Lp, (a’B'= Lop, 
we have 2? =f Loft heh - Liss 
—Fithesot loti — Lita} 
= — Unf P+ Lil? -— heh Sr}- 
Ex. (iii). Prove that for the binary quartic 
frad=BA—ye! 
(a8)? (ay) BP y2=3f. Mie 
(a8) (ay) az”B,Py.P =$f. (a8)? az 


CHAPTER II. 
THE FUNDAMENTAL THEOREM. 


23. Ir will be remarked that in every example of in- 
variants and covariants, discussed in the preceding chapter, the 
symbolical expression for such a function involved only factors 
of the types (a8) and @,, and further that the multiplier alluded 
to in the definition was always a power of the determinant of the 
transformation. We are now going to establish the general truth 
of these properties. 

As a matter of history, we may observe that the original 
definition of an invariant stated that the multiplier was of the 
form mentioned; but following the logical, rather than the 
historical order, we shall first prove that the multipler must 
be a power of the determinant and then proceed to prove the 
proposition relating to the symbolical forms for invariants and 
covariants. 


24. Suppose that J is an invariant or covariant of a single 
binary form /—after what has been said, § 10, we may assume 
that I is homogeneous in the coefficients of f 


Let the linear transformation 
a= Coe a M22 
Ly = Ep, a5 No’ 


change f into jf’ and let I’ be formed from /’ in the same way 
that J is formed from f; then, by definition, 


He =F(é, 1» & N2) x I 
and we have to shew that /’is simply a power of (&, — &,). 
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Now let a second transformation 
ay — Ea," ea ny 29" 
ty = Esa" + 2 He" 
change f’ into f”, and let J” be formed in the same way from /”, 
so that 
I” = F (Ey, m’, &, me) x I’. 
Hence we have 
I” =F (&, > E., No) x Fete ™ > ae N2 ) el, 
But we can pass from the variables a, 2, to the variables 
x", #’ by the single transformation 
ay = (&,8, aE mé, ) ay + (Em, =f MN ) La 
By = (EE + 2E,) ay" + (Em! + gen) a2" 5 
therefore . 
I” =F (EE, + mé&'), (Em + M2 )s (EE: + mE’), (Ean, a nm )} nis 


Consequently F must satisfy the functional equation 


F {(E, Ey + mé:), (Emi — M2 ); (€.E/ a Noe )s (Em a Ms )} 
= F(E., m, &2, 2) x FEY, my, G's m2’). 
The solution of this equation is not difficult. In the first place 
we remark that since &=1, 71. =0, &=0, 7,=1 gives the 
identical transformation, 
FCL0s0 1 =" 

Again putting & =x, 7. =0, &=0, m.=« each new coefficient 
is equal to the corresponding original coefficient multiplied by 
the same power of x, in this case the multiplier is clearly a power 
of xk, 2.€. 


F (x, 0, 0, «) = «". 
Since 


Ties, M> oF 2) x F (k, 0, 0, K)= F («&,, KN, KE, KN»); 
we have 
F («&,, KM, K&o, KN) =«"F (&, > E;, No)s 
therefore F is homogeneous and of degree r in the four variables 
E,m, &, M. 


Finally let us choose &’, m,’, &’, n:’ so that 
£8, a5 mee =1, En) wg 2 =0, 
£8, + No&s =0, Es) =F M2 =1, 
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which relations give 


| (D= Em — Em), 


then we have 


F (&, i, E,, No) x F (EY, ™ » £,, 1) = F(a, 0, 0, 1) 


yy ay [ao Oi E, E, 
or EF (E,, ",, Fo, 7: x F(; — aA, , n) =I. 
(E1, > Go» mM) DS ty Deep 
Consequently since F’ is homogeneous and of degree r 


F(é,, Ms £,, ») x F (ms, eo hI ese: Bo £,) =D", 


7.e. it cannot be 


But inasmuch as D is obviously irreducible 
resolved into factors—and F' is clearly an integral function, this 
equation shews at once that both 


F (&,, Mi» E,, N») and F (mo, aff IE E,, £,) 
are integral powers of D. 


Hence the theorem is established. 


25, Assuming the truth of the proposition just proved, the 
proof of the fundamental theorem that invariants and covariants 
can be completely represented by factors of the types (a8) and a, 
is very simple in principle. The actual work requires two lemmas 
of great importance in the present subject, and we shall give them 
separately. They are both concerned with properties of the 
differential operator 

0? 0 
= da 0Yy is OaxOY, 


26. Lemma Tl. If n be a positive integer 


oa a2 
toe = ie (L:Yo — Loy)" = n(n +1) (Ayo — wey)". 


a) n— 
In fact om (LyYo — @oYy)” = NYg (LiYo — @oyy)", 
vy 


on 
me oedy, (Yo — x1)" = N (LyYo — Lay)" 
+n (n— 1) (Xyyo— Lay)” ayYo. 
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Similarly 

i . (X1Ys — Voyfr)" =— N (AyYo — Woy," + 2 (N—1) (@yYo — Bey)” ay. 

Consequently 

QD (ay Yo — @4,)" = {n(n — 1) + 2n} (My Yo — Bey)" 
=n(n +1) (ays— ay, 

which establishes the lemma. 

If. we operate again with © we find 

O? (1 Yo — Mor)” = 2 (n + 1) (m— 1) (Hy Y2 — Heyy)” 
and in general 
OQ" (@,Y2— @241)” 

=(n+1)n?(n—1)... (n—r+2P(n—r4+1) (ay, —my:)"" 
or OF (ay)"=(n+1)V(n—1)...(m—r+2P(n—r+1) (ay). 

Finally 

OQ” (2, Yo — oY1)” = (n + 1) (nv! 


‘a constant which is not zero—for our immediate purpose this is 
the important result, and it can be at once verified by expanding 


an 022 0Y ) (2, Yo — LpYy) 


by the Binomial Theorem. 


27. Lemma TI. If the operator © be applied r times to the 
product of m factors of the type a, by n factors of the type B,, 
then each term in the resulting expression contains r deter- 
minantal factors (48), (m —r) factors a, and (n—r) factors B,. 


To ensure perfect generality we consider 


(ePAQ 
where P=a,%9,9 ... a, 
and Q —— By? 8,? aoe byt 


the a’s and the #’s being all different. 
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o° P Q 
Ya” B,”) toe 
Now 0x,0Y P.Q= a Be Ay,” 8,° ? 
where the summation extends so that r takes all the values 
1, 2,... m and s takes all the values 1, 2, ... n. 
cao Oo? at Q 
Similarly a 7. P.Q=3 4," B,” pa 2, : 
Hence on subtraction 
: Q 
OP.Q=E(@M A") 2, ata 


which establishes the lemma for r= 1. 


But since the operator © has no effect on a factor of the 
type (a” 8B) the theorem holds for r=2; in fact 


MP. Q=%(a"B")O la ah 


and performing the operation on the right we have the result. 


Proceeding in this way we see that at each step a new factor 
of the type (#8) appears in each term while one factor of each of | 
the types a, and @, disappears—this completely establishes our 
lemma. 


m! n! 


Ne ae ; (ab)r Oye (p by n-T, 


iE )xcou(@)) Se rOViOnt Mate "0 Dy 


Ex. (ii). With the notation of the text prove that 0” P. Q contains every 
term of type there written 7! times and that the number of different terms is 
m } TAA 


Gee rl (Use induction.) 


28. Fundamental Theorem. Suppose now that 
PO Opes On) 
is an invariant of the binary form 
Cnn Aue) = Or = Oe... 


then after the linear transformation 


= EX, ar ee 
t= EX, ar 2X9 
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we have seen that a, becomes a¢ and a becomes a,; so that if 
the new form be 


CA, Adgcup ae eele 
we have Agate a 
By definition 
F(A), Arcs Ap) = (En, — E,m)” F(a, Ay, +++ An) ) 


accordingly if the A’s are replaced by their symbolical expressions 
F becomes the sum of a number of terms, say {P.Q, where P 
contains only factors of the type ag, and Q only those of the 
type a, As the degree in € and » must be w we infer that there 
are just w factors in P and w in Q. 


If we operate on both sides with 0”, P.Q becomes the 
sum of a number of terms each of which is the product of w 
factors of the type (a8), and the result on the right-hand side is a 
numerical multiple of F'(a,a,... dn). 


Hence we have expressed F(a), @,...@n) in the symbolical 
form peculiar to invariants. j 


The proof as given applies to invariants of one binary form; 
it is the same, word for word, for any number of binary forms, for 
the left-hand side is still of equal degree in £ and 7, and on the 
right-hand side we have the determinant (&7) occurring to a power 
equal to this degree. Hence operating as above the required 
symbolical expression is obtained. 


29. The proof for covariants is of the same nature as that 
for invariants, although a little more care is required in the 
manipulation of the symbols; after what has been said on in- 
variants we may confine our attention to covariants of a single 
form. 


Suppose that (Gy, is sax ny Aya) 
is a homogeneous covariant of order m of 
(Qo; Gh,» On Xi, &)" = a," = BY” = etc. 
Then using the same notation as before 


P(A), Ais eens X;) = (E12 — &m)” F (ay, Qh, +++ An, X, Da). 
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If the A’s are replaced by their symbolical expressions we get 
Pia Qk 


where P involves only factors of the type a and Q only those of 
the type a,. 


But on solution we have 


__ eX — 1% _ &,%, — &,2, 


Em — Em’ oa Ey. — Em 


Now for convenience we shall replace a, by u, and 2 by — %, 
so that 


x)= X= 
ae eee Gy : eae sarah 

Substituting these values and multiplying up by (&)™ we 
obtain the identity 


= (— 1) P. Qumugm = (Ener Fr. 


We may write the left-hand side }P’.Q’ where P’ only 
contains factors with suffix € and moreover exactly (w+m) 
factors, and Q contains (w+ my) factors with suffix 7. 


Accordingly after operating with 0Q”+™ each term will involve 
(w +m) determinantal factors, and the right-hand side will be 
a numerical multiple of F. Now of the (w+m) factors, there are 
w of the type (48) and m of the type (au), for w must occur to 
degree m in the final as well as in the original expression. 


But (aw) is —a,; hence replacing the w’s by the a’s throughout 
we have the symbolical expression for F’. 


30. Since we have proved that all invariants and covariants 
of one or more binary forms can be completely represented by 
products of factors of the types (@8) and az, and further that 
every expression which can be so represented is an invariant 
or covariant—provided it possesses an actual significance,—-it 
follows at once that all properties of invariants and covariants are 
implicitly contained in the symbolical representation and can be 
deduced therefrom, 


28 THE ALGEBRA OF INVARIANTS [CH. IL 


31. Let us examine somewhat more closely the constitution 
of invariants of a single binary form 


FH (Qo, Gh, «++ AnQa, %)” = Az" = By" = 4x" ete. 


Suppose that an invariant J is an aggregate of products of 
factors (a8) such that in every term there are w factors, then 
inasmuch as each symbol occurs n times in J we must have 


nr = 2w, 
where 7 is the number of different symbols. 


Now the weight of a, is 7 by definition and its symbolical 
equivalent is a”a.”; hence the weight of any product of the 
a’s is the sum of the weights of the factors and is therefore equal 
to the total degrée: to which the letters a,, B., yz, ... occur in the 
symbolical equivalent. 


In the case of an invariant such as J each term in the 
symbolical expression when multipled out is the product of w 
symbols with suffix 1 by w symbols with suffix 2; hence the 
weight is w. Further, the multiplying power of the determinant 
for I is also w. 


Consider next a covariant of degree « and order m. It is an 
aggregate of terms, each of which is the product of the same 
number (say p) of factors of the type (a8), by the same number 
(say q) of factors of the type a,. 


We deduce at once the relations 
q=m, 2p+q=™m, 


for each member of the latter equation represents the total degree 
of the covariant in the symbols a, 8, y,.... 


Thus m=gq=n— 2p. 


32. The leading coefficient of the covariant is called a 
seminvariant—it is found at once from the covariant by putting 
eee id) 


and therefore represented symbolically it is an aggregate 
of products of p factors of the type (a8) by q factors of the 
type a. 
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The weight of this seminvariant is accordingly p, and hence 
we infer that if w be the weight of a seminvariant and ¢@ its degree 
the order of the corresponding covariant is ni — 2w. 


Thus for example in connection with the cubic 
apt? + 3a, 0H, + 30,02," + 0,22 = a,? = Be 
we have the covariant (48)?a,Bx. 
The seminvariant is 
(a8)aB, =% 8, (a," By — 20, A 3 Be. + By") = 2 (aya, — ay’), 


a.€, its weight is 2, as we should have inferred from the number of 
factors (4@) in the covariant. 


The order of the covariant is 2 and here we have 
(=2 00 =3, M=—2, vss, 
so that | m= ni — 2w. 


In like manner if the leading coefficient of a joint covariant 
of two quantics of orders n, and n, be of degrees 1%, 2, in the 
respective coefficients and of total weight w in these coefficients 
conjointly, then the order of the covariant is 


Ny ty + Nyt, — Zw. 


The reader will readily establish this theorem and extend it 
to the case of any number of quantics by using the symbolical 
notation. On putting m=0 we get a relation connecting the 
degrees and weight of an invariant. 


33. Deduction ofa covariant from its leading coefficient. 
As we have seen, each term in the symbolical expression for 
the seminvariant must be the product of w factors of the type 
(a8) by m factors of the type a. 


Now suppose that in the seminvariant we replace a by @,, 
B, by Bz, etc., and leave unaltered a, B., etc., then (a8) becomes 


(a2, + git, By - (Bit, + 82) A, = (a) ae 
hence the seminvariant S is clearly changed into 2,” multiplied by 
the corresponding covariant—-e.g. in the cubic, (48)°a@, becomes 


a; x (48)'4,8,. We have thus a simple means of passing from 
the leading coefficient to the covariant. A similar result for 
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invariants may be obtained by taking the particular case m=0; 
here the leading coefficient is of course the invariant itself. 


Let there be an identical rational algebraic relation among 
a number of seminvariants S,, S,,... 8, and let Ci, Q,,... C, be the 
corresponding covariants. 


If the relation be 
> S\ Sys eoe S, tr = 0) 


and w, be the weight of S,, then the sum 
Py Wy + Mg We +... + Mr Wy 


must be the same for every term—hence if we put the left-hand 
side of the relation into symbols and then change a into az, 
B, into Bz as above, we have 


Mir + Haat. FH Wr = Ch Cee pee Chr = 0, 
or ZCHECh... CH =0, 
a.e. the covariants are connected by the same relation as the 


seminvariants. 


34. Again when we replace a by a, and leave a, unaltered 
we replace the coefficient a, by 


ay? a" = (n—1)! of 


; Tal Onri 


Hence except for a multiplier, which is a Beye of w, a 
covariant is the same function of 


1 of ca A (n—r)! orf ig sees 


n 0%’ n(n—l)da?’ ~ n! dar’ n! 02," 


Si 


as the corresponding seminvariant is of 
Gey Cage Oy, ae Op cons 


Ex. (i). If in a seminvariant of weight w we replace a, by a;, 8, by B,, 
etc., and leave a,, 8,... unaltered, then the result is the seminvariant multiplied 
by x. 


What is the corresponding transformation of the actual coefficients ? 
Ex. (ii). Find the result of replacing a, by a,, a, by a, 8, by Be, 


B, by By, etc., in a seminvariant, and give the corresponding transformation 
of the coefficients. 
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Ex. (iii). Extend all the above results to the case of two or more binary 
forms. 


Ex, (iv). Prove that if in an invariant of a single binary form a, be 


(n—r)! Of ; : : ae 
replaced by iieeaer and so on, the result is the invariant multiplied by 
: 2 
= : (n—r)! Ff 
x. State the result of replacing a, by Papal aie and extend the argument 
: 1 


to any number of binary forms. 


35. Alternative proof of the Fundamental Theorem— 
The Aronhold Operator. 


We shall now give another proof of the theorem of § 28 in 
which the original argument of Clebsch will be followed. 


Let ¢ be a covariant of a form 
f= (a, Q, cans Gn V2, Iq)" 


which is homogeneous in both the coefficients and the variables, 
and of degree 7 in the former. 


If Ese (Ay As, s An Ose Aa)” 
be the transformed quantic, we have 
@ (Ay, A;, .-- An) = HO (Qo, Gy, --» Bn) 
where w depends only on the transformation. 
Now if (Oo; Vignes OnO ai, a)" 
be a second form which transforms into 
(Bybee ae ae 
then (ay + Ado, A +AD, ... Ant Abn Ya, Xe)” 
transforms into © 
(A, +AB,, Ay+rAB,, ... Ant AB,QX,, Di 
Therefore 
b(A, + AB, A, +2B,,... An+ABn) 
= ph (a +A, a + Ady, ... Gn + Ady), 
hence expanding by Taylor's Theorem and equating coefficients 
of ) we have 


0 0 0 
pase +t Ba 
lop eles + -) $ 
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therefore the expression on the right is a joint covariant of the two 
forms; in other words the property of invariance is not affected 
by an operator like 

0 0 0 0 
ba) = (ya th a + on + Png). 
( Od. * Ody ae da, eee 0a 

Hence, proceeding exactly as in § 14, we can construct a covariant 
of 7 different quantics which is linear in the coefficients of each, and 
which becomes a numerical multiple of ¢ when we replace each of 
the « quantics by f- 

Ons: : 

The operator (0 =| is called the Aronhold operator; its 
importance lies in the fact that it enables us to construct simul- 
taneous invariants or covariants of several binary forms of the 
same order when any invariants or covariants are known for a 
simple form. 


Thus, for example, since a,a,—qa,? 1s an invariant of the quadratic 
Ay By + 20, 2, Hy + Ay Xe? 
the expression a,b, + a,b) — 2a,b, is a simultaneous invariant of the 
two quadratics 
(do, Gy, GY, £2)? and (by, b,, bom, a). 


The construction of other illustrations will present no difficulty. 


36. It has been proved in § 14 that any covariant of degree 7 can be 
symbolically represented as a function ¢ of degree n in the coefficients of each 
of different linear forms 
t Ax, Bey Yay +93 


since @ is a covariant of the original quantic it is unaltered by any linear 
transformation, except for a factor which depends only on the transformation, 
hence also it is a covariant of the z linear forms. 


By further use of the Aronhold operator we can now find a covariant of 
ni different linear forms 


(as) tcl) aoe) 
BAD, Bey 2.0 B®) 
etc. 


linear in the coefficients of each form, and such that it becomes a numerical 
multiple of the original covariant when each of the symbols 


aw ecein ae eat 
is replaced by a, each of the symbols 


BY), B®, ... Bm) 
by 8, and so on. 
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We need therefore only consider linear covariants of linear forms in the 
sequel ; we shall prove that every covariant of a system of linear forms is a 
rational integral function of invariants of the type (a8) and covariants of the 
type az. Once this is established the general theorem follows immediately. 

37. System of Linear Forms. First consider a single linear form 

a, L,+ag%, 
and let ¢ be any invariant or covariant. 

If we use the linear transformation given by 

0,2, +49%,= X, 
Din XGy, 


where 0} is any constant, then the new linear form is X, and we have the 
equation 


b=pp 
where » depends only on the transformation, 7.e. only on aj, ag, 0. 
Now let p=VVoay” + Wy ay" ~bagt...+paq” 


where the W’s do not depend on a,, a, but contain only w,, x. 
Then =) A,"+¥,A,7-14,4+...4+4,A5" 
where ¥,, is the same function of Y,, X, as Wp, is of 2,,",; and further A,=1, 
A,=0 since the transformed form is 4. 
Hence Vo =ph=pe (Woay tWyay” tagt..- + Wag) .ececeeeeee (1). 
Now depends only on X,, X,, therefore it is of the form 
CO, Xr + 0, X71 X44+...4+6,X2" 


the C’s being numerical, hence equating coefficients of x,” in the equation (1) 


we find 
C a” = px 
where X does not depend on 0. 


Consequently » does not depend on b and therefore on making b=0 
in (IL) we find 
: Co X"= pd, 
for X, is now zero. 


Hence p is constant and ¢ is a numerical multiple of XY”, 7.e. of 
(ay % + a9.%q)™. 


Thus a single linear form has no invariants and the only covariants are 
powers of the form itself. 


We shall now assume that a covariant of any number, less than 2, of linear 
forms which is linear in the coefficients of each form can be expressed in 
terms of invariants of the type (a8) and covariants of the type a,. 


Let ¢ be a covariant of the same nature of 7 linear forms 
: Gz, Bry Yz, Or, oss 
G. & Y. 3 
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let d, be the result of putting B=a in @, dy the result of putting y=a in ¢y, 
and so on, so that @,-, is the covariant of the single form a, obtained by 
making 

in ¢. 


Now since ¢ is linear in 8B we have 


a=B=y=... 


and in like manner 


_ Consider (a se + ay sa) p=, 


as 4 differential equation for d, it being given that ¢, does not contain B. As 
a particular solution we have 


1 0 é 
-=F (6, he +B, sn) pi 
where S is the degree of ¢, in a, z.e. S=2 in our case, therefore 


o=5 (8 =) pithy 


0 0 0 
where (2 =) = Bia + Bo bay? 


and further y, is linear in p. 
Accordingly ~y,=P,8,+ P,8,, where P., Py do not contain 8 and 
a, P,+a,P,=0, 
eS 


ee eee ae OW 
a ay 


where y, does not contain @ and is integral in a, y, 6, ete. 


Hence Wi =P, 8, +P28.=(aB) x1 
1 4) 
and 6=5(85) b+ (08) x 


2 a) : . : 
But ¢ is a covariant, and (2 as ) $, is a covariant ; therefore (a) x, is a 
covariant ; again, (a) is an invariant, therefore y, is a covariant. Moreover 
since x, (a) is linear in a, 8, y, 4, ..., x; 18 linear in y, 6, ...; therefore by 
hypothesis it can be expressed in ‘terms of (y8), yx, 6, etc. 


Thus o=5 (ex) ¢, together with an expression depending only on (a), 
a 


a,, and factors of these types. 
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Then in like manner 


1-5 (75,) bots 


1 0 0 
therefore p= a (2 a (7 a) he 


together with terms of the required form. 


Proceeding in this way we finally have 


o=7) (2 i) (y i) (3 =) + Pn 


together with terms of the required form. 


But ¢$, being a covariant of a, is a numerical multiple of 


and therefore (2 =) ( =) (3 =) ide 


is a numerical multiple of a,8,yq ...- 


Thus we have expressed the covariant ¢ completely in terms of the two 
types of factors (a8) and a,, that is, if the theorem is true for less than n 
forms it is true for m forms ; but it has been proved true for one form, hence 
it is true universally. 

Q. E. D. 


CHAPTER III. 
POLARS AND TRANSVECTANTS. 


_38. Two sets of variables 

Ty, Xy, +++ In, 

Yr, Yo, +++ Yns 

there being the same number of variables in each set, are said to be 
cogredient, if, when one set is transformed by any linear trans- 
formation, the other set is transformed by the same transformation ; 
thus if 2, #2, ... 2, become X,, Xo, ... Xn» where 
t= bX, a LoXs Be LnXn 

Ly = by yy 5 loads as OO aIP ban 


Mors ea ie ois SS ec AT | a nn (1), 
Dye Sl ag edeg + oss pkg 

then ¥;, Y, --» Yn will become Y,, Y2, ... Y, where 
h=biYitheYot... thnYn) 
Yo= ler Vit byeVat oe thm Vnl oo. (II). 


Yn = Lava SF tneYs SP Oca.Su Tnyn ie 
Two sets of variables 
CO a aa On 
Y> Yo; Bisie Yn 
are said to be contragredient if, whenever the first set is transformed 
by the equations (1), then the second set of transformed variables 
Y,, Y., ... Y, is given by the equations 
Y= hath a 15,1 Yo steverrects Un, Yn 
Y,= bY + bs oYo af a00 4p IES (III). 


Ce i er a ad 


Y= Lind at bo, n Yo aheeiste ata Lada 
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It is easy to see that if the set of variables 7, 2, ... 2, 1s 
contragredient to 7, Yo, .-» Yn3 then yy, Yo, ... Yn 18 contragredient 
tO &, %,... 2,. For example the symbols a and in a symbolical 
product are contragredient. 


39. From these definitions we deduce the following theorem: 


Lf my, 5, .-. Bn} Yr» Yor «+» Yn are two contragredient sets of 


variables, then 
LY + LoYot «0. + LnYn 


is unaltered by any linear transformation. 


Conversely, uf 
DY + UoYot ... $F UnYn 


is unaltered by any linear transformation, the two sets of variables 
Hy, Loy 0. Ens Yas Yoo «+ Yn are contragredient. 


Let the two sets of variables be contragredient, then if (1) 
and (III) be the equations of transformation, 
LY + LaYo+ .-. +EnYn 
= 9: (4 Xith,Xet... thn Xn) 
ys (bo, X1+ leg Xa oc Hin Xn) 


+ Yn (bn,1 Xi + En, Xot woe + Von Xn) 
=X, (dy Yr + bo Yo + wth, Tn) 
+X, aD et ees + In,» Yn) 


+ Xn (hin Yt bon Yot «+ + ban Yn) 
=A, VY, Ag lott an Ya Q. E D. 


Conversely let 
LY + LoYot oe FUnYn 


be invariantive, then if #,, #,,... %, are transformed by equations (1) 
DNC. ONE ee EN Oe 
= LY) + LoYo + o0e $UnYn 
=e pa eta hgh obi ka) 
+ Yo (lo. Xi + be Xot... thn Xn) 


ee + 1, gXg clare we tlain Xa): 
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But this is an identity true for all values of X,, Xs, ... Xn; 
hence the coefficients of X,, X., ... X, on the two sides of the 
identity are equal ; ze. 

Y,= hy w+ Ly y Yo Free baa Yn 
Y,= Le w+ ls.» U5 Rites tH Le Yn 


2,2 


er 


1S i Lin Nn ar le. Yo ai one + Pa Un: 


This set of equations is the same as (III), and hence the two 
sets of variables are contragredient. Q. E. D. 


. It may happen that a set of variables a, 7, ... @, is subject to 
a restricted group of linear transformations, and that 


ByYy + LyYo + +++ +InYn 


is an invariant for all transformations which are allowed. The 


above proof still holds that y%,, gy, ... Yn 18 contragredient to 
Ly, Ly, .+. Ln. But YH, Yo, --» Yn 18 subject to a restricted group of 
transformations. 


Ex. (i). If the binary quantic 
(CreyGip Chp ons ONE BIE 
become after any linear transformation 
Cli Beipwtlen Gao BIOs 
then . Cp Gg oe Cait ey (Alig 2b aco ALG. Oia 


Hence 


n N=+1ly» nu 
Spegit came Up ete oy 


are two contragredient sets of variables, subject to a restricted group of linear 
transformations. The linear equations connecting the original with the trans- 
formed coefficients of a binary form may be deduced from this fact (cf. § 16)*. 


* By means of the group here indicated binary invariants and covariants are 
brought under Lie’s general theory of invariants of continuous groups. If we pass 
from the variables ¢, {, ... {jm to the variables &’, &’, ... G,’ by means of the 
transformations, 

& =F (> Soy e+» Sins Gy Boy «++ Gy); 
and these transformations form a group when the parameters a vary, then a 
function 


B'S, Say +++ Sm) 
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Ex. (ii). Two sets of variables both contragredient to a third set are 
cogredient with one another, 
Ex, (ii). Ifthe determinant of transformation of a set of variables be p, 


the determinant of transformation of the contragredient set is : F 
pb 


40. If F(a, (hy boy +++ Bh, a) be any covariant of a binary 
quantic (Ay, dy, As, ++» Ana, 2)" and Uf yx, Yo be a pair of variables 
cogredient with x, x, then 


6) 0 | 
Y= — |F 
ys OX, To OX, | 
is unchanged by any linear transformation of the variables, except 
that it is multiplied by the same power of the determinant of 
transformation as that by which F is multiplied after trans- 
formation. 


For if 
PCN eA Mins cer seah ygnhn) = MLL lig, Ora My ats Aysean) 


where A,, A,, Ay, ..., X,;, X, are the transformed coefficients and 
variables, and if z,, 2 be any pair of variables cogredient with 
2, _ Which become Z,, Z, after transformation, then 


F(A), A,, ect 4, Z,) = LF (ao, My, +++ 2, 22); 
» being a power of the determinant of transformation. 


But 7+ Ay, %+Ay, % bemg any constant, are a pair of 
variables cogredient with «,, #,, hence 


F (Ao, Ai, sieisi9 Xx, Ue rV;, Xa+ rY,) = pF (dy, Ay, +++, Ly +r, By + AYs). 
Now F being a rational integral algebraic function of all 


its variables, we may expand each side of the above equation in 
powers of X; since A is arbitrary, the coefficients of the different 


is said to be an inyariant of the group if 


F(§, on wee bm) =F (Gs Sart Sn): 

In our case the variables are (n+) in number, viz. do, @,, ... Uy; €,, %, and the 
transforming equations are all linear. The parameters are the coefficients in the 
original transformation of z,, 7), and if they be so chosen that £7,—-£,,=1, then 
an invariant or covariant of the binary form is an invariant of the above group 
in (n+3) variables. The reader will find it interesting to write down the actual 
transformations for the a’s and thence to verify that they form a group. Cf. Lie, 
Vorlesungen iiber continuierliche Gruppen, p. 718 etc. 
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powers of X must be the same on the two sides of the equation. 
Hence, using Taylor’s theorem : 


FAG A,, eee An; Xo) = pF’ (ap, My, +++, UY, Lo) 


a 3 : 
(Fis +Yiay ) F(Ao, Ay Bee eee. 


0 0 
=u (nan + ys a re) F(a ty oye iy a) 


eee ee 


from which we see that (y, < + Yo - \P is invariantive, if F’ is 


a covariant. 


41. The definition of covariants may now be extended thus: 
Any function-of the coefficients of a single quantic, or of a 
simultaneous system of quantics, and of sets of variables,—all sets 
being cogredient with the variables of the quantics,—which is 
such that, when any linear transformation is made and the 
original coefficients and variables replaced by the transformed 
coefficients and variables, it is unaltered except for a factor de- 
pending on the coefficients of transformation. 


Let a, #3 %;, yo be two cogredient sets of variables, then 


(2 Yo — 2,4) = (zy) 
is unaltered, except for a factor—which is the modulus itself—by 
any transformation. 


Hence, if it be necessary to consider covariants with sets of 
cogredient variables, we may replace all the sets of variables but 
one by the coefficients of linear forms added to the system. For 
we may regard (zy) as a linear form—since it becomes (X Y) 
by transformation—and hence replace the variables y,, —y, by its 
coefficients. 


Hence covariants having more than one set of variables may 
be represented symbolically as a sum of products of symbolical 
factors of the types (a8), az, dy, (xy), 


42. Convolution*. The word convolution is used as a 
name for the process of obtaining from a given symbolical 
product (representing a covariant) another symbolical product 


* German Faltung. 
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(representing another covariant) by removing two of its factors 
of the form a,@, and replacing them by a single factor of the form 
(a8). Any symbolical product P’ obtained from the product P by 
means of this process either once or several times repeated, is 
said to be obtained from P by convolution. Thus the covariant 
(ab)? (ac) a,b,°c,? of the quartic is obtaimed by convolution from 
the covariant (ab) a,°b,?c,4; the factor a,c, being replaced by (ac). 
It may also be obtained by convolution from (ab) (ac) a,7b,'¢,? ; 
also from (a0) dz?b,?cz!, or from dgtbyAc,'. 

This process, it should be noticed, is purely a symbolical 
process, and has no analogue in the non-symbolical treatment of 
modern algebra. 


43. Polars. The operator 
) 0 0 
(¥ 54) = Don, + % de, 
has already been introduced. 
In § 15 we defined the form 


(n =! (y AVF are ot (IV) 


to be the rth polar of #; F being a binary form of order n. 


Again in § 40 of this chapter it was proved that if # is a 
covariant and the variables y,, y. are cogredient with a, #,, then 
the form (IV) is also a covariant. 


For the purpose of calculating polars, we may use a theorem 
identical with that of Leibnitz for ordinary differentiation. 


Thus if the rth polar of CSA Dee 


be required, it may be obtained by operating on this expression 
with 
(m+n — a ‘ 
0 0 
where D, = Soar +55 , but operates only on a,”; and D, is 


the same expression bee operates only on 6,”. 


J Ex. (i). Find the second polar of (ab)? a,2b,?. 
Ex. (ii). Find the rth polar of a,b," ¢,?. 
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44. In view of the fact that covariants will generally be 
given in terms of symbolical letters which refer to the original 
quantic or quantics, and that in this case the factors a, are not all 
the same, we shall consider the general case in which these factors 
are all different. Results, proved for this case, may be obtained 
for any other by simply equating two or more letters. 

Consider now the form 

2 BES 
Vi Oy Ay. ea ay = Sans 
where P is a product of symbolical factors not containing a, @». 
The first polar is 


1 
HS Ey = — [Gj oe Oy oa 2 
Mey “« 


Ny 


ah CHEE cino Cha 
x uv xz x 


the term in the bracket being simply an abbreviation for 
Pay a, oe bya Un Orga vee Oy,» 


We notice in this expression that : 


G) The difference between two terms 


year Oty Ve Ms. eek Oty, Os — Oy He ) 
Pes) lagen 
a | - (ay) X, 


where X is an expression obtained from F' by convolution. 


(u) The difference between the whole polar and one of its 
terms 


Ure 5 n 
SEs 
nN a, ee 


ES i mel Ge 4 
re] os [CORE Os) Fg "| =@yX, 


Oy, ay Oy Hs 
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where X is a sum of terms each obtained from F' by convolution, 
each such term being possibly multiplied by a constant. 


Similarly the rth polar of F',” is 


ri(n—r)! ok lols peetek 
Ff R= _ > | Fe Wy, | prog Ve! (V), 


where the summation extends to all possible sets of r factors 
taken from a, a ... 4. To see the truth of this suppose it true 
for the rth polar, then the r+1th polar may be obtained from 


the rth by operating with = aa (y =" On the left this gives 
FF,’ F’. Consider one term on the right, that expressed 
above; by polarizing we obtain 


“Y(n—r—l1)! t=” Oe star Ce Ce 
PE TSS a ee | 
— x . 
n!} Reapeth| Oy, Ap ... Ay G 
x E 4 x a 
Each term of (V) gives rise to a similar expression. Now any 
particular term of the r+1th polar, arises r+1 times, once 


from each of r+1 terms of the rth polar, thus 


QA, A, ... A, G, 
Ee ny 3 y "y | 
Ey 


Gy Ay s+ Oy bptr 


arises from each of those terms of the rth polar, obtained by 
omitting one of the factors in the numerator and the corresponding 
factor of the denominator of this expression. Hence 


Ryn By = (r+1)!(n-—r—1)! s [Fe Wh, Ho, ++ =) | 


n!} Oy My vee Orga 
xz Zz 


Now it has been seen that this is the correct form for the first 
polar; hence it is the correct form for the second, and so on; the 
formula is therefore true in general. 


45. The number of different terms 


is ie The coefficient of each term as it appears in the polar 
y ae te 


1s ae 
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hence the sum of the coefficients of all the terms of a polar is 
unity. 

This remains true if some of the letters a become equal, for no 
term of the polar can vanish. 


46. ‘Two terms of the rth polar are said to be adjacent, when 
they differ only in that one has a factor of the form On Ok, while in 
the other this factor is replaced by Op, Oh, 

We shall now prove that: 

(i) The difference between any two terms of the rth polar of 
F," is equal to (ay) X, where X is a sum of terms each of which is 
a term of the r—lth polar of an expression obtained from F,” by 
convolution. 

(1) The difference between the rth polar of Fy" and any one 
of its terms is equal to (ay) X, where X is a sum of terms each of 
which is a term (multiplied by some constant) of the r—1th polar 
of an expression obtained from F',"” by convolution. 


The difference between any two adjacent terms 


On 2, F,- ay, Ore, F, = (xy) (ana) F, = (ay) X 
oe re 
where X is a term of the r—Ith polar of (a,a,) E =|, 10. a 


term of the r—1th polar of an expression obtained from Ff,” by 
convolution. 


Now any term of the rth polar of F,” may be obtained from 
any other by means of a finite number of interchanges of letters 
such as a, a,. Hence between any two terms 7;, 7, of the rth 
polar a series of terms 7,,,, T),5, ... Z,; may be placed such that 
each term of the series 


4 
Ds a Aro Jie oe eee Ta AIP 


is adjacent to that on either side of it. Hence the difference 
between two terms 


T, -—T,=(T,-T7,,:)+(11,1-Ti, 2) + (Li,e- 13)+ eee +(7,,:-T.) 
= (xy) X 


where X is a sum of terms each of which is a term of the r—I1th 
polar of an expression obtained from F',” by convolution. 
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Again, the difference between the complete polar and any 
single term 7’ 


fy) T, 


=, n 
(7) 


1; representing the general term in the polar 


=O)in—7 
Hee a 
‘ 


and hence the theorem (11) follows at once by (1). 


It should be observed that if two or more factors are now made 
identically equal, the above proof is not affected; we may for 
the sake of argument suppose them all different, and make them 
equal in the final result. The only effect of the equality of 
factors is that some of the terms obtained by convolution from 
Ff,” will vanish. The propositions are true, then, as stated, for 
any symbolical product; and consequently for any covariant form. 


47. Let 7 be any term of the rth polar of F,”, then by 
proposition (i1) of the last paragraph 


T — Fo? Ff = (ay) S dna bra 


where ¢,_, 1s a term of the »—1th polar of a form obtained from 


F,” by convolution and X,_, is numerical. Let the r—1th polar, 
of which @¢,, is a term, be W,,. Then applying (11) again we 
have 


Pra a Vr = (xy) = Arps Pr—2 


where ¢,_, is a term of the r—2th polar of a form obtained by 
convolution from F’,”. 


Proceeding thus we see that 
T= Fr Bf + (ey) 2dr Wra t+ (ey? Apa rat --. + (xy) Wo 


where y, is the kth polar of a form obtained from F',” by con- 
volution ; and A; is numerical. 
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The terms of this series, the existence of which has just been 
demonstrated, will be accurately determined later. The series 
is known as Gordan’s series. 


48. Transvectants*. If «,’", b,” be any two binary quantics, 
the form 
(ab te bee 


is called their rth transvectant, or their transvectant of index r. 


The symbol 
(fp) 


is used to denote the rth transvectant of two forms f, @. 


Thus 
(a, Daa) —_ (aby pple Dae 
The definition of a transvectant just given is symbolical: the 
process of forming a transvectant is however not a purely symbolical 
one,—like that of convolution. In order that we may be able to 
obtain transvectants of any two forms, we make use of the diffe- 
rential operator, introduced in Chapter J: 
0” Gs 
Dede Babe 
Thus 
m ! n! 


(m—r)!(n— r)! 


Hence if f(z), ¢(x) be any two forms of orders m, n fre- 
spectively, then the rth transvectant of f and ¢ may be obtained 


by operating with Vises HE dex). Or on f(#).¢(y) and after 


n! 


Ora b," = 


; (ab) af by Geni. 


operation replacing y by a. 
Thus 
(Fo), $y = FED CAM or $0). $ Whee: 


Ex. For the cubic the first and second transvectants of the Hessian with 
the cubic itself are 


(ab) aby, 0,9) =} (ad)? (ac) by 0,? +} (ab)? (be) axca?, 
((ab)? ds bx, Cx®)? = (ab)? (ac) (be) ex; 


as may be seen by using the differential operator. 


* German Uberschiebung. 
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It is useful in calculating transvectants to notice that, just as 
in the case of polars, the sum of the coefficients of the various 
terms of a transvectant is unity. 


49. For the purpose of calculating transvectants the following 
method is extremely useful. 


Consider the rth transvectant of two forms a,”, b,”; it is 
(aby Od pia. 
It may be obtained by the following rule: 


Polarize a,” r times with respect to y, we obtain a,”"-" a,’ ; 
then replace y, by b,, y2 by —b, and multiply by b,”-’, the result 
1s (ab) ay” b,”" which is the rth transvectant of a,” and b,”. 


We proceed to illustrate the method : 


(7) Consider the second transvectant of the Hessian of a 
quartic with the quartic itself, 


(Gy ab oe). 
The second polar of (ab)? a,?b,? is 
4 (ab)? ay?b.? + 2 (ab)? dzbzdyby + $ (ab)? ay? b,?. 
Hence the transvectant required 
= 14 (ah) (ac)? b,?c,” + 3 (ab)? (ac) (bc) dzbz ca” + £ (ab)? (bc)? ag?eg? 
= 4 (ab)? (ac)? b,2c,? + ¥ (ab) (ac) (bc) az bz 6x" 
since a and b are equivalent symbols. 
(ii) The third transvectant of these two forms is 
(ab)? (ac) (bc) bz Cz. 
(ii) To obtain the second transvectant of the Hessian of the 
quartic with itself: 2. 
(Cab) 0,167, (cd Pera). 
Let us write (cd) c,d? =h,', where the symbolical letter h 


refers to the coefficients of the Hessian considered as a separate 
binary form. Then as in (i) 


aby dy by hgh 
=} (ab) (ah) b2hz? + 2 (ab) (ah) (bh) azbz hz’. 


To obtain the first term we polarize h,‘ twice, replace y, by —a, 
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and y, by +a, and then multiply the result by $(ab)?b,’. Thus 
the second polar of hz! 
=4 (cd)? cy2dg + 2 (cd)? Cy dyCadz +%(cd)? c,?dy?. 
Hence 
1 (ab) (ahy beh? 
= 5) (aby (ac)? (cd? by?d,? + % (ab)? (ac) (ad) (cd)? Cuda dy? 
+ +, (ab)? (cd)? (ad)? bz? ¢,”. 

To obtain the second term we polarize h,! once with respect 
to y and once with respect to z, and then replace y by a and 
z by b. 

_ The polar is 
4 (cd)? cyc,dz? F4 (cd)? Cydzczdz +4 (cd) ¢zdyerd, + 4 (cd) ¢2?dydz. 

Hence 
2 (ab)? (ah) (bh) azbzhy? = £ (ab) (ed) (ac) (be) ayb,d,? 

+ 2 (ab)? (cd) (ac) (bd) Azbrexdz + 2 (aby (cd)? (ad) (bc) dnbeCe dx 
+2 (ab) (cd)? (ad) (bd) azbz6,’. 


Hence remembering that all four letters are equivalent, we 
obtain 


((ab)? dz2b,2, (cd)? ¢2d22)? 
= 4 (aby (acy (cd) b,?d? + $ (ab) (ed)? (ac) (ad) Cy dg ba? 
+ 4 (ab) (cd)? (ac) (bd) dgbe cede. 


(iv) Calculate 
( (ab)? (be) a,¢,2, (de) dex)”. 
(v) Transvectants of the following form are of frequent occurrence : 


(aa bx, On?) 
GG) 
= > VBS 
Atu=ar (+m 
7") 


The result may be obtained at once by polarization. 


(dey Gel Ge tee oan 


(vi) From this may be deduced the value of 
(a0 se Cet)" =e 


Let Ce? dnl = hz? * 4, 
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Then from (vy), 

nN m 

aS (") (*) 

otr=r (M+M 

Cy") 


But polarizing h,?t% o times with respect to y and 7 times with respect 
to z we have 


CTV AUS OI RCN eer hi ea: a 


hho he ia 
p} q! 
Aly! (pa —v)!_plal(g—p—z@)! oot Oy dF oh 2a P-@. 


Namo (p+q)! 


fakes alr! (p+g—o—r)! 
Hence replacing the 7’s by a’s and the zs by b’s 
es m! me q! 
fie s r} (n—rA—p)! (m-v—w)! (p—rA-v)! (G—yn-D)! 
Mester Al pivio! (m+n)! (p+q)! 


(m+n—r)! (p+q-7)! 
(aa (aay.(b0) (Gd)o den" ih 0, tig he ae dat Fa, 
(vii) If fF 41,03, ..: Em, P=Ri, Pe, +» Ba» 


rah oy as 4) 


where the = extends to all possible arrangements of the letters a,, ao,... aj; 
Bin CascBa. S44. 

50. Twoimportant theorems relating to the difference between 
terms of a transvectant, must now be proved. They are exactly 
analogous to those already obtained for polars in § 46. 


(i) The difference between any two terms of a transvectant is 
equal to a sum of terms each of which is a term of a lower trans- 
vectant of forms obtained by convolution from the original forms. 

(ii) The difference between the whole transvectant and any one of 
its terms is equal to a sum of terms each of which is a term of a lower 
transvectant of forms obtained by convolution from the original forms. 

Here, as in the case of polars, we introduce the idea of adjacent 
terms. Two terms of a transvectant are said to be adjacent when 
they differ merely in the arrangement of the letters in a pair of 
symbolical factors. Two terms can be adjacent in any one of the 
following ways: 

(1) P (4;8;) (a,8;,) and P (4;;) (an 8), 
(ii) P(a;8;) an, and P (a, 8;) %,, 
(ii) P (aj) B,, and P (4:8,) B;, 


G. & Y. 4 
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where the letters a, a@,... belong to the first of the two forms in 
the transvectant, while 8,, ®,,... belong to the second form. 


The difference between two adjacent terms is in the three 
cases seen to be 


(i) P (aan) (88x), 
(ii) P (aan) B;,, 
Gi) P(B,8j) a.,. 
To fix ideas we shall suppose that the transvectant we are 
considering is the rth transvectant of 


: SHA. 4, see Om» 
and $=B.B, Po». Bn, 
where A and L-are products of symbolical factors of the type (¥6), 
and all the factors of the type y, are different. 


Then 
Ch $y = 


1 121) (4282) -.. (%B,) 
Talon aia, aa eee 


where the S extends to all possible arrangements of the letters 
Chia Oe ef ips Pas ea oa Bns—S 49 (vil). 

The truth of this statement may also be seen by operating 
with 0” on f(x) d(y); and remembering that if we write 

Ay = A=... = An = 4, 6: = By 2s. =Ba= Ps 

hen (Ge dp)" = (aB)” CDE Lat 

The difference between two adjacent terms of the above trans- 
vectant is a term in which at least one factor of the type (48) is 


replaced by a factor of the type (aa’), or else of the type (8f’). 
There are then not more than (r—1) factors of the type (a8). 


Hence the difference between two adjacent terms is a term of 
a transvectant of index less than r, of forms obtained by convolu- 


tion from f and ¢. 
Thus, for example, 
(ab)? (ac) bz? cg’, (ab)? (ac) (be) dnbaea” 
are adjacent terms of the transvectant 


((ab) (ne ee Cae 
(ab) (ac) byc,? 


and their difference 
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is a term of 


((ab)? Gzby; Cx). 


Now between any two terms 7,, 7, we may place a series of 
terms 
Die, Dada, eee Ds, 
such that any term in the series 
dn as d Boy see {ints fT, 
is adjacent to that on either side of it. 


For we may obtain 7, from 7, by a finite number of inter- 
changes of pairs of letters, a pair being composed either of two a’s 
or else of two £’s; since each letter occurs only once—in our 
argument,—the terms which differ by the interchange of a single 
pair are adjacent. Hence the difference between any two terms 
Ly, T, 

?,— T,=(, —4y) + Thi f+ .. +B), 
z.e. a sum of terms each of which is a term of a transvectant of 
lower index of forms obtained from the original forms by convolu- 
tion. This is the first theorem. 


Again if 7’ be any term of the transvectant, then 


(pare reel seep op 


n(n) 
if qs 
(since the number of terms 7” is r! (*") (")) 
r ie 


and this is equal to a linear function of terms of transvectants of 
lower index of forms obtained by convolution from f and ¢. 


51. This theorem may be extended by applying it again to 
each of the terms of transvectants of lower index on the right- 
hand side. This may be done repeatedly. Each time the process 
is applied the terms of transvectants on the right are replaced by 
the transvectants themselves, and linear functions of terms of 
transvectants of lower index. After not more than r applications 

4—2 
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of the process, we have on the right a linear function of trans- 
vectants of forms obtained from f, ¢ by convolution, whose index 
is less than r, and of terms of transvectants of zero index. 


But a transvectant of zero index of two forms is simply the 
product of the forms; a term of such a transvectant is merely the 
same product, and therefore the transvectant itself. 

We obtain then the following important theorem: The differ- 
ence between any transvectant and one of its terms ts a linear 
function of transvectants of lower index of forms obtained from the 
original forms by convolution. 

+ Ex. (i). (ab)? (be)? a,2¢," 
= ((ab)? a,7b,?, Cx*)® — & (ab)? (bc) a,¢,3 —} (ab)3 (ae) b, 0,3 
= ((ab)? a,2b,, ext)? — ((ab)3 debe, C4) + § (ab)*. c,4. 
Ex. (ii). Prove that 
((ab) a,°b,%, (ed) ¢,3 d,,3)° 
= gy (ab) (ed) {(be)? (ad)? +9 (be)? (ad)? (ae) (bd) 
= +9 (be) (ad) (ae)? (bd)? + (ae)? (bd) >} 
=} {(be)* (ad)* — (ac)! (bd) } (ab)? (oc)? {(be)? (acl)? — (ae)? (bed) 
= 4 {(0¢) (ad) — (ae)* (bd) — $ (ab)? (cal) {(be) (ad) + (ae) (ba)} 
= {(bc)! (ad)* — (ac)* (bd)4} — 2 ((ab)3 a,b, (ed)? c,d)? 

Ex. (iii). If jf be a cubic and # its Hessian, prove that (H, f)?=0. 

Ex. (iv). Iff be a quartic and H its Hessian, prove that (H, f)?=0. 

Ex. (v). If 0,4 be the Hessian of a,4, and (ac)*=0=(ad)!, then § 

((ab) a,26,, (cd) ¢,3d,°)°=0. 


Ex, (vi). The second transvectant of a quantic f of order ” and its 
Hessian # is 


(1, Pasa ih 
where =(f, fy 
For 
(A, f= = 4 {2 ( et (ac) b, + (n— 2)? (ae) (be) aut (ab)? ay” —4b,"-3. 64% —2 
(FF) 
= (ab)®(a0)ach4B Bott RAE ap 


on using (III) § 22. 
Finally the result is obtained by the help of the last identity of § 22. 


CHAPTER IV. 
GORDAN’S SERIES. 


52. Gordan’s series. In § 47 it was proved that any term 
T of the mth polar of a symbolical product F can be expressed in 
the form =(xy)'F;; where F; is the (m—7)th polar of a sum of 
symbolical products—possibly multiplied by positive or negative 
constants—each of which is obtained from F' by convolution. The 
product a,"by™ is a term of the mth polar of a,”b,", hence 


a=m 
0," b,% = a (ey), POI aaonis Fnac Ur do oe foe (De 
es 


where the suffix indicates that Fm is the (m—7)th polar 
of F, 


This is an identity; it must therefore be true when y= a#*; 
hence 
Dy” by” = [Fo wel =x) 
for when y=a, (zy)=0. Now if in a function of # polarized with 
respect to y, y is replaced by a, the result is the same as the 
original expression. Thus the nth polar of a,” is a,”a,", which 
becomes a,”*” when y is replaced by w Hence 


igh baf = [FO ys Jpeg BY cove tvseecesve. (11). 


Thus the first term of the series (1) is obtained, the other terms 
may be obtained in a similar manner. Operate on (I) with Q/, 
Consider first the effect of this operation on the term 


(ay) FO ym-i. 


Pit 


* This of course means é 
; Yo %, 
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By comparing the degrees in # on the two sides of (I) it may be 
seen that the degree of FP ym-; in w is n-—% Hence we may 


write 
Fo = qm tna 


and Fo yr = a," yao 


Now 
(9. (xy) as iy 


=i(m+n—t+4+1) (ay) Fag tay™, 
a result obtained by ordinary differentiation as in § 26, 27. 
Hence by repeated operation of Q we obtain 


5 (ay faa 40mg Ep ETO 
when 2 +7; but whon t<j 
OJ (ay)*a,"* a,™—* = 0. 
As regards the right-hand side of the equation (1) we know, § 27, 
Ex. (i), that 


Oja,"b,™ = 


n! 


ea: Ganj Neca 


The result of this operation is, then, 


Vag" Iby m-j, 


n! m! a anes 
(n —j)!" (mj)! See nis 
— i! (m+n—-%+4+1)! 


~ <; G—pi(m+n—t—j+1)! 


(ay) Fw ym. 
In this put y=a, and we obtain 


n! m! ji(m+n—j+1)! 


(n— 9)! (m—J)! (abYag" bg" = (m+n—27+1)! Bm, 
and hence 
n\ /m 
Fo = cake) Gide (5 (ab)s Pe] i) 
G +n=—9+ *) 
4 
(n\ [m 
= en (a nr b m)j 
Geen Se ee 
j 


52-53] GORDAN’S SERIES 55 


Substituting this value of ' in (1) we have Gordan’s series :— 


oop eG) 


Sh pats *) 


COD CE ad ye waren a8 


4 


53. This series may be put into other, rather more general, 
forms. 


Multiply by (ab), write n +r for n, and mer for m, then 
Cee 
(abyra,r—7b,r— = s COCR ne} 


i a age 
a 


k 
Operate with (« = , and we obtain 


( ab)" a," b,# be 
ae eo) 
a a t+r 


= ee ey a oe b 2”) yr-t-1-k Thee 


i} 
4) k 
Operate with ly =) on (IV), then 


(aby ag??ka,kby"— 
—r—-k 
= . : ) ie ) (ay) (aa, by) *” (VI). 


Ts; Cee Fie) gemini 
) 


In (V) replace y, by @, y, by — a, and multiply by ¢,2—™+"tk, 
we obtain—see § 49— 


( aby’ (5G) eet ae? bf Cn p—m+r+k 
n—r te -—r—- A 
alae 

Ma) 


a 


=5(-1) (az, by)", cg? (VID), 
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The equation (VI) gives a similar result when the weight of 
the covariants under consideration is greater than m the order of 
bf: Viz.— 


é ( ab)’ (bey (ac) Ae 7 Cy Pmt rk 


Geucieg 


ee 
1 


=2(-1) (ay, by)", Cy? ., (VIII). 


54. Now if in (VII) a and ¢,n and p,r and m—r—k are 
interchanged, the left-hand side of the relation is unaltered, except 
for a factor (—1)"~*. Hence 


-m—r\ m—r—k 

ie fas) 

Ue becca) 
a 


taken (‘) 
= a a 


(a a ina 


V 


(( b,, ag Oar Cy CD at ae 


— (ie C2) a, PSD sae 
On the supposition that 
f= bx", b = az", Wr = Cz?, a,=0, a,=m—r—k, a,=7, 
this relation is the same as 


ae 


@ +n —2a,—t+ Q (f, o)@té, ynte-é 


p- 0h — a Ms 
=(-15 ; ee Ay (A Wert, pyntent.. IX). 


i) 


. 


i) 


Again, if in (VIIT) we interchange a and c,n and p, rand m—r 
respectively, the left-hand side of the relation is unaltered except 
for a factor (— 1)™~. 


Hence we obtain a relation of the same form as (IX), but 
in which 
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Thus the identity (IX) is true in two cases. In the first 
a= 0: a, cannot exceed either m or n, for we use in (VII) the 
factor (ab)": a +4,=m— and therefore cannot exceed m: and 
finally a, cannot exceed p. 


With these restrictions a,, a, may take any positive integral 
values. 


In the second case 
a + 4,= mM. 


a, +, cannot exceed n, and a, +a, cannot exceed p; subject 
to these restrictions %, 4, a, may take any positive integral 
values. 


The series (IX) is one of great importance for calculating 
transvectants. It is usually quoted in the form 


( ie pe ) 
mn p 4, 
a G a; 


where 
+a PM, ath pn, a+ a > p, 
and either 
(i) a,=0 
or 
(ii) A, + % = M. 


55. In order to illustrate the use of the series, we shall now 
calculate some transvectants which are covariants of the sextic /*. 
Let us write 


Wij) tI, J); 2-9, J ys t-(7, 2). 


Then to calculate the transvectant (H, /)* we use the 


series ye YF 
( 6 6 8 ) 
Ver Seer 
4\ /3 3)\ (2 
ae \) (sf, fy, eee Oey BEB see 


i) Cy) 


* Other examples will be found in Chapter V. 
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that is 
(H, fY+SG A=l fr, 


or (H, fy'=766, f). 


The object usually in view when calculating transvectants, is 
to express them in terms of other transvectants of lower index. 

There is no difficulty in choosing the series which will give the 
desired result, in general we select it so that the transvectant to 
be calculated appears as the first term on one side of the identity, 
while all terms on the other side are of lower index. 


’ The transvectant (H, f)* is given by 


eae 
(s 6 6) 
O 4 2 


ale ale 


Pee Gry tas re 
(ee a4 
hence 
(H, f+ 26 ft SHG SPFGAS 
or (H, f= fet eas 


To calculate (H, /)? we cannot write a,=0, for then the 
condition a,+a, +m would be violated. 


We must then make a,+ a,=m=6 and use the series 
a =) aay 
( 6 G6 ) 
1 4 2 
3)\ (4 WN 2 
5 OO, fy, fyrin—> WK) 
es, - 


hence 
CH, Sy¥= a (%, eee 


* This form vanishes identically—see Ex. (ii). 


(Tey Fas 
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To find (t, f)? we use ms Ge lee wn oe 
if rer “) (¢ Ae - 
( GTS? ONG ) e (A() pei 
Ox ioe) - 1H) 
whence using the result, § 51, Ex. (vi) () 


Am=ay G4 
we obtain 
Pe Nast dD. 
Ex. (i). Prove that for the sextie 
(H, fy=3 (6, fy =a 


KK 


Ex. (ii). By means of the series 
oat ae 
( o Go 
1 3 3 
prove that (7, f)?=0 
Ex. (iii). Prove that 


Cot) = ah 4, f), 
(H Of, FP=2% rg ds, 
: be 2 : 
(LO, f= ZG +A 
(H, =F P+ ALS 
56. The series we have been illustrating does not give all the 
relations between the covariants of f, ¢, ~ which are of weight 
G+ Oh + As. 
For example, we cannot by means of this series reduce the 


form ((f, f), f) which is reducible whatever be the order of /, 
§ 51, Ex. (vi). 


57. The series (III) may be inverted with the following result 
1G. 
") 


(Gordan, Invarianten-theorie, § 7, pp. 89, 90.) 


(a2, be yam & (— VA (ab) aby" (ay)... (X). 
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To prove this, we first establish the existence of an expansion 
of the form indicated; and secondly we find the coefficients. To 
prove the possibility of such an expansion, we observe that 

(ae. bz” )°yn = —. DA; Qgiite 7 a, 70; n—t 
= 2r;a2"*b," {agby — (ab) (ay)}* 
= Dj (aby (my)? a") by, 

To determine the coefficients ~, we operate on the relation 
just proved with 0; the left-hand side of the relation vanishes, 
and hence by equating the coefficients on the right to zero we 


obtain 
pit (m+n—t1+1)=— wi4(m—714+1)(n-7+4+1). 


Replacing y by z, we see that 4,=1, hence in general 
OO) 
(Mm + , 
ee 
Other series may be deduced from (X), by the same methods 


as were used in § 53. 
Peon se 


Thus 
ie —-n— 4) 


0) 


Rl oe) Moree a8 


(az, Ba” Fyn = 3 (—)! 


(ab)'*+* a, Gee ad n—i—k (ay)’, 
((az™, ba”)*, Cn?) 
C20 
— ie =F ve 2 
O 


(a by'+* (bc) a ii t—ED yet Kes prt CRD) 


when r }n—k. 
ye aes (eo 
m n\k Toe a v 
(C70 es ree 
Cae 
x (ab) (be ys (ae Fei ean ee, (XII). 


58. It has already been pointed out, § 41, that the system 
of concomitants belonging to a binary form with two or more 
cogredient sets of variables, is the same as that obtained when 
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certain binary forms with only one set of variables are taken for 
simultaneous ground-forms. Gordan’s series (III) shews us which 
the ground-forms must be; thus for the form 
Ay? by 
we consider the system 
Az’ be, (ab) Oe, (LY). 

Each member of this system is unaltered by linear transforma- 

tion, and a,”b, can be expressed in terms of the forms given. 


59. Ex. (i). Any symbolical product having two cogredient sets of 
variables z, y, can be expressed in the form 


= (ay)' Pym-i 
where P is a symbolical product containing only one set of variables «. 
If we put 
t=1, %=0, ¥,=0, %=1, 
then Pym-i 


becomes the coefficient of #"~™+t*xv,"-* in P. 


Hence we may express any rational integral function of the coefficients of 
a binary form linearly in terms of the coefficients of its covariants. (Elliott, 
Proc. London Math. Soc. vol. Xxx. p. 213.) 


Ex. (ii). Express the product a), a, of the coefficients of the cubic 


(yy Hy, Fy, GzhX,, Ly)? 


linearly in terms of coefficients of its covariants. 


60. Lf asymbolical product representing a covariant of a single 
binary form contain a factor (ab), at may be expressed in terms 
of products each containing a factor (ab). 


Let the order of the binary form be n; and let P be the 
covariant in question. Then since P contains the factor (ab) 
it is evidently a term of a transvectant 


(ada, $y, 
where ¢ is some other covariant. 
Hence by § 51 
pee (ODN rt Ue aN cb Je 
tC (GDP aD EN, DY osc sean es (XIII), 


where C is a constant, and @ denotes any function obtained from 
¢ by convolution. 
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Now 


(10 1s bees ee (b ays pas oe be = 0, 


for b and a are equivalent symbols. Hence all those transvectants 
in (VIII) in which no convolution has taken place in the first 
form are zero. But every form obtained by convolution from 
(ab)*-1a,"H-5,"7"* has a factor (ab). Hence every trans- 
vectant in (MIII) either vanishes or is the transvectant of a form 
having a factor (ab)*, with another form: and hence P can be 
expressed as a sum of terms each of which has a factor (ab). 


A convenient way of expressing this is to write 


P =0, mod (ab). 


61. Owing to the large number of symbolical products which 
represent covariants of given degree and order it is important to 
obtain methods of classifying them. For this purpose the greatest 
index of any determinant factor in the symbolical product is 
chosen. We shall use the word grade to denote this index. If 
the symbolical product is a covariant of a single binary form, 
then, by the theorem just proved, covariants of odd grade may be 
expressed in terms of covariants of higher even grade. On this 
account the German equivalent Stiife is used for half the index. 
We prefer to define grade as the index itself, since the classifica- 
tion is useful when the symbolical product is not merely a 
covariant of a single form. 


62. Covariants of degree 3. We proceed to obtain criteria, 
by means of which it may be at once determined, whether or not 
a given covariant of degree 3 can be expressed in terms of 
covariants of higher grade. These were first obtained by Jordan* 
in 1876. They were independently discovered by Stroht; and 
his method of investigation is given here. 


We consider first the covariants of weight w which are linear 
in the coefficients of each of three binary quantics 


hs = Hy”, Ts =," DF: = Cz”. 
Let us write u, for (bc) az, u, for (ca) bz, us for (ab) cz; then 


Uy + Us + Us = 0. 


* Liouville, 2 Sér. 111. 1876. 
+ Math. Ann, Bd. xxxt. p. 444 et seq, 
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Hence 
es i = 1)9-? Uy (Uz ata U3)7~* 


Und Ugh. 


GOs") 
Bt Xr a 


Multiply this expression for w,9~'u,' by 
—~1)2-7 (9 Rey 
SN aah 


where k,, k, are any positive integers, and take the sum of each 
side of the result from 7=0 to i=k,: hence 


ke ‘ S/h ib Pe oes 
— 1\e-% g 1 in, % 
Zep (Gy ) ar 


ke gt os BW ye 
=(—1)hte & “5 ie 0 zn 2 "Yue Aaed 


i=0 .=0 \A ¢ k,—1 
g —)\ /-k,-1 

ye aN I\ yan-dy rd (9 )( 1 ) 

=e S (furs OF) 

= (yrs $ (9) (98) ap sud ae (KIV), 
A=0 2 


Now when 
g—-kh>rN>g—-h—k,—-1, 


g-rA-kh- 2 ae 

eee Bs 

therefore the last sum written down may be divided into two 

series, viz. X=0 up to g—k,—k,—1, and \=g—k, up to g. 
Let g—k—hk, -1Leks. 

Then the first of these series is (writing 7 for 2) 


S (0) BH apn 
i=0 2 


In the second series, write g — 7 for X, then it becomes 


S i § 2 : Ke 3) OIG | AERO Aiea CERT TRE (XV). 


i=0 \U 2 


e a) is the coefficient of x” in the expansion of (1+.)!. 
m 


+ For 2 ig . 2 ( ae re is the coefficient of «” in (1+2)9~*. (1+2)~4-L 
i lg : 
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Now if / and m be positive integers 


G m \- es ee (=e é : e _) 
ae i es 


= (ym ( tie a) PRA a (XVD. 


Hence the series (XV) becomes 
3 (—)Rethime & ‘ eee Us? ~* Ug! 


ky Layee 
= (—)heths > ie ky 4 U39—* (Uy, + Us)? 
0 


ky —1 


“yen 3 we () 6) (Ge) 


But the coefficient of ee is here equal to 
ee) eae 
> & ( —2Xr k, —7¢ 
f[9I\ (9g —*— k,-—1 
Py (2) ( k, aN ) 
re & ie +k, — 5) 
2 7 ks ; 
Hence the series (XV) becomes 


(—)fthe S 2 “ “ae = ‘ U9 >U>. 


i=0 \t v3 
By means of the relations (XVI), the series on the left-hand 
side of (XIV) becomes 


SC)(OEE ars 
z=0 ky 
Hence the equation (XIV) may now be written 


ALOE Yaw 


i=0 \? 


HALO CE Jar 


Lone (2) (ToS iat ee oe cy 
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This equation is true for all positive integral values of hy, ky, ks 
for which 
ky, +k, +hs=g —1. 


63. Let us suppose that w, the weight of the covariants under 
consideration, is not greater than the order of any of the three 
quantics. 


Then any one of the covariants may be expressed in terms of 
the set 
(ab)" (bc)! Agntt—w b,2-¥ Ca, 
where 7=0,1,... w. For since n,< w, whenever a factor (ca) 
appears in a covariant of this weight, it may be removed by 
means of the identity 
(ca) by = — (bc) dg — (ab) Cz. 

Similarly all the covariants may be expressed linearly in 

terms of the set 

(CO (ca)’ Az? bm te C,% =e. 
or of the set 

(Cas 7 (ab)' Ayn ba Cette @, 

We shall suppose the members of each of these sets arranged 
in order according to increasing values of 7 Then the forms of 
any one set are linearly independent. For suppose a relation to 
exist between the forms of the first of the above sets. Let the 
terms in this relation be arranged in the order indicated. The 
relation still remains true if we take for 7, f, 7; special quantics 
instead of general ones. We shall suppose them to be merely 
powers of linear forms; the result of this is that the letters 
a, b, c are no longer purely symbolical. Hence if 


ry (ab)? (bc)! q,ntt-e 6,2 ¥ Ga? 


be the first term, we may divide the identity by (bc). Every 
term of the quotient except the first contains (bc) as a factor ; 
but the quotient must be zero, hence the first term must vanish, 
when we make b =c, 

1.e. COD ii aD eta 20% = () 

which is clearly untrue. Hence no linear relation can exist between 
the forms of one set. And therefore there are exactly w+ 1 linearly 
independent covariants, which are of the first degree in the co- 
efficients of each of three quantics, and of weight w (> mm, my or ns). 


G. & Y. 5 
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64. Writing in (XVII), for w, wz, ws their values in terms of 
a, b,c, we obtain a linear relation between the first /,-+ 1 members 
of the first set, the first k,-+ 1 members of the second set, and the 
first k;-+1 members of the third set, where 
kKt+h+k=g-l=w-l. 
Thus we obtain a relation between w+ 2 forms. 


Hence if we take the first m, forms of the first set, the first mz, 
of the second, and the first m, of the third, where 
Mm, + m+ m,=w +1, 


we have a set in terms of which all other of these covariants 
can be expressed. This set may be chosen so that it contains 


: ; 2w 
no covariant of grade less than 3° 


For if w=3m—1, we may take 
My =M,=M3=M 


and we see that all covariants can be expressed in terms of those whose grade 
is 2m at least. 


If w=3m — 2, we may take 
M=M,=M, M=m—1 


and we may express all covariants in terms of those whose grade is 27-1 at 
least. 


If w=3m we take 
Mm=m+1, M=MN,=mM 


and we have to include one covariant of grade 2m, the rest being of grade 
2I2m+1 at least. 


In the second case there is one relation between the 3m covariants whose 
grade is (2m—1; viz. by (XVID), 
(ab)™ aul (G0) eam 1 Ung” —2m+1 by” —3m+2 Ogg — rrgll 
+ (be)2™ = (6a) = 1 An! —m+1 (ja 2m+1 Cry” —3m+2 
ae (ca)™ =i (ab)ym-1 Ogg” —3m+2 bo =m+1 Cne —2n+1 
does SC ay deisel ae Slat ouhe aise asics lne esl Ree oS (XVIII), 


where (;,, denotes a covariant whose grade is 2m. 


In the third case there are two relations between the covariants of grade 
+2m ; these will be found from (XVII) to express that the difference between 
any two covariants of grade 2m and weight 3m, 


= >Com+ 1° 
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It would be sufficient for the general theory to prove the 
theorem :—If u,+ u,+u;=0 then there are w+1 linearly in- 
dependent products of u,, u,, us, of order w such that each contains 
2w 
3 

65. Next let w be greater than the order of one or more of 
the quantics. 


an exponent of —- at least: this is not easy. 


If w>m, the sum of the indices of (ab) and (ac) cannot be 
greater than m,, and hence (bc) must have an index equal to 
w—n, at least. 


We define the quantity ¢; to be w—n; if w>n,;, and to be 
zero in the contrary case. Then each of our covariants of 
weight w must have a symbolical factor 

(bc)® (ca) (ab)®, 
The remaining factor will be a symbolical product representing 
a covariant of weight 
W—-&—-&—-&=B, 
of the quantics 
a,” —€)— Se b,— camer Cx eis 

But the weight w is not greater than the order of any of 
the three quantics: hence we may apply the results of the last 
paragraph. That is, all the covariants of weight w may be 
expressed in terms of a+1 of them. If «4, «, ¢ are unequal 
our choice of covariants in terms of which the rest are to be 
expressed may not be the same as before. But the student will 
have no difficulty in writing down the result as regards grade. 


Ex. Prove that any covariant of degree three can be expressed in terms 


Bee eat f 


of covariants of grade 3 


66. We have now two different series which may be used for 
obtaining relations between covariants involving three symbols. 
These are series (IX) due to Gordan, and Stroh’s series (X VII) 


Ty — ) : ‘ 5 . 
( == 1) > a ie uf ‘) (ab)’- i (bc)’ Cy” -wtt b,” Wg fet Aas =i), 
i=0 3 


where k,t+kh+kh;=w—1 
and w is not greater than any one of the numbers 
Ns; Ma, Nee 
If this condition as regards w be not satisfied we write 
W—-M=G&, W-MmM=H, W-h=& 


jee, 


~ 


68 THE ALGEBRA OF INVARIANTS [cH. IV 


where it is understood that e=0 if n>w. Then the reduced 
weight @ is 
W — & — & — €. 
In this case Stroh’s series is obtained from (XVII) by writing 
@ for w, m—&—& for m, %—e&—e for m, Ms—e—e for ns, 


and multiplying the result by 
(bc) (ca) (ab). 
Here k,, ky, k, satisfy the relation 
k+h+k=oa —1. 


_ The advantage of Stroh’s series is that it gives all possible 
relations between the covariants under discussion. It is, however, 
generally more convenient to have relations between transvectants 
than to have them between symbolical products. Thus although 
series (IX) does not give all possible relations, yet it is frequently 
the more convenient one to use. 


By means of series (VII) and (VIII) we may translate Stroh’s 
series into a relation between transvectants. In fact this is what 
Stroh himself does. This relation has the disadvantage that the 
coefficients in it are themselves series. 


‘It is convenient to have a short method of referring to Stroh’s 
series; we therefore introduce the scheme used by Stroh 
re tr fs ) 
Dene hohe 
which is distinguishable from Gordan’s scheme by the weight 
being indicated outside the bracket. 


67. The quantics of low order furnish very few examples of 
covariants containing three symbols concerning which Gordan’s 
series gives incomplete information. We have mentioned (f, H)* 
as one such case. The covariant ((f, 1)’, f)’ of the sextic f— 
where 1=(f, f)’—1s another. The reader will have no difficulty 
in proving that 


; : ies: 1 
2 ey) * a \4 
(ho f=st+ eos 
Ex. Prove that the covariant 


(ab)® (ae)* by! e_6 


of the binary form q9 = by! = ¢,,10 
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can be expressed in terms of covariants of higher grade; and that the 


covariant 
(ab)® (ae)! (bc)? bz* 6x3 
vanishes identically. 


68. Let the three quantics f,, fi, fs; be made identical, so that 
=f, =f, 02. — 0, Set =f 


Then if wn, all covariants of weight w and degree n can be 
expressed linearly in terms of those whose grade is not less than 
2w 
3 
If w=3m-—2, it is possible to go a step further; we may 
express all these covariants in terms of such as are of grade 2m 
at least; since covariants of a single quantic of odd grade may 
be expressed in terms of covariants of higher even grade. 


Hence if w=38m—6 $n, 6<3, all covariants of degree three 
and weight w can be expressed linearly in terms of those whose 
grade is 2m at least. 

Similarly if w>n, we have 

He FHeg=EeE=—=W—-N, 
w= w— se, 
Then we may express all covariants of degree 3 and weight w 


2a ee 2w 
eo See 
If «is odd the lowest grade given by this is odd unless a = 3m — 2, 


in which case we see on multiplying (XVIII) by 
(ab): (be)* (cay 


that we may express covariants of grade 2m—1, in terms of 
covariants of higher grade. Hence if ¢ is odd, all these covariants 


in terms of those whose grade is not less than 


may be expressed in terms of those whose grade + = —e+l1. 


If « is even, then as before we take w= 3m — 6, 6< 3, and the 
minimum grade becomes 2m — «. 


69. There is one further point in this matter to be noticed. 
It has been proved that all covariants which are linear in the 
coefficients of each of three given quantics and are of given 
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weight w can be expressed in terms of those whose grade is 
higher than a certain number. Further it has been shewn that 
among the covariants actually retained, no linear relations can 
exist. We passed to covariants of a single quantic, and deduced 
that all covariants of degree 3 and weight w can be expressed in 
terms of those whose grade is higher than a given number. Is it 
possible that amongst the covariants retaimed here, there may 
exist other relations which do not appear in the general case ? 
To answer this question we express the symbolical products as 
transvectants by means of § 53. The product 


(aby -4 (bc)! Ay +i-w by” —w Cx'8~ a 


= (A; ice 5 Ss) x XO» ~i+1> 
where as before (C,, indicates a covariant whose grade is not 
less than m. 


The covariants retained will be—when w +n— 


(Ar fy SP, (hot) AY, (SoA), AY 
2Qw 
w=38m there will be two relations between these covariants. 


where a¢ 


If w=3m —2, there will be one relation: and if 


Let us suppose all the quantics to become identical. Then 
those covariants for which « is odd vanish, Let us .suppose 


2w 
3 


that amongst the remaining covariants for which a¢ a relation 


exists, say 
Iu LS) f=. 


Then using Aronhold’s operators which may be written for 


short (A 5) ; @ 7 ; (Ff a) we obtain 
SMA AI AL + So AI A+ Sn A AF] = 0 


—since a; 1s supposed even. 


Hence corresponding to a relation between the covariants for 
a single quantic, we may deduce a relation between the corre- 
sponding covariants of three different quantics. The results 
obtained then, for a single quantic, are as complete as those from 
which they were deduced ; and no linear relation can exist between 
the retained covariants. 
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70. The covariant 
(ab) (be) (ca)’ Ones by Cre 
of the binary form az” = bz” =¢,”, can be expressed in terms of 


covariants whose grade is greater than X, provided that » +5 


r 
and w+v>s; unless 


n 

NS/oS r= 9° 
The verification of the above important theorem is left to 
the reader; it is really only a restatement of the theorem of 


§ 68. 


It should be noticed also that a similar theorem is true when 
the letters a, b, c do not refer to the same quantic ; it is 


(ab) (bc) (CO) Gb AF oe =} alee 
provided that +> 5 
71. Ex. Prove that the following covariants of f=a," vanish 
identically : 
(AF), fF)" -! when n=4d, 44-1, or 44-2, 
(ALY, f" when n=4A+1, 
(f, fyr**, f)” > when n=4d +2. / 


And shew that no other covariants of degree three vanish except those 
included in the form 


(Ce is iy Stroh. 


72. Covariants of degree four. It is the object of the 
present paragraph to determine the conditions that a covariant of 


degree four and grade X (where We = 5) may be expressible in the 


form 
w 


By whe <8 
> Cys + (ab)? (bc)? (ca)? V: 
the expression C,,, denotes—as before—a covariant of grade not 
less than X +1, and V being a covariant of degree one can only 
be the quantic itself. Of course the second term cannot appear 
if nm is odd. 
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It has already been proved that any covariant 


C = (ab) (bc) (ca)” An b,—-*# C3 h*, 


Ne 
where »+v>5, is of grade greater than X, unless 
n 

Exe = a ==, 
i 
Auy covariant obtained by convolution from Cis of the same 
form as C, but the indices of some of the determinant factors are 
increased; hence any covariant obtained by convolution from C 

either is of grade greater than X, or else is the invariant 


(ab)? (bc)? (ca)? . 


Any transvectant (C, F’)*, where /’ is any binary form, is also of 


grade greater than 2 or else, if p=OandX¥=p=v= a has a factor 
nu Nn 


nN 
(ab)? (be)? (ca)?. 
Further, any term of this transvectant differs from the whole 
transvectant, by a linear function of transvectants 
G Py, 
where C and F are obtained by convolution from C and F. Hence 
any term of a transvectant (C, fF’) is equal to 


n 


w L ee 
=C,., + (ab)? (bc)? (ca)? VY, 
where as before C,,, is used to denote a covariant of grade + 1 
at least. 
Again, any covariant having a symbolical factor 


(ab)* (bc) (ca)’, 


r 


where pw+v> 5° is a term of a transvectant (CO, F’)?, and hence may 


be expressed in the form 
VOh41 + (ab)? (be)? (ca)? W. 
Consider now the covariant of degree four where v $+ X 


Ike = (ab) (bc)# (cd Qos by? —>-# Cee ad". 
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ie then 


K=O + (ab)? (be)? (aye. WV. 
Otherwise by means of the relation 
(cd) ay = (ad) Cy — (ac) dz 
we obtain, since 5 tr + »v, 
K=3(-) (7) Li 
where 
T= (ab (bey (ae) (Ga) a oa OOF Cease ie 
If either 


Xr 
bM+y PA 
or 
r 
i> 5) 
then 
LD; =2C,., + (ab)? (6c)? (ca)? ©: 
But if 


e+y>nd, 


one of the above inequalities must be satisfied; hence in this case 


K = 0,4. + (aby? (be)? (ca)? W. 


Next consider the most general symbolical product K of degree 
four; it is sufficient to write down its determinant factors, which 
we take to be 

(ab)* (ac) (bc)"2 (ad) (bd) (cd)”s. 

It is supposed here that no index is greater than A, which is 

itself not greater than _ 


By means of the identities 
(cd) dy = (ad) ¢, — (ac) dz, 
(cd) by = (bd) cz — (be) dz, 


we can express K in terms of covariants Z in which either (1) the 
index of (cd) is zero, or (11) the indices of both a, and b, are zero. 
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The indices for the covariants J will be denoted by accented 


letters. In the second case 


N+ pa + y=n, N+ Me +H, =, 
hence 
py + pe + y' + v2 = 2n — 2A¢ 2D, 
consequently either 
, , r P, / / nr 
fy + fb, > > Or Vy FV, aot 
Therefore 
n nN n 
Kath 2On (ab) (be) (ca) a. 
In the first case 
Pa + fo’ + Vy + = byt py ty, + Vo + V3, 
and if this sum is greater than A, the same result is true. 


Hence— When p, + py +t vy + 73>, 
n 
NP 5> 
the covariant of degree four whose determinant factors are 
(ab) (ac) (be)#2 (ad)” (bd)” (ed), 
may be expressed in the form 
Ww n W 
=Cy41 + (ab)? (be)? (ca)? WV. 
73. Any covariant which contains the symbolical factor 


(ab)* (be)* (ed)’, 


n ‘ 
where wt+v>nr, andr > > may be expressed in the form 


n n n 


DOs + (ab)? (bc)? (ca)? Y. 
For if T’ be such a covariant, and 


K.= (ab) (bo) (cd) c** By"AH 0A? ah” 
then be’ 
T=(K, ®~+=(K, BY. 


Kach term of this sum has just been proved to be of the 
required form. 
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74. Any covariant of the covariant 


‘ : nN 
ken = (ab)’ ay? b,2-? ; G > 5) 


of the binary quantic f= az” = by" =..., may be expressed in the 
form 
“ nN n 


n n 
>Cy41 + (ab)? (bc)? (ca)? V, 
where C,, represents a covariant of grade not less than r+1. 


To prove this we observe that any form obtained by convolution 
from a product 
(ab)" Gat bi (ed)" Cpe Ler Ae 
is either of grade greater than 7 or else has a factor of the form 
(ab)" (be)? (ed)’. 
In the latter case by § 73 this covariant may be expressed in 
the form 


nM n 
EO,4, + (ab)? (be)? (ca)? WV. 
Now any covariant of k,”-*" may be expressed in terms of 
transvectants of the form 
((k, kyr, By. 
But the transvectant (k, k)’ is a linear function of covariants 
of f obtained by convolution from 


(ab)" a (yeas : ( Cc ay Oa x: 
Hence the theorem is true for covariants of the second degree ; 
and therefore for all‘covariants of k,2"-*". 


75. It is well to notice that nowhere in the last three 
paragraphs has it been assumed that two different symbolical 
letters refer to the same quantic. The theorems are thus true 
when some of the letters refer to different quantics. For example 
the theorem of § 74 is true for covariants of 


hn = (ab)" Has pas 
when the quantics a,”, b,” are different. 
76. ‘The discussion of covariants of degree four may be carried on a step 


further. o 


Thus if \ is even, and 
ptv=rbs, 
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then the covariant 


ie (ab)* (be)* (ed)” ee a -A=pB as mV ie 


Vv 
() 
ae (bya, bP Red) e 


() 


by an expression of the form 


differs from 


n-A J u—Xr 
(7 


aw > 


Y 
See 


To prove this we notice that the index of by in K is 7m—d—p, and this is 
not less than » ; for by the inequalities above we see that 


Atpty pn; 
hence we may use the identity 


(ed) bz = (bd) ey — (be) dy 
to obtain 


K=3(-1y (3) iP 


where | | 
L,=(aby (be) ty-# (ba)? a yee yet! -v+i nes 


Now if 
i>) 
2 
o eee 
then L,= Cy 4): 
(The weight of K is 2\ >>; hence no term with the factor 
th oy tat 
(ab)? (be)? (ca)? 


can appear.) 


Then the only term we need consider is 


AA ees 
L, =(aby* (be)? (bd)? ae -A Bae e, 2q a 
a) 


4 


Again, let A’ be that particular covariant of the form A for which 
p=0,v=X. Then 


K'=3(-1) @ 1h 


anys 
== 1)F (>) Ly+20,,,- 
2/2 
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dr v\ 
(x K= () LE 1 UN 
2 2 


In just the same way it may be proved that if \ is odd, and 


5 1 
Gj) pty=rb, 


then Kes 


A+1’ 


Hence 


or (ii) ptv+1=rbS, 


then 
Vv 
2 
r 
2 


The results of this paragraph may be stated as follows: 


K= 


A, n—-dr v-aA A-1 SPN ple s-A+1 
COD) OTB Rena (CON or On a. ASO) 


(1) If r be even and w+v=X, then the covariant 
(ab) (bc)* (cd) Ge Oa ar Coa ad," 

can be expressed as a sum of a reducible covariant and covariants 
of grade greater than 2X. 

(ii) If ® be odd and w+ v=, then the above covariant can be 
expressed as a swm of covuriants of grade greater than x. 

If ® be odd and w+v=r-—1, the covariant can be expressed as 
a sum of a reducible covariant and covariants of grade greater 
than nr. 


Ex. (i). Any covariant which contains the factor 


(ab)* (ae) (Be) (acl (bd) (ed) 
where Py tpgty+ryytv;>A and <G, 


can be expressed linearly in terms of covariants whose grade is greater 
than 2. 


Ex. (ii). Prove that if a covariant C’ of degree 5 has the factor written 
down in the last question, for which 


Py tpgtytryy+r3=A, and PS, 
then C= 30, ait reducible terms. 
77. Jacobians. The first transvectant of two binary forms 
Si”, $2” is called their Jacobian. It is, in fact, equal to 


i| 4) CES pz”) 


Mn. 0 (ay, Lp) 
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The following properties of Jacobians are important. 

(i) If f, b, w be three binary forms, each of order greater 
than unity, the Jacobian of the Jacobian of f and d with ws 
reducible. 

Let = Ot Gh ae RNA = 

ey p) — (ab) Ope Fags 
Polarize once with respect to y, the result is 


W 


(f, b)y= 9 (ab) Ot he a + 5 (ab) Ota" By? dy. 


m “3 n— Ua 2 aS 


Hence 


(m+n—2)((f, $), W) 
=(m—1) (ab) (ae) ag# bg"? + (0 — 1) (ab) (Be) dag Dy og? 
But 2 (ab) (ac) bz Cz = (ab)? Cy? + (ac)? by? — (be)? ae 


and 2 (ab) (bc) dy Cz = — (ab)? eg? — (be az? + (ac) by? *. 
Therefore ; 
(Fb) W) 
= hay? dy! ? 0g? -? tice a (ab)? c,? + (ac)? b,? — (be)? az| 


nv 


= ay LF VEE WO ¥G WPL BIR, 


(1) The product of two Jacobians muy be expressed as a sum 
of products of covariants, there being at least three covariants in 
each product; provided the forms of which the Jacobians are 
taken are all of order greater than unity. 

To prove this, we first establish a useful identity between 
symbolical forms. 

Consider the determinant 


9 


CF aa Oh Oe 
be bb, b. 


Ge Ces SO 


: ] od Cer Os, : saa 
it vanishes if ie 2 hence (ab) is a factor; similarly (bc), (ca) are 


factors. There can only be besides a numerical factor, which may 


* See Chapter I. § 22 
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be determined by considering the coefficient of a2b,b,c2. The 
determinant is therefore equal to 


— (ab) (bc) (cx). 
Hence 2. (ab) (bc) (ca) . (de) (ef) (fa) 
= jae Op" dy? —= 20,0... 0? 
DF bib, Oe Ves eee. ef 
Cy Cy Cy Ce Teg a a ey es a 
=| (ody (ae (of | 
(bd)? (be) (bf)? ees (XX). 
(cd (ce? (of? | 
In this identity let us put 
Ci =— Bo, C2 = 2,5 fi=—%, h=%. 
Then ’ 
2(db) dn0;.(de) Ane, =| (ady (ae? a, | 
(bd) abe yra bs iy. 
ad. Cn? 0 | 
Consider now two Jacobians (f, ), (wv, vy); where 
f= Gy", p == Oe 
wv aa dy, C= Cx! 
Then 
(Fb). (hy x) = (ab) ay” by". (de) de? > 
= 3 Ay” b, de Cx? (ad)? (ae)? heey | 


(bay (bey? By? 


ft enn 70 
=-3( AvP ox+3(h x ov 
HOA haabe ye fy ead (by) fr seoctend esis oan 


For the sake of generality the forms f, ¢, Wy, y have been 
supposed to be all different. The theorem is still true if two are 
equal to one another. In particular, it is true for the square of a 
Jacobian, 
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Another symbolical identity of interest is obtained thus : Form by means 
of the ordinary law of multiplication the product of the following vanishing 
determinants : 
| | e2 —2e,e @? O 
| ie ee i 2 
92-2919, gy 0 
| ho® —2hyhy hy? O 
(ae? (af)? (ag)* (Gh)? =O ena (XXII). 
e)? (bf (bg)? (bay 

| (ce)? (of? (eg)? (eh)? 
(dey? (af (dg)? (dh? 
Hence if f= Ay", p=b,z", WV =Cx?, x= dy! 


(bh FY (b,8) (b,¥) (fx)? 
Ws FY (W, 8)? (Ye)? (vy, x? 
OP OG 2) NW) OG 


Here, as before, the forms are not necessarily all different. 


78. The expression for the product of two Jacobians may 
also be obtained as follows. 


We have 
CF, b) x (Wr, X) = (ab) 7” bg" . (de) da? eg 
= (ab) (Ge) dg” *by" 1,1 . ap — (ab) (ad) a”, dp? . x, 
and, by means of the identities of the type 
(ab) (ae) byez = (ab) e,? + (ae)? bz? — (be)? ay’, 
the right-hand side becomes 
aA XP OV +S (Gh, WP SK-3L VP OX- 46, KPA 


as before. 
Thus if J be the Jacobian of fand ¢ 
— 2° = (LLY + (db, HYP? -2(f, OP /o- 


79. Copied forms. If in the symbolical expression of a 
covariant II of a binary form F',”, the symbolical letters are taken 


to refer to another binary form ¢,’" where m Sp, and II is multi- 
plied by 


a0? b,"-2 a 
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—where a, b, ... are the letters occurring in 1—then the resulting 
form II’ is called a copied form. The original form II is called 
the model form. 
Ex. The Hessian of any binary form ¢=a,"=6,” is 
(ab)? dg — 2b" —2, 


It is formed on the model of the Hessian of the quadratic. 


The use which we are going to make of the idea of copied 
forms is for the case when the orders p and m of the fundamental 
quantics of the two systems are the same. The form ¢ will be 
taken to be a covariant of degree two and order m of a binary form 
Ja”. then 

= (he ft Jee — (ab) fe We (Sioned = pf Ee, on —40 =m. 

On the model of the complete system for the general binary 
form F,”, we may construct a complete system for ¢. If when 
this is done the symbolical letters ¢,, ¢., ... which refer to ¢ are 
replaced by the symbolical letters a, b, ... which refer to f, each 
covariant of @ will become a covariant of f, which consists of a 
sum of symbolical products instead of a single term. These 
separate products may be arranged in a series of adjacent terms, 
the difference between any two of which contains a factor of the 
form (ab)*+ Thus if we reject covariants of grade greater than 
2c, any one of the terms given by a covariant of ¢ may be taken 
to represent this covariant. Before proceeding to a rigid proof of 
this statement, let us consider an example. 

The covariant 

p= (ab)f a7, 
of the sextic 
POZE oc 


‘is a quartic. Let us consider the Hessian of @, 
(Pir)? $7, $2, = (4,5 PL,)?= (ab)! a2, (od)*en2d,?). 
It consists of a linear function of ten covariants of the following types : 
(ab)* (ed)* (ac)? bx? dy, 
(ab)* (ed)! (ac) (ad) bx? Cxdz, 
(ab)! (cd)* (ae) (bd) dz bx Cx de - 
Any one of these may be taken for the copied form, for each differs from 
the whole transvectant by transvectants of forms obtained from 
(ab)* an? by?, (edl)* Cx da” 
by convolution. Hence when forms of grade higher than 4 are neglected, the 
whole transvectant and each of its terms are equivalent. 


G. & Y. 6 
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80. Consider any symbolical product P, the symbols of which 
refer to 
d — (aby? G22 b,"-*, 
in this product let us replace any particular letter ¢” by a new 
variable y; (we replace $d» by y and du by —y). Let Pym-se be 


the resulting expression, then 
P = (Pypn-se, (Dig eae oe 
Als; y2n-do (ab)* ay" by2—20) ese 


Any term of this transvectant differs from the whole trans- 
vectant by terms involving a factor (ab)’*!: for since y is absent 
when the transvectant is expanded, the only kind of adjacent 
terms are of the form 


(aa)(8b) M, (ab)(Ba)M (see § 50). 


The above argument is not affected if we suppose that 
symbolical letters are present in P which do not refer to ¢. 
Hence we may replace each of the letters which refer to ¢ in turn 
by letters which refer to f; and in doing this we may at each 
stage choose any one term to represent the whole expression P, 
provided that those terms which involve (ab)**! are rejected. 
Thus taking the quartic invariant (ab) (bc)?(ca)? for model, we 
obtain the copied invariant of 


b = (ab)! da? de’ 
viz. (pide) (hobs) (psor) 


Any one of the sextic invariants 
(ab)* (cd) (ef * (ac)? (df)? (eb), 
(ab)* (cd)* (ef) (ad? (ce? (fb), 
(ab)* (cd)* (ef')* (ae) (ad) (ce) (de) (fb) 
differs from the invariant of ¢, by terms involving the factor (ab)’. 
Conversely in any covariant of a binary form az”=b,"=..., 
which has a symbolical factor (ab)?, we may replace the letters 
a, 6 wherever they occur in the symbolical product by a single 
letter , and remove the factor (ab)? altogether: on the under- 
standing that forms of grade greater than 2¢ are being rejected, 
and that ¢ refers to the form (ab)? az”*b,"-*7. The reader will 
have no difficulty in verifying this statement. 
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81. Generalized Transvectants. Consider a product 
PH=al fc" 
of any binary forms, 
Si(@) =a", foly)= by", fo(2) =e”. 
The result of operating on P with 


Ve) ta 
m! : n! 


— vp)! aga pyil j 
ah : (P ae BY Wey OMe Way 
ee ; 

where 
oe? O° 
Oey = =a 
¥ 0H,0Y2 0X04,’ 

after operation y and z being replaced by z, is 


(ADY (ACER GeO EA” CP her, 


This we define to be a generalized transvectant. 


Instead of taking forms each having a single symbolical letter, 
we may construct generalized transvectants of forms each of which 
has two or more symbolical letters. Thus we may replace a,” by 


Ob. 2. 


The generalized transvectant may then be expanded as a linear 
function of certain symbolical products. Just as in the case of 
ordinary transvectants, any term of a generalized transvectant 
differs from the whole transvectant by lower transvectants of 
forms obtained from the original forms by convolution. We leave 
the verification of this statement to the reader. 


Further it is evident that any symbolical product may be 
regarded as a generalized transvectant. A copied form is then 
merely the same generalized transvectant with a new form taken 
for ground form. 


The theorem of § 80—that any single term of a copied form, 
when a covariant of the second degree is the new ground form, 
may be taken to represent the whole form, provided that forms 
of higher grade than that of the fundamental ground form 
are to be neglected—is merely a particular case of that just 
enunciated. 


82. Hyperdeterminants. When the forms of a generalized 
transvectant are all the same, it will be noticed that the trans- 
6—2 
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vectant is entirely given by the differential operator. Thus a 
covariant of the binary form f= a,”, is completely defined by the 
operator 
Oy Oe Or. 
Cayley used the notation 
1213" 82° 

to define such a covariant. These symbolical forms are called 
hyperdeterminants. Cayley introduced his calculus of hyper- 
determinants some years before the symbolical notation was 
invented by Aronhold. 


The hyperdeterminant notation was introduced for a single 
binary form merely for convenience. It is evident that it may be 
used perfectly well for covariants of two or more different forms. 

It is interesting to notice that the letters of a symbolical 
product may be regarded as differential operators. Thus if 


0 0 0 
eer Pie Toe 
ae Be ene 
ier Remar ee mk 
then (a8)* (ary) (8) 


operating on the product of 


S(&)= a2", fro(n) =", fa (O) = ee? 
produces the covariant 


(ab) (ac) (cb) Oe Bgl Cee 
multiplied by 


m! n} p! 
(m—A—p)!(n-A—V)! (P—p—V)!’ 


provided that after operation £, 7, € are each replaced by a. 
Further the operator 


(aB)* (ary)* (YB)? 9H Beg ty, P HY 
acting on the same product produces the same covariant multi- 
pled by 
min! p!. 
In this case &, », € all disappear after operation, so there is no 
question of replacing them by z. 


CHAPTER V. 
ELEMENTARY COMPLETE SYSTEMS. 


83. Complete Systems of irreducible covariants. We 
shall devote this chapter to a detailed discussion of the invariants 
and covariants of single binary forms of the first four orders; in 
particular, we shall obtain what are known as the complete 
systems of covariants for such forms. It has been observed, in 
fact, that the symbolical notation enables us to construct an 
infinite number of covariants of any form f, but, as was first 
proved by Gordan, all these are rational integral functions of a 
finite number of covariants of f; this finite number is said to 
constitute the complete system of irreducible concomitants, or, 
more briefly, the complete system of concomitants of the form. 
The general proof of Gordan’s Theorem will be given in ‘the 
next chapter. For the present we shall content ourselves with 
explaining easier methods of obtaining the complete systems in 
the simpler cases, and proving of course that such systems are 
actually complete. 


Inasmuch as every covariant can be expressed as an aggregate 
of symbolical products, we need only retain such as consist of one 
product in seeking for the complete system. 

84. Linear Form. The discussion of a single linear form 


"'=d,=b,= ete. 
presents no difficulty. 


For a symbolical product either contains a factor of the 
type (ab) or it does not. If it does so it is zero because 


(ab) =0 


and if it does not it is simply a power of f- 
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Hence every covariant of a linear form is a power of the form 
itself, or in other words, the form constitutes the complete system. 


Cor. The same argument applies to any number of linear 
forms, for every symbolical product is a rational integral function 
of invariants of the type (ab) and covariants of the type az. Hence 
the complete system for n linear forms consists of the » forms 
themselves and the $n(m—1) non-vanishing invariants of the 
type (ab). 

This result has already been established in § 37 where it forms 
the lemma preliminary to the proof of the fundamental theorem. 


85. Quadratic Form. Suppose the form is 
f=a?=b2=c7=ete. 


Then if a symbolical product contain no factor of the type (ab) 
it is a power of f; if on the contrary it contains such a factor (ab) 
it can be transformed so as to contain (ub) (§ 60), which is an 
invariant. Thus every invariant and covariant except 


Oe (C0y 


can be expressed in terms of covariants of lower degree, hence by 
continued reduction we infer that every such form is a rational 
integral function of 


SALY=A; 


the latter being the discriminant of the quadratic. In other 
words, the form and its discriminant constitute the complete 
system. 


Ex. Prove that 
(ab) (ac) (bd) (ce) dn ex = ZA?f. 


(By interchanging @ and } put the factor (ab)? in evidence.) 
86. Before proceeding to the discussion of the cubic and the 
quartic we shall explain some general principles relating to the 


formation of the irreducible covariants of any given degree of a 
binary form. 


Suppose that the form in question is 
f=a°=b, =¢," = ete. 


then the only irreducible covariant of degree one is f. 
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Next, the only covariants of degree two are those of the type 
(aDyrag = bere ral 2. 2, nh: 

If rv be odd this covariant vanishes, and if rv be zero it is 
reducible since it is equal to f?; the remaining forms corre- 
sponding to even values of 7 constitute the complete set of 
irreducible covariants of the second degree. 

Now assuming a knowledge of all the irreducible covariants of 


degree less than m we shall shew how to find the irreducible 
covariants of degree m. 


Suppose that the given irreducible forms are 


ve pi; dz, tee dr; 


then any covariant of degree less than m is a rational integral 
function of f and the ¢’s. Now a covariant of degree m is an 
aggregate of symbolical products containing m letters; let C;, be 
one of the products and k one of the symbols involved, then C,, 
is a term in a transvectant 
(Cass, jee, 

where (;,_, is a product containing only m—1 letters, that is, 
it is a covariant of degree m—1. 


Thus CHG hye te (Ont hs peep 
and C,,_, is derived from Ojp_, by convolution. 


But Gna, Gna being covariants of degree m-—1 are rational 
integral functions of the forms 


: SF; Pry Pas ++ Drs 
v.e. they are aggregates of terms of the types 
Un—-1= * fh, eve d,*r 


of degree m—1. 


Consequently C,, is a sum of transvectants of the form 


(Uma, f)?, 
where of course p}n. Since this is true for every separate term 
in a covariant of degree m it is true for the whole; or, in other 
words, every covariant of degree m is expressible in terms of 
transvectants 

(Uma, Ff), 
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where U,_, is a product of the form 
i gd," fo™ ... yr 
and is of degree m — 1. 
Hence to find all the irreducible covariants of degree m we 
have to write down all transvectants of the form 
(Una, f)? 
and reduce as many of them as possible. The remaining ones are 


the irreducible forms of degree m, for any covariant of degree m 
can be expressed in terms of them and covariants of lower degree. 


For example, in the case of a binary quintic the irreducible 
forms of degrees one and two are 
f, H = (aby a? bi, 1=(ab)* dz by. 


The only products of powers of these of degree two are f?, H 
and 2, so that all the irreducible covariants of degree three are 


included in 

PF), PY GPP 
where p +5 for the first two transvectants and p > 2 for the third, 
since 2 1s a quadratic. 


87. Let us now return to the transvectants 


( UD salt Ty 


which we have to reduce as far as possible. That many of them 
are reducible follows from the following principles. 


Suppose that Uma3= VW 


where V and W are likewise products of powers of f, $,, 2, -.. by, 


but of smaller degree than U,,_,, and further suppose the order of 
W is not less than p. 


Then if 7, be any term belonging to V and 7, any term of 
the transvectant (W,/f)°, which is a possible transvectant because 
the order of W is at least equal to p, 7,7, will be a term in the 
transvectant 


(Uma, f)?. 


Hence 
(QR. fy= T,T, + 2 CU. hes pas Pp 


and T,, 7’, being both covariants of degree less than m are 
expressible in terms of f and the @’s. 
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Now in discussing the reducibility of the transvectants 


(Um, f)? 


let us consider them in the order of their indices, e.g. we examine 
all those of index one before we proceed to any of index two, 
and so on. 


Then since Uj, is a covariant of degree m—1 it is an 
aggregate of products of the type U,»4, and since p <p it 
follows from the equation 


that the transvectant on the left is completely expressible in 
terms of covariants of less degree and transvectants previously 
considered, or to put the matter briefly, it is reducible for it 
certainly cannot give rise to a new irreducible form. 


Hence the irreducible covariants of degree m can only arise 
from such transvectants 
( (Bee As )p 
for which U,,_, has not a factor of order greater than p. Thus in 
the case of the quintic no transvectant of the type 


CRED: 
is irreducible because p $5 and the term /* contains a factor f 
whose order is 5. 


in the general case if U,,_; possess a factor W whose order is 
not less than n, then the product U,_, can give rise to irreducible 
covariants for no value of p; it may therefore be neglected entirely 
in the search for irreducible covariants. 


As an application of this remark we note that if the order of 
one of the ¢’s, say $y, be at least equal to n, then we need not 
consider the product of this form with any others. 


Finally if ¢, be an invariant we may leave it out of account 
in forming the transvectants, because it would occur as a factor 
in each transvectant in which it appeared and so the transvectant 
would be reducible. 


88. Irreducible system for the binary cubic. After 
these preliminary explanations the deduction of the complete 
system of a cubic presents little difficulty. 
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Let the form be 
fH=a,f=b2 = 67 = ete. 
then the only irreducible form of degree two is 
H = (ab)? dy be = he = hi’: 


To find the irreducible forms of degree three we note that the 
product f? is negligeable, so the only possible irreducible forms are 


Gis) (aay 


Now 
(H, f) = (aby (ac) b, ¢,? =—+4, 
where ¢ is an irreducible covariant, and 
(H, f P= {(ab)? az bz, 0,7}? = (ab)? (ac) (be) cz 
= — (be) (ca) (ab) {(ab) ce} 
=—1(be) (ca) (ab) {(ab) ez + (bc) Gy + (ab) Cz}, 
as we see by interchanging a, c and b, ¢ and adding the results. 
Hence (H, f)? =0 and the only new irreducible form is ¢. 
The products of degree three are 
f, Hf t, 


of which the first two may be neglected; hence the irreducible 
forms of degree four are included in 


@f), &FY G&S. 
Of these (¢, f) 1s the Jacobian of a Jacobian and hence can be 
expressed in terms of forms of lower degree, § 77. 


In fact, to give the actual expression, we have 
(AS) Wi =3(h wP Ho wys, 
whatever Wy may be, since (H, f)?=0. 
Therefore —~GP)=s( ps) a — 3g) 
or (t,f)=-4$ Hf. 
Next 
(i. 7) =— (a) hea be 
= — (ha) (hb) (ab) dy by + {(ha)? dg, by24, 
since (ha) (hb) (ab) az by 


is one term in the transvectant. 
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Now this term vanishes, and since 


(hay a,=(H, fr =0 
we have 


(fy =0. 

Finally 

(1, f == {(ab)* (ae) bu ce’, dss} = — (ab) (ae) (bd) (od)? =— A, 
so that (f, t)}=A an invariant which proves to be irreducible. 

The products formed from f, H, t which are of degree four are 

be Hp Jeb tts dig: 

and all except H* may be rejected because ¢ and f are both of 
order three. 


Further (H?, f)? is reducible unless p > 2 because H?* contains 
the factor H whose order is two. 


Hence the only possible irreducible form of degree five is (H?, f)’. 
But 
Ce) = (hake, de P= (hey ea) hg 
=— {(ha) dy, h',7} =0 since (hal az,=0, 
hence there are no irreducible forms of degree five, and in fact it 
is easy to see that there are no more irreducible forms. For if 
there were, the one coming next in ascending degree would be of 
the form 
CFE). 

The only products that can lead to irreducible forms are 
J, t, H and H?, because when 8>2, H® involves the factor H? 
whose order is greater than three; but the transvectants arising 
from each of these products have already been considered, hence 
there are no more irreducible forms; in other words, every 
invariant or covariant of the cubic is a rational integral function 


of f, H,t and A. 
89. Irreducible system for the quartic. If the form be 
Sf = Ugh = dyk = Ca', 
then the irreducible forms of degree two are 
H =(abya,7b, and 7=(ab)*, 


H being of order four and 7 an invariant. 
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The only product of degree two that we need consider is H, 
and hence the irreducible forms of degree three are included in 


Gis (Fy CaS le er i 
Now 
(H, fy! = (aby (ac) azby?e,? = —t 
where ¢ is an irreducible covariant. 
Cty S106) O30, Cae 
= 2, (ab) (ac)? by? Cx? + 8; (ab)* (ac) (BC) ay by: Cx? + Py (ab)? (bc)? Me? Cx? 
4.(ab)? (ac)? b,?¢q? + 2 (ab)? (ac) (be) de ba Cx” 
= 4(ab)? (ac)? by?¢,? + 4 (ab)? cx? {(ac)? by? + (be)? a? — (ab)? Cx? 
= (ab)? (ac)? bz? ex? — 4 (ab). cat 


since the symbols are all equivalent. 

Then since, § 22, 

(ab)* cy + (bc)! ag! + (ca)! byt 
= 2 (ab)? (ac) by? ¢,? + 2 (ba)? (bc)? Gz?Ca? + 2 (ca)? (cb)? a,7b,?, 

we have (ab) (ac? b,7¢/ = 4 (aby. c. 
Therefore (H,fY¥ =41f—tif=4i7f 
and is reducible. 

Next (H, f)?= {(ab)? a,2b,2, 62}? = (aby? (be)? (ac) bg & ., &, 


for the two terms in the transvectant are equivalent. By inter- 
changing a and ¢ it follows that (H, f)*=0. ef 


A gs 


Finally 
(H, f) = {(aby a,2b,?, ¢!}* = (ab)? (be)? (ca? = 


an invariant; hence the only irreducible forms of fie three 
are t and 7. 


The only product f*H*ty of degree three that we need 


consider is ¢, and the only possible irreducible forms of degree 
four are therefore 


GP bSY GS, ESY: 


As a matter of fact these are all reducible. 
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To calculate them we use the series of § 54, with the scheme 


(444) 
Ae BAS Soho). 
OSE re el 


(0) 


which gives 


ze ie Hy, fy 
ars i 
= Ae : ( : (Capa tises 
b ) 
If r=1 we find 


Uh EDS +A BSP HLS), Bi+bL SY A, 
(tf) + aif? =3H?, 


since (f, HyY=ty, 
hence (é, f)=$ HH? — if? 
If r= 2, 
CAPA DAF AG DS 
4(H, HY, Le fe. hy 
and since (f, H¥=ty, (fH =0, 
this gives (t, f° =9. 


From r= 3, 
GSP +E ASP +A AS tah Af 
=ULSY, A}+a(h SY. 2 
or (tf) + el + yf = 31H, 
on putting in the values for the transvectants of f and H. 


Thus 
(, f=4 VCH —jf). 


The series does not apply when r= = 4 because then r+ 1 > 4, 


but it is easy to calculate 
(tf) 


directly or as in § 94, 


/ 
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For 
\(ah) gly, byt}* = (ah) (aby? byhat + {(ah) ag*hy?, bet} 
+ p (ah) axhe, bes}? + v {(ah)s, batt, 
while COTO PCS Fear a0) 
(ah)? daha? = $f; (APY = 0, 
(ah)! azhe = 0, 
hence (t, f)*=0. 


Hence there are no ureducible forms of degree four. In fact 
there are no more irreducible forms, because the next in order of 
degree would be of the form 


(f* HP ty, fp. 
Now since 7, H, t are each of order four at least, irreducible 


forms can only arise from products contaiming each of the three 
by itself, and all these, viz. 


Cf, as). Map 
have been already considered. Hence every invariant or covariant 


of the quartic is a rational integral function of f, H, t, 7 and j. 


90. Quintic. To illustrate still further the method of this 
chapter we shall apply it to some extent to the binary quintic. 
The covariants of degree two are 


(7,7) =H, and. (Cf, 7 y=2 


The products of powers of f, H and 7 which are of degree two 
are f°, H and 1, and to find the covariants of degree three we 
have to consider transvectants of these three forms with f, 


The transvectants arising from 7? may be neglected, and hence 
we are left with 


(Heys CET eG yy ee 
aS) asp 
as the only possible irreducible covariants of degree three. 
Now of these 
(Hf = {(aby aghbe’, 044} 
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and involves a term 


(ab) (ac)? dads? Cy’, 
ie (H, FP = (ab) (acy azb,2c,? + r {(ab)* agbz, c,°}° 
=402b26, {(aby (ac) b¢,7 + (ba) (bc)? cf ae? 
+ (ca)? (cb)? a,7b,?} + Uf 
= Ldzbe Cz $ {(ab)* cy + (bc)* ae + (ca)* byt} + Mf 


=(A+5) 4; 
so that (H, f')? is reducible. 
Again Cay = {Cab Ay? b,?, Cot} 


and contains the term 


(ab)? (ac) b,2¢,*. = : f yi 


This term can be transformed so as to contain (ac)! and hence 
must be a multiple of 


(ab)4 (ac) by cx! 
since the letters are equivalent. 
. (A, ff) =X (ab) (ac) be cat + w {(ab)* azbz, C25} 
=(V+ 1), f). 


(H, f)4 = (ab)? (be (ac)? dzbpce, +X, fP 


Further 


and 
(H, f )® = (ab) (bc)? (ac)? az 
= 4(bc) (ca)? (ab)? {(bc) az + (ca) b, + (ab) Cx} = 0. 
Finally (2, f)! is an irreducible form and 
(2, f ? = (ab)* (ac) (bc) cx? 

= — 4(be) (ca) (ab) {(ab) ¢,* + (bc)? az* + (ca)? 6,7} 

= — (bc)? (ca)? (ab) dzbzcz (§ 22). 
Hence the only irreducible covariants of degree three are 


A f=t(h9 
and Cf, 1? = — (be)? (ca)? (ab)? az b,¢z = — 7. 


The reader may now find the irreducible forms of degree four 
and verify the result by reference to the chapter on the quintic. It 
will be seen at once that the method leads to much labour, that 
the reduction processes are not easy to discover, and, when we 
mention that for the quintic we have to proceed step by step 
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until we get to degree i8 before the irreducible system is 
obtained, the impracticability of these methods in dealing with 
forms of order greater than four will be at once admitted. 


91. Further Theory of the Cubic. Syzygy among 
the irreducible forms. There is an identical relation con- 
necting the irreducible concomitants of the binary cubic—the 
simplest example of what is known as a syzygy among the 
covariants of a single binary form. 


In fact since t is the Jacobian of f and H we have, § 78, 
— 28 = (ff EE +H, Ht f*— 2H, fy. 


. Now 


(FY sd. 
(A, FP =(ahPa,=0 
(H, H} = {(ab) azbz, (cd) zd}? = (ab)? (cd? (ac) (bd) = A, 
for although there are four terms in the transvectant they are 
identical in value, and we have 


—2?= H*+Af?, 
the relation required. 


92. Since every covariant of the cubic is a rational integral 
function of 7, H, t and A it follows that all expressions derived by 
convolution from products of powers of f, H and ¢ can be expressed 
in terms of f, H, ¢ and A. 


The form of the expression can be easily inferred by con- 
sideration of its degree and order, but the actual determination 
of the coefficients may be a troublesome process. 


As an example consider the Hessian of ¢, ae. (@ ty. It is 
a covariant of degree six and order two since ¢ is of degree three, 
and the only product of f, H, t, A fulfilling these conditions 
is HA. We at once see that (t,t)? is a numerical multiple of HA. 


The reader may calculate the actual value directly by using 
the series of § 54—we give an alternative process. 


ee J=(tf), 
en —2P= (GP + (SPE -2Cf, tft. 


+ 
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But (A=tH, (LSP=H, (FtP=0 
pe P=-3H- 3 Af; 
therefore —4H=¢, tp f?+H(-} H?-4 AP"); 
that is Giyy =s 477 
or (é, t¥ =3 AH. 


Again, consider the symbolical product 
(ab) (ac) (bd) (cd) Cyd 
which represents a covariant of degree four and order two. 
Since there is no product 
of HLF GY AP 
of this degree and order the covariant in question must vanish 
identically. 


To verify this we remark that, on interchanging a, b and ¢, d, 
the expression 


(ab)? (ac) (bd) (cd) cz dx 
changes sign ; hence it vanishes. 


Ex. (i). Calculate the following transvectants in terms of f, H, ¢, A, viz. 
(H, H), HH, GO), 69% &O% (4), A 0? 


(The only one presenting any difficulty is (Z, ¢) and this is the Jacobian 
of a Jacobian; its value is —4 Af.) 


Ex. (ii). Shew that any symbolical product involving the factor (ah)? 
vanishes identically. 


Ex. (ii). Shew that 
(3, f?)°=0, (H?, i?) =0, CH fp Sl Eh = — H*ft. 


93. Further Theory of the Quartic. As in the case 
of the cubic, the square of the covariant ¢ can be expressed 
rationally in terms of the remaiuing forms. 


In fact we have, § 78, 
— 2e=(f,f) H?-2(H, fy Af + (A, AYP, 
while ASP=H, GLFP=8y, 
so that it only remains to calculate (H, H)’. 
G. & ¥. cl 
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Now using the series of § 54 with the scheme 


hae ieee 
4, 4, 4 
0, Some 


2+0 Tees 


or 
(A, AY +i AS), Bh +t fh 2 
=(, ESE asi eee ee 


that is (H, HY + st =3u(f fy tsa, 
since (f, 1) =0 ete. 
Hence (A, HY =49f—471. 
Consequently 


— 20 =H 4if Hf + Gif hi 
= H?—41Hf? +49f%, 
which is the syzygy required. 
94. We shall illustrate the reduction of covariants of the 
quartic by calculating the values of the transvectants of 


r Up ehes 


taken two together. 


The transvectants of f with itself, H and t¢ have already been 
found. 


As regards the transvectant 
(H, Hy 
we remark that it vanishes when 7 is odd and 
(H, H)=}jf-4iH 

There only remains (Ay 

This is equal to 
{(ab)? a,7b,7, hg*}* = (ab)? (ah)? (bh)? = {(ah)? a,2h,?, b,4}4 

={EL PSP Ste SY Hse. 
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To calculate the transvectants 
%, Hy, r > 3, 
apply the series of § 54 with the scheme 


Lb aie. el: 
( 4, 4, 4 ) 
O wil 
and we have 


(3) G) C5 )(0) 


Al 1+4 Tt cE Aes Ok 
a NER , Ay => 7-31) 
On taking r= 1, 2,3 successively and putting in the values 
of the transvectants (H, H)"** we find 


(t, 1) =tfCH -3jf) 

¢, HY =0 

@ HP=190 — fri. 
For (¢, 1)‘, the scheme 


da ess dae « & 
( iw ) 
Leon oh 


must be used; or else as in the case of (¢, f)* it 1s easy to see that 
(, 1 )P='0: 
To find (¢, t)? we apply the series with the scheme 


pleat 
(+ 4, s) 
Oxo). «1 
which gives 


(Ch 2) Pris, 2g +e 2H 6 Bt+e Zor 
e (otk Ait f ye. 


On substituting the values for (¢, f) and (¢, f)* we find 
(t, P= § (fH — 30H? — tf). 


> 


\(H, Tar y Stms 


7—2 


{ 
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For (¢, t)! we use the scheme 


et 
( / :) 
[ubley any 


(t, t)! ae “Of ty? ae iG, fay HH}? 


leading to 


ae rae! 2 
=" (H, Hy -4 (fH) 
and hence (A 
Finally 
(¢, ={G SY, A} =11(H, Hy -45(F, Z) 


Ex. (i). Deduce the value of (¢, ¢)? from the relation 
—2AG APH PLS fPP-2(f, oP ft. 

Ex. (ii). Apply Gordan’s series to calculate (¢, t)? for the cubic. 
Ex. (iii). Prove that 

(4 f), HP=(% AY, 
Ex. (iv). Prove that for the quartic 

(H, DY, H}=+4 it 

(H, Hy, TY=3 7 —g6?. 


Ex. (v). Prove that the Hessian of the Hessian of the Hessian of a 
quartic f is : : 
< abet fth (Pay, 


Ex. (vi). Calculate the values of {(¢, 4), 47 for r=1, 2, 3, 4, 5, 6. 


Ex. (vi). If a quartic f be the product of a cubic by one of the linear 


factors of its Hessian, then : 


Se, t ws ey ae 
(f, f)=0. roles, 


=~ 4 


CHAPTER VI. 
GORDAN’S THEOREM. 


95. WE have already referred to Gordan’s theorem which 
asserts the existence of a finite complete system of covariants 
for any binary form, and, in fact, we have illustrated the truth 
of the theorem in obtaining the complete systems for the 
quadratic, cubic, and quartic. Our previous method is of little 
practical utility in dealing with forms of order greater than four, 
but a comparison between it and the procedure of Gordan may 
not be without value as a primary indication of the salient 
features of the latter. In the last chapter covariants were 
classified according to their degree and we shewed how to obtain 
those of degree m by transvection from those of less degree. In 
Gordan’s investigation covariants are classified according to their 
grade—the grade being a definite even number associated with 
any symbolical product, §61, and all covariants of grade 2r are 
obtained by transvection from those of inferior grade together with 
some of grade 2r. 


The advantage of using the grade is that no covariant can be 
of grade greater than x; accordingly, the number of steps in the 
process is small, whereas there being no limit, @ priori, to the 
degree of an irreducible covariant, and the actual degree reached 
by irreducible forms of quintics, etc., being very high, the number 
of steps in the other process is uncertain and at the best large. 
As will be seen later, on the other hand, the transition from grade 
2r —2 to grade 27 is commonly much more difficult than that from 
one degree to the next higher. 

Several preliminary propositions are necessary before we can 
undertake the actual proof of the existence of the complete 
system; these we now proceed to explain. 
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96. The first lemma required belongs to that branch of the 
theory of numbers known as Diophantine Equations. 


For the sake of clearness we shall begin by giving an 
illustration. 

Consider the homogeneous linear equation 

2a + 5y = 32; 

it is easy to see that the number of solutions in positive integers 
is infinite. 

Moreover, if ; 

i derell 1 ee he BL Eat ie 
and C=), Vd, 2="; 
be two solutions, then 
PaO ED UIE 2a tr 

is also a solution. 


We shall call this latter the sum of the former two solutions, 
and when any solution can be written as the sum of two smaller 
solutions (throughout we deal only with solutions in positive 
integers), it is said to be reducible. Otherwise a solution is 
irreducible, and the important fact for us is that the number of 
irreducible solutions is always finite. 

Thus for the equation above the only irreducible solutions are 

e=3, y=0, 2=2; 2=0, y=3, 2=5; 
e=1, y=2, 2=4; 2=2, y=1, 2=3. 

In fact if z>3, then z>2, and the solution can be reduced 
by means of «=3, y=0, z=2; whereas if y>3, then z>5, and 
the solution can be reduced by means of «=0, y=3, z=5; thus 
in an irreducible solution neither # nor y can exceed 3, and, as 
the number of remaining possibilities is finite, the irreducible 
solutions can be easily found by trial. 

By continually reducing a given solution, say =p, y=q,2=7, 
we can express it in terms of the irreducible solutions, that is in 
the form 

p=3r.+v+4 2p ) 
G = SA 2U-K Pian < rhs taasreweee eaten ne (A), 
r= 20+ 54+ 4+ 3p 


where A, pw, v, p are positive integers: 
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e.g. take the solution 

2=50, y=, z=46, 
reducing by means of 

a=3, y=0, 2=2, 

e=16.3+2, y=7, z=16.24+13; 

then reducing 

G2 iat, 213 
by means of De ye 2. 

£=2, Y=e2. 341, 2H 2.543, 


and the remaining part 


is irreducible. 
Hence in this case we have 
AY=16, w=2, v=0, p=1. 
Of course if we substitute the expressions in (A) for 2, y, z 


the equation is satisfied identically; the important point is that 


every positive integral solution can be written in the form there 
indicated. 


97. The idea of reducibility can be extended at once to 
any number of linear homogeneous equations, for the sum of two 
solutions is always a solution, and we may enunciate our first 
lemma as follows: 


The number of irreducible solutions in positive integers of a 
system of homogeneous linear equations is finite. 


Consider first a single equation, 
Ay Ly + Agha + ++ + Am&em = diy; ae bs Yo Popo Se Dithas 


connecting the a’s and y’s, where the coefficients a, b are positive 
integers. 


If the two solutions 
a= &, ty = E,, tee Lm = Em, YW=M™, Yo=Noy +++ Yn= Mn; 


X= Ey’, Ly = Es, vee Ln = cae vi Mm» Y= No » eee Un = Nn » 
be typified by 
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respectively, then 
ea i+ ' yautn 
also typifies a solution and this latter is reducible. 
First the equation has mm solutions of the type 
Lp=b,, Y= Oy 
with the rest of the variables zero. 


Next suppose that in a solution one of the a’s (say 4) is 
greater than 
b+ b+... +n, 


then the right-hand side of the equation must be greater than 
a, (b, +b. 4+... + bn), 
1.. by (yy, — Gh) + bs (Yo — a) + «ee + On (Yn — 4) > 0,7 
so that at least one y must be greater than a,. Let y, >a, then 
the solution in question is reducible by means of the solution 
= bp; . Yr = 


with the other variables zero. 


Hence (b, + b, +... + 6,) is an upper limit to the value of any 
xin an irreducible solution, similarly (a, + a, +... + @m) 18 an upper 
limit to the value of any y; but the number of solutions reducible 
or irreducible subject to these restrictions is manifestly finite, 
therefore @ fortiors the number of irreducible solutions is finite. 


If the irreducible solutions be typified by 


“v= 4, y=B,; 
t= Ag, y = 8; 
L= ay, ¥=B, 


then by continued reduction any solution can be expressed in 
the typical form 
B=hHY +H + ... +bpAy 


Y= 4B, ae t.B, =| 556 AP UN ei. 
where the #’s are all positive integers. 


Suppose now we have a second equation of the same nature 
between the variables; then on replacing the a’s and y’s by their 
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values in terms of the ¢’s the first equation will be satisfied 
identically and the second equation will become a linear equation 
between the ¢’s with integral coefficients. 

Hence by the above reasoning every solution of the equation 
among the ¢’s may be written in the typical form 


t= Ty, ate TY ae oceae Totes 
where C= yi t= yas ee 
typify the irreducible solutions, and the 7’s are all positive 
integers. 


Now substitute these values for the ¢’s in the expressions for 
the a’s and y’s and we find at once that 


=H TT, + Ta +... +kel's 
ye l, trol, + ... 4+ Nelo, 
where the «’s and 2's are fixed positive integers. 


Thus the only possible irreducible solutions of the two equations 

are those typified by 

=k, Y=M;3 LHky, Y=A}; «1. CHKo, Y=Xo, 
for every other solution can be expressed as a linear combination 
of these. 

If we had a third equation, on substituting for the 2’s and y’s 
their values in terms of the 7’s the first two equations would be 
satisfied identically, and the third would become a linear equation 
among the 7’s. Then this equation in turn has only a finite 
number of irreducible solutions, and hence, reasoning exactly as 
before, we should find that the three equations given have only 
a finite number of irreducible solutions. The process can be 
manifestly extended to any number of equations, and hence our 
theorem is established. A formal proof by induction from (r— 1) 
equations to 7 equations could of course be easily given. 


Ex. To find the irreducible solutions of the two equations 
2%+3y=2+w 
at+w=ytz)” 
The irreducible solutions of the second equation are easily found since no 
letter can exceed 2; they are 
Ph ml eel, .c=ls yal wel; za) eels 


variables not mentioned in a solution being zero. 
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Hence the general solution of the second equation is 

z=atb, y=at+e, z=b+d, w=c+a, 
where a, b, c, d are positive integers. 

The first equation now becomes 

5a+b42c=2d 
and for an irreducible solution a, 6, c cannot exceed 2. 
On trial we find the following irreducible solution 
C= 2, d=. 02 ne — ln — ee Ole leas 
Hence the general solution is 
a=2a+6, b=28+58, c=y, d=5a+B+y4306. 
These values for a, b, c, d give 
2=2a+2B +26 
y=2a ie yao 
z=5a+3B+ y+4d 
w=5a+ B+2y+36 
as the general solution of the two equations. 
The only possible irreducible solutions are accordingly 
G=2, y=2, 2=0, wW=5' 
#=2, y=0, z=3, w=1 
z=0, y=l1, z=1, w=2 
w=2, y=l, 2=4, w=3) 

Of these the first is the sum of the third and fourth, while the fourth is 
the sum of the second and third, so the only irreducible solutions are the 
second and third. In other words any solution of the two equations may 
be written in the form 

r=2p, Y=], 2=3pt+q, W=pt2q, ° 
where p, g are positive integers. 
Ex. (i). Prove that the equation 7v+4y=3z has four irreducible solutions 


and that every solution of the two equations 77+4y=3z, z+5w=2y can be 
written in the form 


v=2a+e, y=744+15b411e, z=14a+206417¢, w=2b+¢. 
Ex, (ii). Find the number of irreducible solutions of the equation 
Dy By +g Gat v6 + Only = 22, 
the a’s being positive integers. 
Ans. If all the as are even there are irreducible solutions, if 7 of 
(r=) 
2 


the @s are odd there are n+ a solutions. In an irreducible solution 


at the most only two of the letters on the left are different from zero. 
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Ex. (ili). Prove directly that in an irreducible solution of the two 


equations 
Ay Xt Agvet 00. FHA Vm =L+2 


yA + OyYo+ 0.2 +OnIn=¥Y +2 


« is less than the greatest a, and y is less than the greatest b. 


98. System of forms derived by transvection from two 
given systems. Consider two systems of binary forms in the 
same variables «“,, 2), viz. 


Baga, 23: “Am, OL OLdErs, 07, Og, 1. Gy respectively 
and B,, B,, ... By, of orders, b,, ... 6, respectively ; 


we suppose each form written symbolically and denote by U, V 
two products of the types 


A,* A... A, BP BP... Bien 
wherein all the exponents are either zero or positive integers. 


The system C is said to be derived from the systems A and B 
by transvection when it includes all terms in all transvectants of 
the form 


Chea ALE 


It is clear that some of the members of the system C are 
reducible, that is they can be expressed as rational integral 
functions of simpler members of that system—ain fact, if 


U =U, 0, Vie Via y Sv +9255 
then there are many terms in the transvectant 
Cor) 
which are products of two terms, one belonging to the transvectant 
COREE 
and the other to the transvectant 


CU, V5)". 


99. We can now enunciate and prove our first theorem, viz. 
The number of transvectants of the form (U, V)Y which do not 


contain reducible terms is finite. 


* It is of course assumed that y,, y, are such that these transvectants 
are possible, e.g. y, must not exceed the order of U,. 
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For suppose that any term of the transvectant 
(U, Vy 
contains p symbols of the A’s not in combination with a symbol 


of the B’s and @ symbols of the B’s not in combination with a 
symbol of the A’s, then we have 


Ay Oy + AgM, +... +Am4m = Pp e 
bP, ae b, 8, + eee + b,b.= o+y¥ 


because each side of the first equation, for example, represents the 
total number of the symbols of the forms A which occur in the 
product U. 


Now to each positive integral solution of the above equations 
in a, B, p, o, y there correspond definite products U, V and a 
definite value of y and hence a unique transvectant. But as we 
have already remarked if the solution corresponding to (U, V)¥ 
be the sum of those corresponding to (U,;, V;)" and (U,, V2)”, 
then (U, V)Y certainly contains reducible terms. Hence trans- 
vectants corresponding to reducible solutions always contain 
reducible terms and inasmuch as the number of irreducible 
solutions has been proved to be finite it follows that the number 
of transvectants not containing reducible terms is finite. 


100. In actually finding the transvectants which do not 
contain reducible terms we may use the equations (I), but it is 
generally easier to proceed directly. 


Suppose that the system A contains the single form f= a,° 


and the system B the single form 7=b,?, then we have to consider 
transvectants ' 
(f%, #)Y. 


If y>2€ this transvectant vanishes, if y<28—1 it contains 
terms of 7(f%, 78)’; hence for an irreducible transvectant we 
must have y=28—1 or 28. In the same way 

y+5a and ¢ 5a—4. 


Again if a>2, then for an irreducible transvectant y>10 
and hence @>%, so that some terms may be reduced by means 
of (f?, ”)". Thus we need only consider a=0, a=1 and a=2. 


For «<=0 we have i. 


For a=1 we have f, (52), (Ai, Fs Ga: 
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Horie = 2a we quavem@re i) (ft) S Cw ihe), 
Cf? ris 

Now (/?, #)® contains terms which are products of a term 
of (f, ?)* and (f, 7)? and a like argument applies to 


(2 vY, PHY, F% &Y, 
so the only transvectants not containing reducible terms are 
4 AY AY AY AMY Ae Fey 
Ex. (i). If f be any form of order 2n+1, then the transvectants 
Gay 
which do not contain reducible terms are 2n+ 4 in number. 
Ex. (ii). Find the corresponding result when f is a form of even order. 
Ex. (iii). The only transvectants 
Si fs, PY, 
where f, =a and f,=b,', which do not contain reducible terms are 
Fis Far b (fis Os Fo (fs OP, A OY 
(fo) Sor Far OP, (fe, &)%. 
101. Definition. The system of forms A is said to be 
complete when any expression derived by convolution from a 


product U of powers of the forms A is itself a rational integral 
function of the A’s. 


Thus for example the system of forms 
f= Oe Ur ai. 
H=(aby a,b, 
t = (ab)? (ca) bz c,? 
A = (ab) (ed)? (ac) (bd) 
is complete because any expression derived in the above manner 
is a covariant of f and therefore a rational integral function of 


Jj, H,t and A. Again the system H and A included in the above 
is itself complete. 


More generally the system A is said to be relatively complete 
for the modulus G consisting of a number of symbolical deter- 
minants when any expression derived by convolution from a 
product U is a rational integral function of the A’s together 
with terms involving the modulus G. 
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Thus the system consisting of a single form 
f=af=b7=... 
is relatively complete for the modulus (ab), since any expression 


derived by convolution from a power of f can be transformed so 
that a factor (ab) occurs in it. 
Again for a quartic the system 
f=a?d, H=(abya2b2, t= (ab) (ca) azb,?c,', 
j = (bey (ca)? (aby* 
is relatively complete for the modulus (ab), for all covariants of / 
are rational integral functions of 
SJ, A, t,9,% 
where 7 = (ab)‘. 
We may extend our definition of relative completeness still 
further: a system A is said to be complete relatively for several 
moduli G,, G, ... when any expression derived by convolution 


from a product U is a rational integral function of the A’s together 
with terms involving one at least of the moduli Gy, G, .... 


It will be seen later (or it can be verified without difficulty) 
that in connection with any quantic a,” = b,” ... the single form 


H= (ab)? On "054 
is relatively complete with respect to the modulus (ab)* except 
when n=4. 

If n= 4 the complete system worked out for the form H shews 
that any expression derived by convolution from a power of H is 
a rational integral function of H together with terms involving 
4 oY 7. 

That is H is relatively complete for the two moduli (ab)‘ and 
(bc)? (ca)? (ab). 

It will be noticed that a complete system is relatively complete 
for any modulus or systems of moduli. 


102. The system C derived by transvection from two given 
systems contains an infinite number of forms, but it is said to be a 
finite system when all its members can be expressed as rational 
integral functions of a certain finite number of them. More 
generally it is said to be relatively finite for a given modulus @ 
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when every member of C' can be expressed as a rational integral 
function of a certain finite number of them together with terms 
all of which involve the modulus G. 


For example the number of covariants of a binary cubic is 
infinite but inasmuch as every one is a rational integral function 
of f, H, t and A the system of forms is said to be finite. 


Again it will be seen later that every covariant of the binary 
n-ic 
S= a? = b,” oe ont 
can be expressed in terms of f, H, t, where 
H= ( ab) Oia b,2-? 
t= ( ab)? (ca) Cnn as Pate 
together with terms involving the factor (ab). We should state 


this fact thus—The system of covariants of a binary n-ic is 
relatively finite for the modulus (ab). 


103. Theorem. Jf the systems of forms A and B are both 
Jinite and complete, then the system derwed from them by transvection 
as funte and complete. 

(a) The system is finite. 

In the proof of this theorem we shall consider the transvectants 

GEA: ; 
in a certain order defined as follows :— 


(i) Transvectants are taken in order of ascending total degree 
of the product UV in the coefficients of the forms involved in A 
and B. 


(ii) Those for which the total degree is the same are taken in 
ascending order of indices. 


Further than this the order is immaterial. 


With this convention let 7’ and 7” be any two terms of the 
transvectant 


(U7, VY, 
then OL hea GU; Vy 


where y/<y and U, V are derived by convolution from U, V 
respectively. 
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But since the systems A and B are complete 
U=F (A), 
V = (B), 
where F(A) is a rational integral function of the A’s, that is, an 


aggregate of products of the type U, and @ (B) a similar function 
of the B’s. 
Thus CORT 

can be expressed as the sum of a number of transvectants in each 
of which the index is less than y. By hypothesis all such 
transvectants have been examined before the one now under 
consideration and hence if all the C’s derived from previously 
considered transvectants can be expressed in terms of 


CEO sre Ce 

then all C’s up to and including those derived from 

(U,V) 
can be expressed in terms of 

CRO CT 
where 7’ is any term of the last transvectant. 
But if the transvectant 

(U, Vy 

contain a reducible term, say 77 =T7,T7,, then inasmuch as 7}, T, 


must both arise from transvectants previously considered no term 
T need be added to the system 


Ch CSC. 


Thus in gradually building up a system of C’s in terms of 
which all C’s can be expressed we need only add a new member 
when we come to a transvectant containing no reducible term and 
then we need add only one new member. But the number of 
transvectants containing no reducible term is finite and hence a 
finite number of C’s can be chosen such that every other is a 
rational integral function of these, that is the system C is finite. 


Remark. A set of C’s in terms of which all others can be 
expressed rationally and integrally can be chosen in various ways, 
for any term may be selected from each transvectant containing 
no reducible terms. Further since the difference of two terms of a 
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transvectant can be expressed by means of terms of transvectants 
previously considered we may, instead of choosing a single term 
from any transvectant, take an aggregate of any number of such 
terms or even the transvectant itself, and it will still be true that 
every member of C' can be expressed as a rational integral function 
of the members of our finite system. 


(b) The finite system so constructed is complete. 
Let C,, C,, age C,, 


be the finite system, then we have to prove that an expression W 
derived by convolution from any product of the form 


WeaGUceea.C 
is a rational integral function of C,, C2, ... C,. 


Suppose that W contains p determinantal factors in which 
a symbol belonging to a form A occurs in combination with a 
symbol belonging to a form B. 


Then W is a term in a transvectant 
igs 
where U contains only symbols of the A’s and V only symbols of 
the B’s, so that U is derived by convolution from a product U of 


the A’s and V is derived by convolution from a product V of 
the B’s. 


Thus W=(U, Ve +> (UVY, 
where p’ < p and UV are derived from U, V by convolution and 
therefore ultimately from U, V. 
Now U = F(A), 
V= © (B), 
accordingly W can be expressed as an aggregate of transvectants 


of the form 
ERA 2 


But we have just proved that every term of such a transvectant 
is a rational integral function of the C’s and consequently W is 
also a rational integral function of them. 

Hence the system is not only finite but complete. 


G. & Y. 8 
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104. Theorem. Jf a finite system of forms A, all the 
members of which are covariants of a binary form f, include f and 
be relatively complete for the modulus H; vf, further, a finite 
system B be relatively complete for the modulus G, and include one 
form B, whose only determinantal factors are H, then the system 
C derived by transvection from A and B is relatively finite and 
complete for the modulus G. 


As an example of the theorem let A consist of 
f= Aa? = 6,2, 
and B of the two forms 
H = (ab)? azbz, A= (ab)? (ac) (bd) (ed). 
Then A is relatively complete for the modulus (ab), § 88, and B 
is absolutely complete, beg the complete system of the Hessian 
of the cubic; hence according to the theorem the system derived 
by transvection should be absolutely complete. This is obviously 
true, for the new system contains /, H, t, A, where 
t=(f, H)=— (aby (ac) b,¢/; 

and every possible member of the derived system is a covariant of 
f, therefore they are all rational integral functions of f, H, t, A, 
which constitute the complete system of the cubic. 


105. Lemma. Jf P be derived by convolution from a power 
of f any term in the transvectant 


Ce 

can be expressed as an aggregate of transvectants of the type 
(U, Vy 

in which the degree of U is at most equal to that of P. 


(Throughout we shall use U, V as typical symbols for products 
of powers of the forms of A and B respectively.) 


This statement is manifestly true when the degree of P is 
zero; assuming it true when the degree of P is less than r we 
shall establish it when the degree is r. 


In fact if 7’ be a term in 


(P, VY, 
T=(P, Vp +3(P, Vy; 
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and since P, P are derived by convolution from a power of the 
form f which is contained in A, 
P=F(A)+HW*, 
P=F’'(A)+HW’, 
while V=®(B)+GZ=0(B), mod @. 
Hence 7’ can be expressed as the sum of three parts; 


(i) transvectants of the type {F(A), ®(B)}7 the degree of 
F(A) being r ; 


(ii) transvectants of the type (Q, V)", where Q is of the same 
degree as P and contains the factor H; 


(a1) terms containing the factor @. 
Now Q can be derived by convolution from 
Bf*, 
where s is less than r the degree of P; therefore any term in 
(Q, Vy 
can be derived by convolution from 
SB, 
and is expressible in the form 
2 (PY, BV), 
where P’ is derived by convolution from f* and is of degree less 


than P. But by hypothesis every term in these transvectants 
can be expressed as an aggregate 


> (OY )tmod ¢, 
for B,V=®(B), mod G, 


where the degree of U is at most equal to s and therefore less 
than r. 


On referring to the expression for 7’ we see that 7 can be 
written in the form 
SU.) md. Gs 
consequently the statement in the lemma can be completely 
established by induction. 


* HW simply means a symbolical product containing the factor H. 


8—2 
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Cor. If the product P contain the factor H, then any term in 


(P, Vy 
can be expressed in the form 


2 CU Ie)", 
where the degree of U is less than that of P. 


For P is now of the form Q just discussed, and any term in a 
transvectant 
(Q, Vp 


=(U, Vy 
in which the degree of U is at most equal to s which is less than 
the degree of P. 


can be expressed as a Sum 


106. The proof of the theorem is now the same in principle 
as that in § 103. 


The transvectants are considered in the following order. 

(i) In order of ascending degree of UV in the coefficients 
of f. 

(11) Those for which the degree of UV is the same are taken 
in order of ascending degree of U. 


(iii) Transvectants for which these two degrees are the same 
are taken in order of ascending index. 

Further than this the order is immaterial. 

If T and 7” be two terms in 


(U, Vy, 
then T' —~T=>(U, Vy’, 
where Wp. 
But U=F(A)+HW, 
V=0(B)+GW; 


therefore 
T’—-T={F(A), ®(B))”+ = {HW, B(B)}’, mod G. 
Transvectants of the type 
(F(A), & (B)}” 
have been previously considered, for the degree of F(A) is the 
same as that of U and v’<v; further by the lemma transvectants 


of the type 
(HW, ®(B)\” 
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can be expressed in the form 

> US 2 
where the degree of U’ is less than that of HW, we. less than that 
OL. 


Thus Z” — 7 can be written 
S(O Vy es ( UV etmod. G 


where the degree of U” is the same as that of U and v’< v, while 
the degree of U’ is less than that of U. 


Hence if all terms of transvectants considered previously to 
OE Me) 
can be expressed rationally and integrally in terms of 
On Cys. Gs 


(except for terms involving G); then all terms of transvectants 
up to and including 


Rl Vey 


can be expressed in the form 
EC tee Cnn) peatlow 
where 7’ is any term of the last transvectant. 


If the transvectant 
(Uy 
contain a reducible term we may suppose it to be 7’, and since 
T=T,T, where T,, T, are terms of former transvectants, there is 
no need to add the term 7 to C, C,, ... Cp. 


It follows that in constructing a system of C’s in terms of 
which all C’s can be expressed we have to add a new member 
only when we come to a transvectant containing no reducible 
terms and then one only. The number of transvectants con- 
taining no irreducible terms is finite, § 99; hence if C,, C,... Cy 
be a series of terms one from each of this finite number of 
transvectants, any other member of the system C derived by 
transvection from A and B can be expressed as a rational integral 
function of C,, 0,,... O, together with terms involving the factor G; 
in other words, the system Cis relatively finite for the modulus G. 


Next the system 
CoiCainw, Co 


is relatively complete with respect to the modulus G. 
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For any term 7’ derived by convolution from 
W = Cyn Cyr... Ogre 
may be regarded as a term in a transvectant 
(U, Vy, 
where JU is derived by convolution from a product of the A’s and 
V from a product of the B's. 
Hence 7’ can be expressed as an aggregate of transvectants 
(U,V); 
while U = P can be derived by convolution from a power of f and 
V=®(B), modG; 
therefore T= {P, ®(B)y, mod G, 
21,2 V ye mod.G, 
>(U, V)", mod G. (Lemma.) 
Consequently, as has just been proved, 
P= P(C,, Cy, 5.00,). moa.G: 


and the system is complete. 


ll 


107. Cor. I Jf the system B ws absolutely complete, then 
the system derived by transvection from A and B is absolutely 
complete. 


Cor. II. Ifthe system B is complete for two moduli G and G’ 
and contains a form whose only determinantal factors are H, then 
the derived system is complete for the two moduli G and G’. 


To prove this we have only to write 
B=F(B), modd(G, @) 
instead of B=F(B), mod(G) 
at every stage of the foregoing proof. 
108. Gordan’s Theorem. These long preliminary ex- 


planations are now at an end and the actual proof of the theorem 
does not present much difficulty. 


Every covariant of a binary form 
f= af =07) = ete. 
is either a power of f or else contains a factor (ab), and hence the 
form / itself is a complete system with respect to the modulus (ab). 
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Assuming now that a system of covariants containing f and 
relatively complete for the modulus (ab)** can be found we shall 
shew how to construct a system also containing f and relatively 
complete for the modulus (ab)***, The system relatively complete 
mod (ab)** is called A,_,, and since every covariant can be derived 
from f by convolution it is a rational integral function of the 
forms in A;_, except for terms involving the factor (ab)™*. 


To construct the system A; when A;_, is known we make use 
of the theorem of § 104. 


We must therefore begin by constructing a system B,_, possess- 
ing the following properties : 


(i) it contains the form (ab)** a,”—**b,"—*, 
(i1) it is relatively complete for the modulus (ab)**. 


Then the system derived from A;_, and B,_, by transvection will 
be finite and complete with respect to the modulus (ab)****, and as 
it obviously contains f which is contained in A,_, it is the system 
A,, required. 


109. Accordingly we have now to shew how to construct the 
system B,_,. 

There are three cases. 
n 
We 
power of Hy, = (ab)* a,”-*b,”** is of grade (2k+ 1) at least and 
therefore of grade (2k+2) since all symbols are now equi- 
valent. 


I. If 2k<= then any form derived by convolution from a 


Hence H,, is itself relatively complete for the modulus (ab)**? 
and in this case the system B, consists of the single form 


(ab)* a, bh, (§ 74.) 
Il. If 2k>% then Hy, =(ab)* a,"b,"* is of order less than 
n, Say mM. 


Now we suppose that the complete system of covariants for 
a form of order <n is known and we derive a system from /H,, 
on the model of the complete system of a,” as explained in 


&§ 79, 80. 
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Neglecting terms containing (ab)**? we can replace each copied 
form by a single term; the system so derived is complete for the 
modulus (ab)*+? and is therefore the system B,_, required. 


IWOb dhe 2h = 5—a case which can only arise when n is a 


multiple of 4—we have a rather different state of things. 

Here the form H, =(ab)* a,"—*b,"—* is relatively complete 
for the two moduli 

(ab), (ab)* (bc)* (ca)*, 
the latter being an invariant J, and hence by Cor. II. § 107 the 
system derived by transvection from A;_, and B,_, is relatively 
complete for the moduli (ab)*** and J; calling this system C, 
for a moment we have 
C= FC)4I. Fi, mod (aby 


where P, is a covariant of degree less than C,. 


Further since P, can be derived by convolution from f which 
is contained in C,, we have 


P,=F,(O,) +J.P,, mod (ab)y**, 
where P, is a covariant of degree less than P,. 


Proceeding in this way we see that C, is a rational integral 
function of J and the forms in C; together with terms involving 
the factor (ab)**. 


Hence if we add J to the system C; and call the total system 

A, it follows at once that A; is relatively complete for the modulus 
(ab)#+2, 

Therefore in every case, given the complete system mod (ab)* 
we can construct that mod (ab)***; but the system A, is f, thence 
we find the system A,, then from that the system A, and so on, in 
fact we can construct the system A, relatively complete for the 
modulus (ab)*+2, 


110. Consider now a little more closely what happens when 
we come to the end of the sequence of moduli (ab), (ab)*, (ab)° ..., 
and first let n be even and equal to 2g. 


Then the system A,-_, is relatively complete for the modulus 


(ab)*’, and the system B,_, consists of the single invariant (ab) so 
that it is of course absolutely complete. 
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Hence the system derived from A,_, and B,_, by transvection 
is absolutely complete and it contains f, therefore it is the complete 
system of invariants and covariants ; further since B,_, consists of 
a single invariant the complete system A, consists of A,, and 
that invariant (ab). 


Secondly let » be odd and equal to 29 +1, then the system A,_, 
can be constructed and it both contains / and is relatively complete 
for the modulus (ab). 


The system B,_, is derived from the quadratic 
(ab)"9 dy be 


by the same convolutions as the complete system of the quadratic 
a,?= 8,7 is found from this form. This complete system being a,? 
and (a8) the system 5,_, consists of 


(ab) azbz, (ab)? (ac) (bd) (cd). 
This system is relatively complete for the modulus (ab)7+ 
by § 109 11, and this being a vanishing invariant it follows that 
B,1 is absolutely complete. 


Hence the system derived from A,_, and B,_, contains f and is 
absolutely complete, that is it constitutes the complete system of f. 


To recapitulate—the complete system mod (ab) can be written 
down at once, then from that we deduce the complete system 
mod (ab)! and proceeding step by step we can finally construct 
an absolutely complete system as the last step in our series. 


We have therefore proved that the complete system is finite, 
for all the systems A,, A,,... are finite, and we have shewn how 
to construct it on the assumption that the systems for forms of 
lower orders are known—the proof is thus inductive in its 
nature. 


111. We shall illustrate the above process by applying it 
to the quadratic, cubic, and quartic. 


(i) Quadratic. The system <A, is 
f= i= be 
and the system B, is (ab)?, hence the complete system is 


ay; (ab). 
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(ii) Cubic. Here A, is 
f=a?2=b,3 = ete. 
and B, is (ab) dzb,, (ab)? (ac) (bd) (ed), 
in fact wit Ey 


This system B, is absolutely complete, therefore the system 
derived by transvection is the complete system. 


It consists of 


fH, (H, Hy=A and (f*, HP). 


Proceeding as in § 88 we can shew that the only irreducible 
transvectant is (f, #7). 


(111) Quartic. Here A, is 
f=a=b,..., 

B, is He(abya lbs, 
and this is complete modd (ab)‘ and (ab)? (bc)? (ca). 

The system derived by transvection is 

(fey 

If y>2 this has a term containing the factor (ab)? (ac)? which 
is congruent to zero modd (ab), (ab)? (bc) (ca). 

Hence we need take only y=1 and thence only a=1, B=1, 


and we find that 
SJ, 4, (f, A) 
is relatively complete modd (ab)*, (ab)? (bc)? (ca)’. 
Therefore SF, 4, GF, B), (aby (bey (cay 
is complete mod (ab)‘ and is the system .A,. 


Then B, being the invariant «=(ab)! we have for the 
complete system 


J, 4, t=(f, 2), 1=(aby, 9 = (aby (bey (ca). 
112. We shall now apply the principles of §§ 73, 76 to the 


deduction of a complete system mod (ab? for the binary form of 
order n. 
The system A, consists of 
f= a," = b," = ete. 
and B, of EL = (G0 oe De ane 


111-112] GORDAN’S THEOREM 128 


The system A, is derived by transvection from A, and B). 
Now (fe, H®)y 


has a term containing the factor (ab)? (ac)? if y > 1, and since such 


a term is 
= 0 mod (ab) 


the transvectant may be rejected. 


If y=1 the transvectant contains reducible terms unless 
a= $8=1, and hence A, consists of 


SJ, A, (f, H) =t. 
(ab)* a b,-4 


and A, is derived by transvection from A, and B,. 


The system B, is 


If the index of a transvectant be greater than two it contains 
a term having a factor (ab)‘ (ac)? and this is 


= (0 mod(ab). (§ 70.) 


We need only consider the cases in which the index is <2, and 
since the order of each form in A, is certainly greater than 2 (in 


fact 524), products of forms may be rejected. 


There remain transvectants of each form of A, taken simply 
with 
d= (ab 0g tbo 


For the future we shall only write down the determinantal 
factors of a covariant. 


Transvectants with f give rise to 


. (ab)* (bc), (ab)* (be). 
Those with H give 


(ab)! (bc) (ed)?, (ab) (be) (ed), 
and finally those with ¢ give 
(ab) (bc) (cd)? (de), (ab)* (bc)? (cd)? (de). 
Now by § 76 
(ab)‘ (bc)? (ed)? = (ab)! (ed)*, mod (ab) ; 
hence (ab)! (bc)? (cd)? (de) 
being a term of {(ab) (be)? (cd)*, ex} 
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we have 
(ab)* (bc)? (cd)? (de) = {(ab)! (ed)*, ex}, mod (ab)’, 
for all expressions derived by convolution from 
(ab)* (be)? (ed)* 
are =( mod (ab). (§ 73.) 
Now a term of the last transvectant is 
(cd)* . (ab) (ae), 
.. (ab) (bc) (ed)? (de) = (ed)! . (ab)* (ae), mod (ab)® 
and accordingly may be rejected. 
Finally (ab) (be) (ed)? (de) 


is reducible as being the Jacobian of a Jacobian, and the system A, 


consists of 
SJ, (ab), (ab) (bc), 
(ab), (ab) (be), (ab) (be)?, (ab)* (be) (cd). 


113. Before proceeding further we shall develope the results 
of §76 by shewing that a symbolical product I’ containing the 
factor 

(ab) (be) (ed)’, 
in which \ is even and equal to ~ + v, can in general be expressed 
in terms of covariants that are either reducible or of grade greater 
than 2. 


The above reduction of 
(ab)* (be)? (ed)? (de) 


is a case in point. 

In fact I‘ is a term of 

((ab)* (boy (od), b}? 

which we write (T, $)P. 

Hence T=(2, dy +3(F, $y, p'<p 

=(T, oe + =(T, oy’, mod (aby, 

since 7 derived by convolution from (ab) (bc) (ca)” is of grade 
greater than 2, § 73. 


Again 
T=(ab).(cd)\+ Cry. (§ 76), 
therefore a 


T= {(ab). (ed), h}? + {(abp. (cd), ph?’ + Onaga. 
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Now if 2n—2X2>p each of these transvectants contains terms 
having (cd)\c,”*d,""* as a factor. 

Hence 

{(ab)\. (od, $}° 

= (cd) {(ab), b}? + = {(ab)*. (cd), $}2, mod (aby, o <p, 

and by continuation of this process we can express I’ entirely in 
terms of reducible covariants and covariants of grade greater 


than 2; it suffices to remark that the index o diminishes at 
every step. 


It is quite easy to see that the condition 
2n—2X>p 

is satisfied in all our cases—at any rate it will be in the course 
of the subsequent work. 

114. Returning now to the general form, B, consists of 

(OD) Oa one 

and A, is derived by transvection from A, and B,. 

The argument used in evolving A, and A, enables us to see 

(i) that transvectants with index >3 may be rejected, 


(11) thence that transvectants of products or powers of forms 
may be likewise rejected. 


We are therefore left with transvectants of the forms of A, 
taken simply with H,, the index being } 3. 


Omitting Jacobians of Jacobians and forms having a factor 


(ab)° (bc) (cd), where w+v>6, 


we have 
from f, (ab)° (bc), (ab)* (be)?, (ab)> (bc)? ; 
Pali (ab)° (be) (ed), (ab)* (bc) (cd), (ab) (be) (ed)? ; 
» (aby (be), (ab)° (be)? (cd? (de), (ab)? (be)? (ed)? de) ; 
» (ab), (ab)? (bc) (cd )* ; 
» (ab) (be), none; 
yy, (any (be) (ab)° (bc) (cd) (de)? ; 


» (ab) (be) (ed), none. 
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Hence we have found for A; the above ten forms in addition 
to those of A,. Putting aside the question as to whether any of 
these ten new forms are reducible, a continued repetition of the 
above process establishes the fact that all the forms of the 
system A,, relatively complete for the modulus 


(aby#+, (x < 5) 
are included in the set 
(ab) (bey (ody (de) (ef ®" fg)” 

where the exponents satisfy the following conditions : 

(i) A+ 2k, 

(li) ~ A, WV, Xr”, ... are all even, 

(ii) A>AN +p, V>A” +p... 

(iv) no two of the exponents yp, pw’, ... are equal to unity. 

In fact. 

(ii) follows immediately from the way in which the covariants 
are formed. 

(11) results from the application of §§ 73, 76. 

(iv) is the expression of the fact that the Jacobian of a 


Jacobian is reducible. 


Ex. (i). If the orders m, n, p of the forms f, $, W, be each greater 
than two, Pahg 
mn 


(fb Wasa (th Wotacg b Wi gaa armen hv. 


Ex. (ii). For a form whose order is greater than four the covariants 
(ab)? (be) (ed), (ab) (be)? (ed), (ab)? (be)? (ed) 
all vanish identically. 
Ex. (iii). If 2>5, then 
(be)? (ca)? (ab)? a®—* by” * og 4 
=(ab)* (ac)? ag*6 byt4 og”? — 3 (ab)8 ag"6 by-6 . 04”, 


Ex. (iv). If n> 4, then . 


n—4 & —4 
(H, f= ZF (ab)* Oe) a4 Bal6 og t= ff), FY 
and if n> 5, 


a 


(B= 55 DS 1 te es IF 


* Cf. Jordan, Liouville’s Journal, 1876, 1879. 
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Ex. (v). For a form whose order is greater than three prove that 


(n— 2) A 
2 (2n— - 5) NS) 


= (5 Sag GIS D+ zea bE 


Hence replacing (f, f)* by 7 express (H, H)? as a linear combination of 


Hi, fF, PA LY 


and finally express ¢? in terms of the irreducible forms of the system. 


(H, 1)? + 


Ex. (vi). Prove that all irreducible covariants of degree four and rank 


not greater than 5 are included in 
(ab) (be)* (cdl)” 
where 2d > 5 and A>p>-y. 


Ex. (vii). In § 103 if no 4 be of order greater than m and no B be of 
order greater than m, then no form of the system C is of order greater 
than m+n—2. 


GHAPTE Re VIL. 
THE QUINTIC. 


115. To obtain the complete irreducible system of covariants 
of the quintic, we follow step by step Gordan’s proof of the 
finiteness. Let us briefly recapitulate. 


The complete system of forms, which are not expressible in 
terms of covariants having a symbolical factor (ab)?, is first 
found; this is called A,, it is the complete system mod (ab). 
Generally A; is used to denote the complete system mod (ab)*+?, 
To obtain the system A;,, from the system A,, a subsidiary 
system of forms B, is used. This system is a system of forms 
having $ = (ab)**a,”—*\b,"-"-* for ground-form. 

When the order of this form is less than n, B, consists of its 
complete irreducible system. Otherwise if the order of ¢ is 
greater than n we may take for 5, the single form ¢; while when 
the order of ¢ is equal to n, the system B, consists of ¢ and the 


invariant (ab)? (bc)? (ca)?. 

Then it has been proved that the system A;,, may be obtained 
by taking transvectants of products and powers of forms from A,, 
with products and powers of forms from B,,. 


116. The quintic will be written 


The system A, contains / only. 
The system B, contains only 
(aby a,fb7 =H. 
The system A, is then obtained from the transvectants 


Cie 
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If y> 2, this transvectant contains a term having a factor 
(bc)?; such a term can be expressed as a sum of symbolical 
products each containing a factor (ab)‘, and is therefore =0, 


mod (ab). 
Hence we may reject these transvectants when y> 2, for all 
transvectants which contain reducible terms may be rejected. 
The transvectant (H, f)? contains the term 
(ab)? (bc) az? baCx? =4 f. (ab) azb,  (§ 51, Ex. (vi)). 
The system A, then consists of 
J, A, (f, H)=t. 
The system B, is built up from the form 
(ab)* dgbe = 1, 
this is of order < 5, hence we must take the complete irreducible 
system of the quadratic 7. 
The system 5, then consists of 
a, (4, 1% = A. 
The system A, is now the complete system of forms for the 
quintic, it is made up of the transvectants 
U=(frHtty, As)”. 
Since A is an invariant we may suppose that « =0 (if at the 
same time we remember that A belongs to the complete system). 


Since # is a form of even order, and 7 is a quadratic, all trans- 
vectants are reducible except those which have 


@): B=0, 
(i) a=0, y=0, B=1. 
Again t is the J acobian of f and H, therefore 
P=-3h SP P-2F, AYf. H+ (A, HY. Pf} 
= —+4H? mod (ab). (§ 78.) 
Hence any transvectant I, in which y >1, can be expressed in 
terms of transvectants I’ in which the degree of the product on the 
left has been decreased and that on the right has been increased 


together with reducible terms (§ 105, Cor.): for as we have just 
seen if 8>1 then U is reducible. 


G. & Y. 9 
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Accordingly we have the following cases to consider: 
Gi)’ ‘a=2or 258 =0)7=0; 
Gi) ’a=0, B=0,. 9. 
(ili). a= os i= OR 
(iv) GO) Sak ire Oy 
All other transvectants are reducible or are expressible in terms 
of these. 
(3) ae Le B= Ouary 00; 
The irreducible transvectants are 
(6A YA PPA OS CA PP, CF 2). 
To see that the other possibilities contain reducible terms we 
shall take one example. The transvectant (/%, 2°) contains the 


bern (fF) Ute 
Gi). a=0, B=0, y=1. 


Since t = — (ab)? (bc) ag?b, Cz", 
and (bc) (bt) Cute = 4 {(bc)? 12? + (bt)? o,? — (cr)? b,7}, 
the term — (ab)? (bc) (bt) ag? ba Ca! tx 
of. (é, 2) 


is reducible. Similarly the transvectants 
A (eta) eae Ch em GREY ih 

contain reducible terms. 

Thus (¢, 7#)’ contains the term 

— (ab)? (bc) (at (aa’”) (bv) (00)? (2) C2? be 

which is at once reduced by means of the above identity. 

We are left with the forms ; 

(1G AS Oe ier eae) 
(ii) a=l, 80 y= i 
The only irreducible transvectant here, is 
Cf t ye 

To see that the other transvectants are reducible it is sufficient 

to remark that for example (/. t, 27)" contains the term 


CF Peay 


, 


A 6. CaM ma Che Tak) 
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Gy) “¢=0, 6 = y=. 
The transvectants 
(H, 2), (H, 1), (H, PY, (, vy, (A, 0), (H, #) 
prove to be all irreducible. 


We are left with 23 forms which are as follows*: @re €@ 
UUrat.: 6, rrvthang POW AK api Dues (€ 72) . &)7 
Hg é 


7 


4p 
4 £p/ 
04 


Order 


12 |] (25, f2)10 


HSS (GG yo 


* One very obvious remark is to be made regarding this, and all other complete 
systems obtained by the present methods. We are assured that every covariant 
can be expressed rationally and integrally in terms of those retained in the 
complete system, but there is nothing in the process to shew that the latter are 
all irreducible, except in so far as failure to reduce them may be taken as evidence 
in this direction. Theoretically then Gordan’s process gives an upper limit to the 
irreducible system. 

The enumerative method, depending on the generating function, introduced 
by Cayley and finally developed by Sylvester and Franklin (Am. Jour. vol. vit.) 
gives a lower limit to the system and when the two methods give the same result 
the irreducible set has been obtained. The results even when identical have to 
be received with some caution, on account of the enormous labour involved. 


9—2 


Baa 
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117. It is found that for discussing the properties of co- 
variants, it is convenient to have the indices of the transvectants 
which express them as low as possible. On this account it is 
usual to replace some of the forms in the irreducible system just 
given by others which differ from them by reducible terms only. 


In the first place the covariant 


j=-(h ip = -@) 4 
is of fundamental importance in the quintic system. It is a cubic, 


and the system of forms for which it is a ground-form are 
irreducible when considered as forms belonging to the quintic. 


Now (H, 7°)‘ contains a term 
(aby (ary (61 )'a,0,= (4,9); 
accordingly we shall take the irreducible form of degree 6 and 
order 2 to be 
Cas 
Similarly the form (¢, 2°)’ may be replaced by (7, 7), for (¢, 2*)° 
contains a term 
(ab)? (be) (ary? (bv)? (ct? ag 6x? (i et 
= ((ab) (at) (bv abs. (Ce ce N=, 7). 
And (f?, 7°)” may be replaced by the invariant of 7, 


(pian) 
This invariant will be denoted by C, the proof that it may 
be included in the system instead of (/%, 7°) will be given later 


(§ 121). 
It will be found useful to denote the term 
(ai)? (ai’)? bi"? (bi”) (aal®) be") 
of this transvectant by M. Then M may be taken as the invariant 
of degree 12. 


It may be recalled in fact in connection with the simultaneous system of a cubic 
and quartic (Gundelfinger, Math. Ann. Bd. 1v.) that the two results originally agreed, 
but a revision of the generating function led to a reduction of the lower limit 
which it theoretically gives, and afterwards two forms included in the irreducible 
system as derived by the methods of Gordan and Clebsch were found to be reducible. 
The complete systems for the binary forms up to the octavic may be considered as 
accurately determined by the two methods combined. 
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Besides ¥ and 7, there is one more quadratic covariant, given 
in the list as (H, 2). This is equal to ((H, 2)4, 7); we may 
substitute 7 for (#, *)*, and hence take as the remaining quadratic 
covariant 


(7, 1)=—%. 


118. The linear covariants. 
(Ff, P= (aay (ar’P dg =— (7, 1 =, 
(7, P= (ai) (ai) (ai" Vid’ =(@, ) = 8. 
(t, 24)? contains the term 
(ab)? (bc) (ar)? (br)? (0? (cr)? dz 
= ((ab)? (at)? (60 dad, 2) 
=(T, a)=y¥. 
(¢, 2°)? contains the term 
(aby (be) (ai)? (br’)? (a’”) (o2””)? (ci ty” 
= ((ab)? (aa)? (bv)? (a0"") taba, a) — 3 (aby? (ary? (br’)’ (ar”’) (0) . a, 
of which the second term is reducible and the first 
= (7,2) a) ——(S, a) 0 


119. The invariants. 

(=A, 

(H, ) =((H, &, ay. 

The latter may be replaced by 

(7,2)? = B. 
(f?, °° has been replaced already by MM. 
(ft, 7)* contains a term 

(4 #7"), 

and hence may be replaced by (a, 6) =— BR. 


Taking the Jacobians of the 6 linear forms two and two, we 
obtain the 6 invariants 


(48), (By), (ye), (a8), (86), (78). 


* This is the definition of the linear covariant 5 of degree 13 given by Clebsch. 
‘In Gordan’s book 5=(r, B)=—(S, a)—4(i, r)?.a. In other respects the letters 
common to the two books are identical in meaning. 
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The values of these invariants are * 
(a8) = — (at)? (at’P (ar) (bv? (bv (bt) = — M = — (va, 


(By) = (ia) (ra) (ir) = (Sa) = (82) = F, 
(ya) =(7a)'= WY, 


(ad) =— R. 
Now & = ((t, 7), a) = (27) (Ta) 4, + $ (tT)? . Oe, 
hence 
(BS) = (2a) (’) (a'r) (ra) +4.B. (ta)? 
—1 1 

= “9 AN + 2 BM, 

(y8) =((ra) Tz, (t7’) (ia) Tz’ — $B. a) 
=4(CM — BN). 

Also 


N= (ya) = (tay? = (grep (FV) (79) (7) 
= (9) (IVP (79) (70) I) + I) I'D} 


Now from the theory of the cubic we know that any symbolical 
product which contains a factor (77)? 1s zero, 


Hence 
N= (i) (JY) IVY (79) (72) 
=4( 97) (Tr) (CID ITP CD) — ID (EY 
=E( Mtr) (CIV) (I) I) + GI) ID FD 7} 
=t( MP (77) (77) WY — ECM Jade's (70) (70) tte’? 
=4AC— 47, $[(tt)P te? + (70)? . te? — (0? 727]? 
=4(AC— B?), 


120. The third transvectant of f with 7 is identically zero. 
For 


CF, J) = — (aa®, (bt)? ba? ? = — (ab)? (bt)? aa? 
= +2 (ab)? {(ar)? ba? — (bt)? aa} = § (ab)* te. (at) be + (bt) a} 
= (4, 1)=0. 
This property is sufficient to define j. For if w be an arbitrary 
cubic then (f, y) is a quadratic. And in order that (f, ~)> may 


* In future when no confusion can arise the comma between the two forms in a 
transvectant will be omitted. This is the usual practice, ef. Stroh. 
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vanish identically the coefficients of a, 7,7, x2 must be separately 
zero; giving three equations to determine the ratios of the four 
coefficients of a,—see Chap. BX, 
Again 
(f 1 (i) (aj) (gp ae! 

= (aj) (aj’) de ((@j’) Jz — (49) Je’ }? 

= — 2 (aj) (a)? Gujnje, Since (a7)* a,7 = 0 

= — 2 (aby (ac) (bt)? (ct)? aa byez. 


Now Coby 70 (by (by |= 0 (§ 77). 
(02) 5(G2)- et (eu)? 
(acy oc)! Gc) 0 
| 0. , (bay. Cay (cay 
Hence, if = include all possible expressions obtained by inter- 
changing a, b, c, 
= (ab) (bt (2’c)? (cay? 
= (ab) (cr)? (cv’)? + (bc)* (az)? (ar’)? + (ca) (bt)? (b0’)? 
+2A . (ab) (bc) (ca) 
And therefore 
(f, TP = — 2 (ab)? (acy (bt) (ct'? gba Cx 
=— (ab) a,b, . (ct)? (ct’)? Cz — 3 A . (ab)? (bc)? (ca)? ag by Ce. 
But (ab)? (bc)? (cay az bx Cx 
= (ab) (bc)? (ca) [ — (be) ay — (ab) Cy] Aa Cx 
= — (ab)? (bc)? (ca) Az? Cz, — (ab)? (bc)? (ca) Az,” 
= 4 (bc)! (ca) (ab) a,’ + $ (ab)! (bc) (ca) c,3 
=— (0, SP =). 


Therefore 
(f, TP =—-t.a—-3A.7. 


121. To obtain the relation between the invariants C and M, 
we take the expression for M and introduce in it so far as possible 
symbols referring to the cubic 7 and its Hessian 7, for 


C= (tr)? 


KI 
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Now 
M = (ia)? 
= (ji (YW) GT) 
= (gi) (IVP (Ga) (770) (ab)* 
= (ja) (j'b) [(ja) (ib) — (jb) ia) ((j'a) (wb) — (7'0) (ay 
= (ja) (j’)[ — 2 (jar) (jb) (i) (ib) + (bY Gay] [Fay WY 


— 2 (Ja) (7b) (va) (Wb)), 
since (ja)* a,” = 0, and (7b) 6,? = 0. 


In this expression we will introduce, as far as possible, symbols 
referring to 7; for 
(1a? a,f=4 = (Vb) b,%. 


M is then seen to be the sum of four terms, viz. 
(ja) (7°) (7b) (tay (ay by 
SCC) VO AI) = ater 
4 (ja)? (9°b) (96) (7'a) (2a) (0°) (Wa) (ad) 
= 2 (jay (bY (9b) (Ja) {Gay (by + (aby (ay — (a’p (ab)?} 
SACU GI) CH sd) 
— 24. (jay (7b) (aby (ga) (7b) — (97') (a0)} 
=— 40+ A . (97) (ab) {( ja) (7b) + (9) (j'M)}, 
since ( ja)’ a,” = 0, 
=—40+2A .(r1?=—40+42AB: 
— 2 (jay (Jay (90) (7b) (by (ta) (2d) 
=2 (jay? (Far (WD GI) Ca) (Y") 
= (ga) (Ja) (a) (Y") (gay? P+ (Fay? Car" — (9 a)? Cai} 
= — (ray (j"a) (1a) (y") = — (ra) (17") (jay (aay = C: 
the last term of M 
— 2 ( jb)* (7B (Ja) (j'a) (ia)? (a) (WB) 


is obtained from the one just considered by interchanging 7 and 7, 
a and b, its value is therefore C. 


Hence M=—C—4C0+2AB+2C 
=—3C+2AB. 
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122. The covariants of orders 0, 1, 2, with the exception of 2, 
have been replaced by transvectants, of index not greater than 
2, of simpler forms. We may simplify the expressions of the 
others in the same way, in fact this has been done already for 
two of the covariants degree 3, viz. j and (j, 7). ‘The remaining 
cubic covariant (f, 2)? = ((f, 2), 2) 

The transvectant (H, 7)? may be replaced by its term 

(ab)? (bt)? ag? by = — (a)? a? dx; 
it will be convenient to write this covariant 
FI) = Be’ 
The remaining quartic covariant is 
(A, v? = (ZL, 2, 2), 
and may then be replaced by (g, 2). 
Now since (aj)? a,” = 0, 
(aj)? day = (Q))° Ge Jn dy 
= £ {GP ae?jy + 3 (QP Aa" Jady} 


= Px’ Py: 
Hence 
Cp, %) = (A)? (Jr) Aa? te = (GY) (M2) Oe? Jat. 
Now Ch, a= (fF — (Jr)? Ju) 
= — (aj) (jr)? aa 
= — (aj) {(a2) Je — (GJ) ta}? Oa? 
= 2 (a7)? (At) te 900g 
= 2(p, 1), 


which gives another expression for the same covariant. 


For order 5 we have only to consider the transvectant (t, 2”); 

this has a term 
(ab)? (bc) (02)? (a0’?? azz? Cx”, 
hence this transvectant may be replaced by ((H, 2), (f 2)*), and 
therefore by 
(P, J). 

Lastly the covariant order 7 may be replaced by the Jacobian 

(H, j). 
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123. To express any transvectant of two covariants of the 
quintic in terms of members of the irreducible system, it is in 
general advisable to use as far as possible symbolical letters 
referring to covariants such as j, 7, T, 3 ete. instead of those 
belonging to the quintic itself. We give here the values of some 
of the transvectants, partly for the sake of reference, and partly as 
examples; we would recommend the student to verify a few of 
them *. 


The following table gives the 2nd transvectants and Jacobians 
of the quadratic and cubic covariants. 


ond '  Jacobians 
Trans- | 
vectants | 7 az | $ j | (J, 2) (J, 7) 
z | A | A ar Bi-Ar)| —(J, 2) 2ai+sAj gar +3Bj 
r ths aie 4(Ci— Br) | — (J, 7) har+3Bj Oy) 


A || 0 N ee —tar taS+hyi byt 


| 
} 


j-||-alo} -y =| —}ir—hja — hr? 


Oolbo 


UG, | 48 \-8y| $8-3Ba | -49 |—3{20?-g4r—3B}| -2 By +a, 7)} 


(Oye) y 0 | -$Ca 0 4Br+iMi | $Cr 


The third transvectants of the cubic covariants are 


(7 (A OF=B, (7 (J, TV HCG, (9,9, Ch, TP = 


In obtaining the values of Jacobians it is well to remember 
the formula 


(£9) W-aGran ay fOr vt Wd- WPS} 


proved, Chap. Iv. § 77; where f, ¢ are binary forms of orders m, n 
respectively; and the order of each of the forms f, ¢, % is not 
less than 2. This will be of frequent assistance, since of the 15 


* Should he experience any great difficulty he will find some of them worked 
out in Gordan’s Invariantentheorie and Clebsch’s Binéiren Formen. 
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123] 


g+E—vrgé + mays — 


loeb rt gt | SHE-COIREME | uber t+ Cert COrE | fart-abtmrt—ok | ¢ 
(od eg $+ sgt — (Wl) wt +44 WEL + M7 F veg tvop$ —f (vt —g#) wWi-@ “pet C)— a 
(447-209) 4 60% ho — 57% (4 -40)4 (+ f) 
ant — Pi + (Ag t ov) F 61 + Av ¥ 6VE+Er sg — (2-47) $- Pt (2 “) 
kp (49 -40)% a ie ¢ 
oy $- (90 —4a)¢ (sq —4¥)¥ @ 6 
(Aq —90)¢ 0) oe UE oaths A + 
aa (vy -9q)% mgt —9 vye— J 2 
648 —AC+ (2 ‘d) ge dg + 4% ué—b+dy— (v ‘d)z £ 

g AK J D 
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irreducible covariants of the quintic for which the order is not 
less than 2, 9 have been expressed as Jacobians. 


It is useful to know the values of the following transvectants 
(DAP =b9s (Da Ts (DIP = 91a + BAY. 


124. For purposes to be presently explained the transvectants 
(f, #y, (f, @8), ... will be required. Such transvectants are 
calculated step by step, first (f, a), then (ff a&’)?=((f a), a), 


and so on. 


It will be useful then to know the values of the transvectants 
of certain of the covariants with a, 8, y, 6; when these are known 
the values of such transvectants as (f, a’)? may be obtained with 
great ease. 


125. Syzygies. It has been proved (§77) that the product of 
two Jacobians, or the square of a Jacobian can be expressed as a 
sum of terms, each term being the product of at least three forms. 
Now nine of the covariants of the quintic are Jacobians,—we 
must exclude the forms (2a), (ra), (Sa), (a8), (a6) for one at least 
of the quantics in each of these Jacobians is of order less than 
2: hence we have 45 syzygies. 

A more general method of obtaining syzygies is given by 
Stroh. He considers four different forms, and seeks to obtain 
the syzygies which are of unit degree in each of these forms. 
First for three forms there is evidently only one such relation, 
that for weight unity 


Ai Gof) +h Soh) + fs fv fr) = 9, 
this is written for short (fi f. fs) = 0. 


The other syzygies obtained by Stroh arise from the symbolical 
relation 


(ab) ¢rdz + (cd) dzbz = (ad) bez + (cb) agdz , 


which may easily be verified. Raise both sides of this identity to 
the power 7 and expand by the binomial theorem: hence 


> (5) (ab) ( cd)i-> Cn Deg Cap dap 


eS & (ad) (cb)'~> aagiAdyA ca DA 
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Hence 


> (*) fv Sa) fs» fa — & (5) Chip an 


This is written 
(AA Ss fs): = 9. 


Other syzygies may be obtained from it by interchange of the 
various quantics concerned. But it will be noticed that (A fifsf:): 
is unaltered if one pair of letters is interchanged and at the 
same time the other pair. Also this expression is only changed 
in sign if f, and f, are interchanged. Hence only three distinct 
syzygies of weight z are obtained in this manner. 


Livi 2 


(ASefs fae = (ALY LL A AIS A Se — AID Ios — PIA Ss 


+2(AA) (BS) — 2(AS) (fsf2) = 9. 
Whence 


(fofefs}2= t (ALIS + bhi fy): + (Affe) 
=(fh) (ff) + (AS) (fife) + (AS) (fos) = 9, 
a result already well known. 
Also 
LA hfe Sih = 4 (AAS Soe — (ALS sf2— (ALS) 
=(fhy hit hfy hh — (AAy fofe 
PAYA Ss + 2 ffs) (ffs) = 9. 


This is the same relation as that given (§ 78) for the product 
of two Jacobians. It will be seen at once that the other syzygy 
of weight 2 is deducible from this. 


The syzygies of higher weight may often be simplified, in the 
same way. 


es Geafeo 


is remarkable from the fact that the forms in it need not be of 
order higher than unity; while in the syzygy 


(Affi = 9 


from which it was deduced, each of the forms is of necessity of 
order 2 at least. 
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In general in the syzygy 
(Af Safi = 9 


each of the forms f,, fo, fs, f; must be of order 2 at least ; but from 
these syzygies others may be deduced which are true for forms of 
lower order. Stroh, in his papers on syzygies*, deduces many 


such. 


We will obtain such a syzygy from that of weight 3, 
(Af Sofas = 0. 


If X, w, v be three quantities whose sum is zero, we know that 
M+ p+ v® — 8rApv = 0, 


hence 
3 (ab) (be) (ca) azbz Cz = (bc)* az? + (ea)? bz? + (ab) C2’. 


We thus obtain 
§[(aaiba'Cx? da!) — (Aa Onda da?)s + (da? da! bs? Cx")s] 
= (ab) (bc) (ca) Azbz edz 
+ (Ba, Cu') (A%, da)? + (CaP, da?) (BaP, da)? + (aaP, Ba?) (Ca, da)? =O. 


It will be seen at once that az, bz, cz, dz are factors of this 
syzygy, we may then divide by any one or all of these factors; or 
else we may multiply the syzygy by a power of any one of them. 
The syzygy is then true whenever the order of each form is 
greater than unity. It is not difficult to see that this derived 
syzygy is just as general as the original one 


(ASfsfa)s = 9, 
in other words, the original syzygy might be derived from it. 
Stroh writes the syzygy just obtained in the form 
Sb9q'}s = Fay (PY) — Fa (D) — (FEY (9G) + Faq’) $) = 0, 
where gq, q’ are quadratics, and f, ¢@ are forms of order 2 at least. 


Again from the syzygy 
(ASeSsfs) = 0 


* Math. Ann. Bd. 33, pp. 61-107 (§§ 18-22); Bd. 34, pp. 306-320, 354-370; 
Bd. 36, pp. 262-288 ; in § 3 of this latter paper he gives a list of syzygies of the 
kind just mentioned which he has deduced. 
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we obtain 
(1bo)s 
=f? (Pb) + 6 LFY (PHY + HCTF) 
— 2fb (fo) + 8 (fb) (Fb) — 6 [CP = 0. 
In this write 7 for @, where 7 is a quadratic. 


Now 
(#, PY = 3 (uy P, 
(@, PP =} (i), 
20f, PP (F P= 2 (KW, YF 
Fe aka Mee iy AG ws ee yf) 


e 


—see § 78, Swrnte (Yi) mg, a = 4 - 
Hence substituting feed values in the syzygy obtained by 
writing 2 for ¢, and then dividing the result by 2:7, we obtain 


(fii), Nitelup } 


=f (fey — 20 (fae f ye — [Per P + ay FP + 80 PFE = 0. 
From this may be obtained a syzygy 
(frit), = 0 
by means of the operator (y : ) . This operator requires 


that y and fshould be of the same order, but when the syzygy 
is written symbolically it will be seen at once that factors of the 
form dz and b, may be introduced so that the relation is true 
whatever be the orders of f and w, provided that neither is less 
than 4. 


In the same way we may obtain a syzygy 


[ fir], 


where both 7 and 7 are quadratics. 


126. Application to the quintic. The forms of the quintic 
consist of f, H, 7,7, 7, p, a, 8, y, 6 and some of the Jacobians of 
these forms. 

A large number of syzygies may be at once obtained by 
writing for the forms in the general syzygies of the last paragraph 
covariants of /f. 


mile ie! Pa ae a ae LN eee an ae a Bar Lai eve fo (Fo 


RS 
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We shall content ourselves with a few examples. 
(ftH) =f. 0H) + H (fr) —%=0. 
(fjH) =f. (jE) — H (if) —jt=0. 
[fit =K( fi) + He + 27 + fd = 0. 
(ijri}, = B (ji) — A (jr) —@® + by =0. 
(ppit), = — Bp + Rie? — A Air -—1BP-— P+ 4 Aja=0. 
{aByd}, =4M (BN —- CM)—4N (AN—- BM) —-F?=0. 
From this last we deduce the relation connecting the irreducible 
invariants A, B, C, R. 


It is easy to write down a great number of syzygies in this 
way. Stroh (Math. Ann. Bd. 34, pp. 354—370) has given a, list 
of 168 syzygies of the quintic. The notation for the elementary 
syzygies given here is not quite the same as that used in Stroh’s 
paper, but the notation is there explained; the notation here has 
been mainly taken from a later paper by the same author (Stroh, 
Math. Ann. Ba. 36, pp. 262—288). 


127. Reducibility of syzygies. If 
S, => 0, S, = 0, eee 


be any syzygies, and if P,, P,,... be any products of forms such 
that P,S,, P.S,, ... are expressions all of the same degree and 
order, then 

PS, + PS, +25 =0 
is a syzygy. In this way it will be seen that an infinite number 
of syzygies may be built up. 


A syzygy S=0 
is said to be reducible, when 
S= PS; + Passes 


where S,=0, S,=0, ... are syzygies whose degree is less than 
the degree of S=0 and the P’s are covariants. Otherwise it is 
said to be irreducible. 


It will be seen at once that any syzygy which contains a 
product of only two irreducible forms must be irreducible. All 
the irreducible syzygies which have yet béen found for the quintic 
are of this nature. 
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128. It may happen that certain syzygies 
S,=0, S,=0,... 8;=0 


are such that certain products of forms P,, P,, ... P; may be 
found, for which 

P,S,+ PS, +... + P;S;= 0, 
the expressions P, S being regarded as functions of the con- 
comitants—which for the moment are treated as independent 
variables. 


Such a relation is called a syzygy of the second kind. 


The following is an example, 


(ASS Ss) =f (Pfsfs) PALS») +h AAI) fi ALS) = 0. 


Thus for the quintic 


(fy) =f (Hy) — H (fy) + 0(fHj) — 7 (fH2) = 0 
is a syzygy of the second kind. 


Syzygies of the second kind may clearly be reducible or 
irreducible. Between them may arise syzygies of the third kind, 
and so on. 


The following questions at once present themselves. ‘Is the 
number of syzygies finite when the system of forms is finite ?’ 
‘When the syzygies of the first kind are finite in number, are also 
those of the second and of higher kinds finite?’ ‘Is there any 
limit to the number of kinds of syzygies which arise from a finite 
system of forms ?’ 


All these questions have been answered in the affirmative by 
Hilbert (Math. Ann. Bd. 36, pp. 473—534). They are partly 


considered in Chapter IX. Gy4,W4, Le bp. 94- I57 


129. The typical representation of the binary quintic. 
For special purposes, some particular linear transformation of a 
binary quantic may have peculiar advantages. Thus any particular 
term of the quantic may by a special transformation be made to 
vanish. If the quantic has two linear covariants, such that the 
determinant formed by their coefficients does not vanish, these 
may be taken for the variables: the transformed quantic will then 
possess the property that every one of its coefficients is an in- 
variant. We proceed to-prove this. Let a,, 8, be two linear 


G.. & Y. 10 
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covariants of the quantic a,”, which are such that (48) is not 
zero. Then raising the identity 


(48) dz = (AB) 42 — (at) Bx 
to the nth power, we obtain 
(a8) a." =(G8)". 4° —1 (G8)? a) O° bet... 


The expression on the right is the transformed quantic, and 
from the symbolical form of the coefficients, it follows that they 
are all invariants. 


For the general quintic any pair of linear covariants may be 
chosen ; for example those which we have written a and ~. 


The coefficients may be easily calculated with the help of the 
table given on p. 139; they are as follows: 


(f, a) =—(B-3A*)R=-2R. 


(f way =— ($V -gAM 42 5) M+A4 @BM— AN) =p. 
Cf, 0%) = R (4454). 
(f #B)=4M (AN BM) - pS. 
rA 
(f, «8° =— AR (ar+*S). 


CF, Bi =- M+ 4AM (AN BM) +p. 


Further the invariant (a8)=—-M=3C—2AB must not be 


Zero. 


To be more accurate the coefficients given above should be 
divided by (— M)°. In the expression for any covariant in terms 
of the actual coefficients, the above transformed coefficients may 
be substituted, the covariant multiplied by a power of the 
determinant of transformation is then equal to the expression 
thus obtained. In this way any covariant may be expressed in 
terms of the invariants and two of the linear covariants. 


To illustrate a different method of expressing any covariant 
in terms of the invariants and two linear covariants we shall 
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obtain 7 in terms of the invariants and the covariants @ and 6. 
Raising the identity 
(48) Ja = (98) 4 — (Ja) 8x 
to the third power 
a R*) = Cj, &) a&—3 (4, Sa)? as SEQ} (j, $a’) ao? = (j, a’)? &. 
But by the method of § 124 
(j, &P=—R, (9,0°5%=0, | 
(j, a8)=-4NR, (j, &=-4R(CM- BN). * 


Therefore 
Rj = 4(CM — BN) a — 3 Nod — 8°. 


130. Given two binary forms of the same order, in particular 
two quintics, can one be linearly transformed into the other, and 
if so how ? 


The reply (in part) to the first question is that if the absolute 
invariants of the two quantics are equal to one another, and if 
they each possess a corresponding pair of linear covariants of 
which the determinants do not vanish, then the quantics are 
transformable into each other. The question will be found dis- 
cussed in Clebsch, Bindren Formen, § 92; and for the case where 
there are no linear covariants in § 105. 


When two quintics have equal absolute invariants and one 
of the 6 invariants (a8), (ay) ... 1s other than zero, say (a8), we 
may transform one quintic into the other thus :— 


Let unaccented letters refer to one quintic, and accented letters 
to the other; we transform each quintic, so that the variables in 
the first are a, 8, in the second are a’, 8’. 


Thus fH=HAre + 5A, 0B + ..3... 
ha Ay OAS OB iene 


Let the ratio Be, ay then since the absolute invariants for 


A 
the two quintics are equal it follows that 
een 
A2 A’ 
B 2 
and hence ee r?, 


10—2 
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Similarly 
~=r and —=7r%, 
C’ : ae 
Hence also 
Ages ee ct _-3 A; ay 
A? ts A ries fe ) A po Uh ’ 
0 1 | 2 
15 17 
A; =O A, me wale 
, > P. a 
A; AY At 


The quintic f’ may now be transformed into f by means of 


the transformation 
6 


a=ra’, 
ot 
Bar 2p’. 
131. Associated forms. If ¥,, y, is a pair of variables 
cogredient with w,, z,; then the two forms 
n= (ry), E=Az""dy 
are invariantive. Now regard w for the moment as a constant, 
and the two equations just written down as equations of linear 
transformation to transform from the variables y,, y, to new 
variables £, ». The variables of the transformed form are co- 
variants, hence its coefficients are invariants—or to be more 
accurate covariants, for they contain w but not y. Let us proceed 
exactly as in § 6. 


The determinant of transformation is 


; ie (En) = az" =f. 
From the identity 
(En) by = (bn) & — (bE) n 
we obtain the transformed quantic 
(En)” i aa (bn)” &n —n (bn)? (bE) E>. n OE gd, (I). 
Let us calculate the coefficients of the transformed form for 
the case of the quintic. 


(bn)? = 6,5 =f, 
(bn)* (bE) = b,4 (ba) ag* = 0, 
(by)* (bE)? = b,3 (ba) ag! (ba’) a’ A=4H . f, 
(67)° (bE) = bz? (ba) (ba’) (ba”) aes a’ ga"! 
= $6,? (ba) a,'a'2a",? (ba P a",? + (ba”)? a2 — (aa? b,?} 
=—t.f—4H . (ba) bAa;=—t.f, 
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(bn) (bE)* = bz (ba) (ba) (ba”’) (ba’”’) agta'sa” ssa”! 
=(b0) (00) (00 Oph da A g26d oP 
— £1. (ba) (ba!) bya" 
= (ba’)? (ba)? b,a',° a, .f?-4 Hf 
2p 
=hif?—2HeS 
(bE)> = (ba) (ba’) (ba’’) (ba’”’) (ba) agta' gta’ gta” ai¥ 44 
= (ba’) (bay? (ba") a’,Para' yf? + HY. 
Now ((ba)? (ba’) b,.a,2a',?, f) 
= } (ba)? (bay? {(be) az'a'g? + 8 (ac) by ag? a2? + 3 (a'c) by aFa',?} Cx! 
= (ba)? (ba’)? (be) aia? 043 Ca! 
+ (ab) (ba’y aa’? 
= (ba)? (ba’)? (bc) az? a'x Ca! + 3 (ab) {(a’'b) az + (a’a) bz} a'gt . f 
= (ba)? (ba? (bc) az a’? Cx! +8. (Ff, t) ff. 
But the transvectant 
((ba) (ba' beasta's A)=QH A= LYS 
Hence (bay (ba') (bal’) a,Fa' Peg! 
= ty 
(bg) =— (J, i). f+ Hy. 
The transformation is then 
Se Fy) = B+ SHE 4? + 10689? 
+5.(SP- ZH) ott (LO fi Ho ot 


Now let ®(y) be any covariant of f(y), then when the above 
transformation is made, the coefficients of f(y) are replaced by 
the corresponding coefficients of the powers and products of &, 
in the expression on the left. Let ® thus transformed become 
®’ (€, 7), then ® is equal to ® divided by a power of f the 
determinant of transformation; thus 


aC a 


and therefore 
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This equation is an identity. We may replace in it y by 2; 
when this is done, & becomes f and 7 becomes zero, hence 


®'(f, 9) 

@ (x2) = vs : 
Hence any covariant of the quintic is equal to its leading 
coefficient, when the original coefficients of the quintic are replaced 


by the corresponding coefficients in the form (I), divided by some 
power of f. 


From this we see that all covariants of the quintic may be 
expressed rationally in terms of the covariants f, H, 1, t, (f, 2), 
in such a way that f alone occurs in the denominator. Such a 
system of covariants in terms of which all covariants of a system 
may be algebraically expressed is called a system of associated 
forms. We have confined ourselves to the case of the quintic, the 
results obtained are however true in general. The coefficients of 
the transformed quantic may always be expressed as rational 
integral functions of f, the covariants of degree 2, and the Jacobians 
of these latter with f. And this is in fact the simplest system of 
associated forms. 


The matter will be found fully discussed in Clebsch, Bindren 
Formen, ch. vil. The student who requires further information 
on the subject of typical representation will find it in the chapter 
just quoted and the two succeeding chapters of Clebsch’s book. 


The reduction of the quintic to a sum of three fifth powers will 
be discussed in Ch. XI, and so nothing need be said on the subject 
here, especially since it concerns the non-symbolical treatment of 
the subject rather than the symbolical treatment. The special 
canonical forms to which the quintic may be reduced, when one 
or other of its invariants vanishes, will be found in Prof. Elliott’s 


Algebra of Quantics. 


For a symbolical treatment of the subject the student is 
referred to Gordan’s Invartantentheorte, or Clebsch, Bindren Formen, 


§§ 9396. 


132. The Sextic. The difficulty in obtaining the complete 
irreducible system of concomitants of a binary form increases very 
much with the order. The system for the sextic is obtained here ; 
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it affords examples of a method of reduction applicable to forms 
of a higher order, but not required when dealing with the quintic. 


The arrangement in systems of forms whose grade does not 
exceed a certain number is followed as before. 


The system A, contains only f; B, contains only 
(AS) = 4. 


The system A, consists of 


SJ, A, (f, H) =. 
For B, we must take the complete system of 
way] 


Now 7 is a quartic, and its complete system is 
tet) ENS A) 0, (Cr tien Wty 
To find the system A, we must take the transvectants of 
powers and products of forms of A, with powers and products of 
forms of B,. 
Now the form (if)’ can be shewn to vanish, for 
(of )? = (ab) (bc)? (ac) az Cz? 
= — 1(ab) (bc) (ca) [(ab)’ (bc) ag 6x3 + (bc)* (ca) bya? 
+ (ca) (ab) crbz*] 
= 1(ab) (bc) (ca) [(ab)* cz* + (bc)* ag + (ca)! bz], 


on using Stroh’s series 


(fF). 


‘Las | 
But (ab)° (be) (ca) c,* = 0, 
since it changes sign when a and 0 are interchanged. 
Hence (if) =0. 


The quadratic covariant (if)* is of great importance; it is 
usually denoted by the symbol 1. 


If any covariant can be expressed as a symbolical product in 
which the factor (ia)? appears, it can be expressed as a sum of 
transvectants of / with other forms. For such a covariant 


= ((ta)? t,a,3, D/P + & ((ta)* az’, B’)? 
a= 5, (1, 8s 
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Again 
A= (4, 7P = (Ga) (abe bsit+ x (ab) . 2, 
And 
((ta)? %zA%, b,°)® = £ (ca)? bz? {(ab)® tz + 3 (aby? (2b) az} 
= (2a)* (ab)? tz ba? + 3 (1a) (ab)? b,', 
but Gay ta, = 0; 
hence (1a)? (ab)? t2b,3 = — ¢ (ia)! (ab)? by§ = -— 3 (YY. 
Now since a and b are equivalent symbols 
(1a) (ab) tgbs’ = — } (ab)* tz? (ay? bx? + (ta) (0D) Az be + (tb)? a7} 
= — 3 (1a) (ab)*727b,? + $ (ab)®. 7, 
and therefore A=4(/f) mod. (ab)’. 
Thus every form of B, except 7 and the invariant (7, 7)4 
= 0 modd. (za), (ab)’. 
133. We shall first find the system which is relatively 
complete with respect to the moduli (az)! and (ab)° (§ 107, Cor. IT.). 
This is obtained by taking the transvectants of powers of 2, with 


powers and products of forms of the system A,. Let us call this 
the system C. 


First consider the forms | 
(us, £8). 
We have (i, f), (1, 7). Every other one of these forms 


= 0 mod. (za)', 
Next consider forms 


(Cad a May 
We retain only (7, H), for (4, H)’ contains the term 
(1a)? (ab)? 0g? a? bes 
this can (§ 63) be linearly expressed in terms of covariants 
(ia) ag?bz°, (1b) bPax®, (va) (ab) txaz*b,’, 
(2b) (ab) 2.6,7a,°, (ab)*a,7b, 18 
Hence (, HP =r? + wl .f. 
The form (7, H)* contains the term 


(ca)? (ab)? 1,02 bz! 
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and the form (7, H)* contains the term 
(aa)* (ab)? bz4 ; 
hence these may both be rejected. 
All other forms (1%, H*)Y contain a term having a factor (7H). 


No one of the forms (7%, t*)Y need be retained, for if y = 1, the 
transvectant is the Jacobian of a Jacobian and another form and 
therefore reducible (§ 77). 


If y > 2, the transvectant always contains a term which involves 
a factor (ia)* or a factor (7a), and therefore which 


= 0 mod. (az)*. 
If y= 2, the transvectant (7, t)? contains the term 
(OH) (Hf) ta? Haifa? 
=((t, H), f) mod. (iH)? 
=X.) fF)” mod: (az)? 
=z (2, f) mod. (az). 
The general transvectant 
(a, ff? Hyt?)s 
may be treated in the same way. If ¢>2, the transvectant 


contains a term which 
=0 mod. (av)‘ 


And if ¢ }2, it is certainly reducible, except for the cases 


already discussed. 


The system C' then contains the forms 
J 1,440, (69, (BG 0, Fo. 


134. To find the system A, we must now take all possible 
transvectants of powers and products of the system C, with powers 
and products of the complete system of J. 


Now J is a quadratic, its complete system must then consist of 
L, (l, Uy. 
The invariant (J, /)? is the same as an invariant already found, 
Viz. : 


(i, At =4 (2, (f1")* mod. (ab)® 
= (ll)? mod. (ab)*. 
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Since J is a quadratic and all the covariants of C are of even 
degree, we need only consider the transvectants of powers of 1 
with each form separately. 


The forms 
LS), GFP=24, AFR GAY ESL GLY 
are all irreducible; so also is 
(l, H). 
The covariant (J, H)? contains the term 
(la)? (ab)? a,7b,4 = (1, Ff), f 
=2((, 1) 7) 
=A (Hw Paya. + (2, a)ef. 
But the term 
(4 Way 7,704 
is linearly expressible in terms of the covariants (§ 63) 
(ay as, CY (Ca) teas, Cay a 4%, 4; 
COBY GUIs Oe, (CO Og te 
each of which is reducible. 
Hence | (, ZY =r, (ye + rok. 


Now, if B>2 
(is, HP 


=((l, HY, Pt = (ii) & $04 (li, LP, 
hence these transvectants are all reducible. 
The covariant (J, t) is reducible, § 77. 


The covariant (J, t)? contains the term 


((d, i) aye 
and is therefore reducible. 
The covariant, 8 > 2, 
Ce te = ((, ty; [o-1 B—2 
and is reducible. 
Hence all the covariants 
(i, t)P 


are reducible. 
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The covariants (; 2), (1, 473. (@, 1 
are irreducible ; but 
(2, tt = (P, (ab) ag?bg?) 
=((, f%, A) mod. (aby 
= 4((¢, 2)?, (¢, 4)?)* mod. (ab), 
which is reducible when considered as an invariant of the 
quartic 2. 


The form (J, (f, 2)) is reducible, § 77 ; 
(1, (f, 2)? contains the term 

(Lf D=A Y= 2; 
(1, (f, 2)? contains the reducible term 


1 SY %)- 
Similarly CEO EEO 
may be reduced. 
The forms 


AMS Amy, G4 OP 
are however irreducible. 
The form (J, (f, 2)*) is not reducible. 
Now (l, (Ff, 2)*)? contains the term 


(GF, Oy = 2 (A= Fay. 
(see § 89). 


Hence (J+, (f, 2)’)* is reducible when BS 2, for this 
se CGAY a) im 
=4(m)t U2, ah 7 + A (EPP. 
Lastly (J, (,, 2)) is reducible by § 77. | 
(J, (H, 2)) contains a term 
((l, H)?, 1) =r, (w)t (f, 2) + Ae (lt, 2) 
and Uris 1) PB 2, 


ee = (2%, (L, (4, 1))’)? 
which is reducible. 
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Thus the system A, contains the forms of the system ( 

together with J, (J, 1)’ and 
GA) GLY ESLY EPA ECLY BLY, 
(1,7), 6%9, YEO GAY (EA OY 
CA OY AA OY GS Y)- 

The system B, contains only the invariant (f, f)*; we merely 
add this to the Bysi As, and the result is the complete system 
TOrue vag 9 YL. Loan 6 {5% PO L< 296 

We append the following ie giving the ae irreducible 


concomitants of the sextic. Guat dr whch 
ind 4 ife ted P-L Obl fam 0 nih oor frrdg 
Pe ores bani a 4 ‘ coprk cs + “ak 
Order Sylwte Heys b ask 29°77 
Eres 0 2 4 6 8 10 12 
1 f 
220 PM Cpr a (f, fst GIY=L 
3 (f, tal (fF, 1 (4% Gf, H)=t 
4 (2, z) CA ener) (H, 7) 
5 Go | GD (H, 1) 
6 || Ge (Cao 
ai (4 PY | ZG PP 
8 Gee 
9 ((f,2), Py 
10 Pe 7, CP 
12 (FH), &)° 
15 |I((f, 2), 28 
297 Sleek Lo prs A tb Q) onrin. whey 


Ex. (i). Pore that if the eee a, of a ane iis aeapedly ata 
to zero, then also 


B=0, y=0, 6=0, $=0, (pr)=0, M=0, N=0, R=, 
BizAr, (B-§A%)j=0, Bf+hjr=0. 
Ex. (ii). In the last example either 
j=0 or B=3 A’. 


134] THE QUINTIC 157 


Prove that in the former case every covariant vanishes with the excep- 


tion of 
: f, Hy 4,6, (0,4; 
and that these are connected by the relations 
AH+4=0, 
At+4i? (fi)=0, 
2((f P+ H?+f2A =0. 
Ex. (iii). Prove that if a vanishes identically and 7 is not zero, then 
B=%A*, t=%At, A (Aft y)=0. 
The latter result gives an alternative, but if 
Af= —35¥, 
then Aj=12 (Yj, 1° =2 Aj. 
Hence in either case since j is other than zero, 
Az=0, B=0, C=0. 


Shew further that 7 is a perfect cube: that it is a factor of f: that 7 is a 
factor of 7: that p is a perfect fourth power, having 7 for a factor: and that 
p is a factor of A. 


Ex. (iv). Ifall the invariants of.a quintic vanish shew that a must vanish 
and that 7 must be a perfect cube and a factor of f. 


Ex. (v). Ibe n= (xy), é = Uae eo f= An", 
then , 
(i) n=2, ; 
- FFI Q=E+FMAS YP ne 
apa; 
f? My)=O4+3 HEn? t+ tr’. 
(ili) n=4, . 


FoF (MH + BHO? + 4&3 + (S iS | H?) i 
(iv) n=6, 


fo. fly=b+e Hn? + 20t&n? + 15 GJ i) en! 


+6 (ff Ho eps (4 fH inp 4B 28 + 1002) 
(Clebsch). 


[The student, who wishes for information concerning special quintics— 
when some of the invariants vanish—is referred to Clebsch, Bindren Formen, 
ch. viz, and to Elliott, Algebra of Quantics, ch. xi11.] 


CHAPTER VIII. 
SIMULTANEOUS SYSTEMS. 


135. Iv was proved in Chap. vi. § 103, that if S,, S, be any 
two finite and complete systems of forms, then the system S 
formed by taking transvectants of powers and products of powers 
of forms of S, with powers and products of powers of forms of S, 
is both finite and complete. If S,, S, be the complete systems for 
any two binary forms f,, 72; then S is the complete system of 
concomitants for the forms f,, 7, taken simultaneously; for S is 
complete and contains both f, and f,. Hence the complete 
irreducible system of concomitants of a pair of binary forms is 
finite. 


136. To make the matter clearer, let us briefly recapitulate 
the argument. 


(i) Any concomitant of the simultaneous system can be 
expressed as a sum of symbolical products; the factors in which 
are all of the following types 


(DY (OC) (0G a2 cee 
where letters of the Roman alphabet refer to the quantic 7,, and 
letters of the Greek alphabet to the quantic f.. 


(ii) Any concomitant of the simultaneous system can be 
expressed linearly in terms of transvectants of products of forms 
belonging to the complete system for f,, with products of forms 
belonging to the complete system for /.. 


For any symbolical product in which the letters are partly 
Roman and partly Greek is a term of a transvectant (U, V), where 
U is a product containing only Roman letters and V a product 
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containing only Greek letters. But by §51 any term of the 
transvectant (U, V) is equal to 


(CU, Veten(G, VV), 


where U, V are obtained by convolution from U, V respectively ; 
A is numerical and p’ is less than p. 


Now U, U are covariants of jf, and hence may be expressed as a 
sum of products of the irreducible forms of f,; similarly V, V may 
be expressed as a sum of products of the irreducible forms of f. 


Hence the theorem is true for any symbolical product, the 
letters of which refer some to f, and some to f,: and therefore it is 
true for any concomitant of the simultaneous system. 


(iii) The system of transvectants (U, V)?, where U is a 
product of concomitants of f, and V a product of the concomitants 
of f,, is both finite and complete. This was proved in § 103. 


137. The complete irreducible system of concomitants of a 
finite number of quantics is finite. 


The proof of this theorem is inductive. Let us suppose that it 
has been proved that the complete system of concomitants of any 
n quantics is finite. 


Consider a set of n+ 1 quantics, 


Tis laser 


The n quantics f, fi, ... fn possess, by hypothesis, a finite system 
of concomitants which may be called S,. The single form f,., 
also possesses a finite system of concomitants, which may be called 
S,. The complete system, S, of concomitants of the n +1 quantics 
is obtained by combining S, with 8,. And since the systems 
S, and S, are both finite and complete, it follows that the complete 
system S is finite. Hence if the complete system of concomitants 
of any n quantics is finite then that for any n+ 1 quantics is also 
finite. But the complete system for any one or any two quantics 
is finite. Hence the complete system of concomitants for any 
finite number of quantics is finite. 


We proceed to find the complete systems, in a few of the 
simpler cases. 
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138. Linear form and quadratic. The complete system 
of concomitants of a quadratic f consists simply of the quadratic 
itself and the invariant (f, /)’. 


Thus the system S, is 
I (A FPH=D. 


The system S,—of the linear form /—is simply l. 
The combined system S is obtained by taking all possible 


transvectants, 
CReDe et)’. 
But unless 8 =0, this is equal to 
DE CTH Lye, 
and is certainly reducible. 
Again (fs, I = (fs, BP. 1-8 


which is reducible unless y = 6. 
Further (/%, /°)® contains a term 
CM eG ea Us) 
and is reducible if 6 > 2. 


The system S then consists of 
LWA, LAY, 6 


138 4. Linear form and any finite system. Let the finite 
system referred to be denoted by S,. The system 8, consists 
simply of the linear form J. 


Let the system S, consist of the forms C,, C,, ... O, which are 
Of OLMeES Sy.G35 5. SN 


Then we have to consider all possible transvectants 
(CnC ... Chea, Py. 


If B>vy this transvectant contains a factor J, and is therefore 
reducible. It may then be supposed that 


B=y¥. 


Let us suppose that «+0; then if y>s, the transvectant 
contains the terms 


(C,, Bre (Cis, Cert Ci, Lee. 
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and is reducible. If y +s, it contains the term 
(Ci, WY. Cy Cyr... Cyr... C4, 
and is therefore reducible. 
Hence the system S contains the forms 
Cry Og, ne Oy 20s (CL WY; 
yee Oe es Spy 


T= Ne ene Ns 
and these forms only. 


Ex. Prove that the complete system for a linear form /, and a given 
finite system of forms, consists of the linear form, the given system, and the 
forms obtained by operating with powers of 


é é 
(bea *aa) 


on the members of the given system. 


139. Two quadratics. Let f,, f, be the two quadratics. 
We have to combine the two systems S,, S,, where S, consists of 


Sia Io Jo. = Us 
jh; (fr, joy = Dp. 


Since D, and D, are invariants, they give rise to no new forms. 
Hence we have only to consider transvectants 


ht, SP” 
The only irreducible transvectants which can be obtained are 
Jn=(h; fr); 
and Ds= hy Fy. 
The required system is then 
Fitihsst Lia ig) Das) Dix: 


and S, consists of 


139 4. Any number of quadratics. Consider first three 
quadratics f,, fo, fs. To obtain their simultaneous system we 
combine the system S, for f,, f, with the system S, for jj. 


Leaving invariants out of account we must consider all 


ee Ho, Ie) 


G. & Y. lial 


transvectants 
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Since all the forms are quadratics the only irreducible trans- 
vectants obtainable are 


(fo Ss)» (fe fs), Sia, Ja) 
(fy fas (Sr Sa) Sr» fa)” 


Of these (J, f;) is reducible, for it is the Jacobian of a Jacobian 
and another form. 


The rest are 
Js) Jo; Dg, Dig, 
and another invariant which may be called 
Eiys. 


The complete system for the three quadratics is then seen 
to be 


Ts Sa» fs» J, Sis; Jo, D,, D,, D,, Dg, Dag, Ds, Ey. 


There is only one form of a new kind, and this is an invariant. 
Hence in forming the system for four quadratics, we shall not 
meet with any new kind of concomitant. And in fact it is easy 
to see that every irreducible concomitant in the system for any 
number of quadratics belongs to one or other of the types 


Lee rs. 
1398. It is easy to obtain the syzygies between the forms of 
the last paragraph. First J;, is a Jacobian, and therefore, § 78 
ZJ*%9= — D, fi? — Dr fo + 2D fife eres oeeeoees Ch): 
It will be convenient to use the notation . 
f= Gy is = 0 ir ee 
Then as in § 77 we obtain 
2d J = '2 (ab) a,b, (cd) code 
= (ac)? (ad)? Dyer 
(OG) (0d tao 
Cz ae 0 
=—Dyfifi—Dufi fst Dufotst+ Do fifi eeeeee (2). 
By replacing f, by 7,, a syzygy for 2J,,J3, is obtained. 
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Again Eo; = — (ab) (bc) (ca), 
hence, as in § 77, 
ZF 5. Lig=| (ade (aer (aff? 


| bd be? FY 
(cd) (ce? (of 


=| Dis Dys Dy¢ 
Dene OED cA Fosa (3). 
Dy Dy, Daeg 


From this may be obtained syzygies for 
2B 5, 2H. Bra, 2B. Ls 
Similarly, the syzygy 


2 ErosJ 4s = Dy, Dys A 
Du Ds; Ta 
Deg Dass Is 


may be obtained, and other particular cases may be deduced. 


Again Gk? ChG OR  Ohe 
Dt Ose One Os 
Co ro Ose Ge 


Git sd de OF ae 
for the last column of this determinant is a sum of multiples of 
the first three columns. 
But it has been shewn, § 77, that 
Ei3 = — (ab) (bc) (ca) =| a? Md, ae? 
b? bb, 6, 
Cee Ci Cs me Cs 


F Boas — fo Liss + fplin — frre = ee cccccccoce (5). 


If in the above determinant the elements of the last column 
are replaced by (ae)?, (be)*, (ce)’, (de)? respectively, another 
syzygy is obtained, 


Dip Hp — Va ligt Digtia = Dyfi = Oo 6 1. c050s (6). 


Hence 
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In § 77, it was proved that 
(ae? (af (ag (ahy 
Ce Pie See LOC ne ee (7) 
(cet. (of 2. (eg? ch? 
(de? (df (dg (dh) 


Similarly we obtain the syzygies 


| Ds Dis Dy; i 
iD Ds 2 
Rae ile a, Pr (8), 
| Dy aS Ds; Ss 
Dy, Dig IDs Ss 
and 
Dy Di Dy; hi 
Dee D, 2 
Bs J ee (9). 
es 1B Pe Ds Ss 
ti SIs ts 0 


Every kind of syzygy which occurs in the irreducible system 
of concomitants for any number of quadratics has now been 
obtained. 

-Ex. (i). Shew that the last three syzygies just written down are not 
independent of those which come before, but may be obtained from them 
on multiplying by forms of the types # and J. 

Ex. (ii). Obtain the syzygies (1), (2), (5) by means of Stroh’s method. 

Ex. (iii). Obtain (4) from (3), and (6) from (5) by transvection. 


140. Quadratic and cubic. Let ¢ be the quadratic and 
f the cubic. Then we have to combine the systems of forms 8S, 
and S,; where S, contains 


b (b bP=D, 


and S, contains 
I ESA eG y= T (h, Hye 
All transvectants 
(bt DF, fYHeT <A) 
must be considered. Any transvectant for which either 8 or 7 is 
other than zero is obviously reducible, it may then be supposed 


that 
B=0h7= 0. 
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Again both ¢ and H are quadratics, hence if 8 is not zero 
and €>2 the transvectant contains the reducible term 


(g, HY (ge, PHOTO. 
We have then only to discuss the transvectants 
(?, H), (¢ Hy, (6% rT). 
Of the transvectants 
(p%, SY, 
all contain reducible terms except 
Gly Gry ge fi XY. 
Now since, by § 91, 
T? =— 4(H* + Af’), 
those transvectants for which e>1 are all reducible. “Hence of 


the transvectants 
(Ores 


all are reducible except 
(o, Ty, (¢*, TY, 
for (, T) is reducible by § 77. 
The only other irreducible transvectant is readily seen to be 
(¢°, fT. 
The simultaneous system for the quadratic ¢ and the cubic f 
then consists of: 


five invariants 

D, A, (6 HY, (6% 7), (BFL; 
four linear covariants 

(SY GFP (TP, (bP; 
three quadratic covariants 


pe (G, 1); 
three cubic covariants 
Jin ts 4D, 7). 


141. Quadratic and any system of forms. Let the system 
of forms referred to be denoted by S,, the system S, for the 
quadratic f consists of 


fh Da SY. 
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The invariants of both systems may be left out of account as 
they produce no new forms. 


All possible transvectants 
U=(P, fy 
must be discussed, where P is a product of the forms 


OF, Age vale 
of the system Sj. 


If p<2r—1, U contains the term 


UGE Gos 


and is therefore reducible. Since p cannot be greater than 2r we 
may confine ourselves to the cases 


p=2r, 2r—1. 


“ 
If P be a product of two factors one of which is of even order, 


then U is reducible. 
For let P = P,P,, where P, is of order 2¢, then 
CE sae 
(Pia een) eae, 


and is in consequence reducible. 


contains the term 


Also if P is of order > p, and is a product of two factors, U is 
reducible. By what we have just proved, if one of the factors of 
P is of even order U is reducible; let then, P= P,P, where P, is 
of order 2¢,+1 and P, of order 2t,+1, then 


(P,P,, fee 


contains the term 
GEse fish ; GE. Y hdaea ene 
since p < 24+ 2t,+2, and therefore p —2t, < 2t,+ 2. 


Thus U must always be reducible except when P consists of 
a single term C; or when P consists of a product of two terms 
C;, CG; each of which is of odd order, their total order being p = 2r, 
so that 


U=(CG;, fry 
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Thus the irreducible forms belong to three classes: 
GQ) Cf 
Gu) (C, 7", 
(uit) (C;C;, f”)”, 
where C; is of order 2¢+1, and C; of order 2r —2¢—1; this latter 
class furnishes invariants only. 


It has not been proved that all transvectants belonging to 
these three classes are irreducible; on the contrary we proceed to 
examine a case in which certain of the transvectants thus retained 
are reducible. 

142. Let O be a Jacobian =(C;, Om). 

(1) Let C= o2", Ci = eh 

f= a, = b2 Le C= (pw) Opry 

Then the form OSS a) oe 
is reducible. For if 27 >2o0+4+27r—1, this transvectant vanishes ; 
and if 2r <2o+27—1 it contains the term 
(PY) (Pa) dara ( Gb”)? (Pb)? ... (Pb P 


(Are (1) y (re (2) yp =k (yro”-A-» ¥ oer Oe Ap aT taker 
But 


(Px) (Pa) dae = 3 [—(ar)ba? + (PW )'aa? + (Pa)yra*). 
And hence the term written down is 
Oe a hay et pg ee (Net) 
where 7 is a term of ((C), C,)?, f7 7)". 
(ui) If C= $2", Cn = v2, 
then the transvectant 
Coos 
vanishes if 2r>20+4+27, and if 2r<20+2r7 it contains the 
reducible term 
(Pr) (Pa) arta (Pb™)? ... (PLY 
(pet)? (gro toma yp, ariaharty, 
We are left with the case 
Qr = 2o + 27. 
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(111) ike C, = det Oe = ath; 

then the transvectant 

(0, fy 
vanishes if 27 >2o0+27r+1, and contains a reducible term if 
Qr<2o+27; but not if 2r= 20 + 2r. 

Hence: “The transvectant (O, f"y" ws reducible, if C is a 
Jacobian, except when one at least of the forms of which C is 
composed is of odd order, and the order of C itself is equal to 2r 
or 2r—1.” 


143. Quadratic and Quartic. The simultaneous system of 
irreducible concomitants when the ground-forms are a quadratic 
and a quartic may now be written down. 


The complete system for the quartic ¢ is known to be 


d, H =(¢, p), T =(¢, ff), v= (¢, $)', j=(A, p)*. 
Since there are no forms here of odd order, there can arise 
no irreducible concomitants belonging to the third of the three 
classes mentioned above. The simultaneous forms are 


dS) GLY LY (Ob 1% 
CHEF sc CLE Ve CHa hn CH aia)e 
OO AUN he & 
It follows from the theorem of § 142 that the forms (7’, /), 
(T, f?)°, (T, f°)® are reducible, 7’ being a Jacobian. 


To complete the simultaneous system we must take into 
account the forms which belong to the quartic and quadratic 
separately; thus in all we have 18 concomitants. 


Ex. Prove that all the forms of the complete system for the two co- 
variants 7 and 7 of a binary quintic f, considered as separate quantics, are 
irreducible when considered as concomitants of the quintic ; with the single 
exception of one invariant of degree 18 in the coefficients of f. 


CHAPTER IX. 
HILBERT’S THEOREM, 


Hilbert's Proof of Gordan’s Theorem. 


144. WE shall now give another proof of Gordan’s theorem 
that the irreducible system of invariants and covariants of any 
number of binary forms is finite. The method, which is due to 
Hilbert*, is of more general application than that of Gordan, 
inasmuch as with slight and non-essential modifications it applies 
to forms with any number of variables; on the other hand, unlike 
Gordan’s process it gives practically no information as to the 
actual determination of the finite system whose existence it 
establishes, in other words it proves that the problem always has 
a solution, while the other method, although only proving this for 
binary forms, gives much information as to the nature of the 
solution. 


In the exposition of Hilbert’s proof we shall confine ourselves 
to binary forms, and to save trouble we shall deal with pure 
invariants only; inasmuch as the complete system of invariants 
and covariants of any number of forms is really equivalent to the 
system of invariants of the set of forms obtained by adjoining an 
arbitrary linear form to the original set, the proof for invariants 
is sufficient for the most general case. Cf. § 139. 


145. The proof may conveniently be divided into two parts 
of the following purport. 
I. Proof of the fact that any invariant I of the system may 
be written im the form 
l=A,I,+Al,+...+ Anln, 


* Math. Ann. xxxvi1. Story, Math. Ann, xu. 
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where I,, I,...In are a finite number of fixed invariants of the 
system, and the A’s while not necessarily invariants are integral 
Junctions of the coefficients. 


II. The application to both sides of the equation just given 
of a differential operator which leaves an invariant unaltered except 
for a numerical multiplier, and changes a term 


AR? 
into one of the form J,I,, where J, ws an invariant. 


As a result of I. and II. any invariant may be obtained in 
the form . 
, LJ, + Ladot ... + Ind n- 
- Then by applying the same argument to the J’s and so on it 
follows at once that the Z’s form the complete system. 


146. Asa matter of fact the result I. is a particular case of a 
much more general proposition which we shall first enunciate, 
then illustrate, and finally prove. 


THEOREM. If a homogeneous function of any number of variables 
be formed according to any definite laws, then, although there may 
be an infinite number of functions F satisfying the conditions laid 
down, nevertheless a finite number F,, F,, ... F, can always be 
chosen so that any other F can be written in the form 


FH=A,F\4+ A,F,+...4+4,f,, 
where the A’s are homogeneous integral functions of the variables 
but do not necessarily satisfy the conditions for the F’s. 


Suppose for example that we have three variables «, y, z which 
we take to represent coordinates and that #’"=0 represents a curve 
through the point y=0, z=0 (this being the law according to 
which F' is formed), then F may be written in the form 


yP + 2Q, 


as follows at once since the highest power of « must be wanting — 
in the equation; y=0, z=0 being two curves of the system, this 
is the application of the theorem to this case. 


As another example, if the curve pass through all the vertices 
of the fundamental triangle its equation may be written 


y2zP + 2aQ + acyR=0, 
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where P, Q, R are integral functions of the coordinates, and 
here yz=0 etc. are curves of the system. 

Again, we have the famous theorem that the equation of any 
curve through all the points common to ¢=0 and y~=0 may be 
written 

Ap+By=0. 

In each of these cases it will be noted that the system of 
forms Ff), F,,... Fis determined; in the general case it is not 
actually determined, the essential point being that it is finite and 
that the A’s are integral functions. 

To establish the theorem in its general form we first remark 
that it is manifestly true when there is only one variable a, 
because in this case each F consists of a power of w and therefore 
all the F’s are divisible by that which is of lowest degree; thus 
there is only one form in the system Ff), F,, ... F,. 


We now assume that the theorem is true when there are n— 1 
variables and deduce that it is true when there are n variables. 


Let 2, %,...%, be the variables and first suppose that the 
system contains a form H of order 7 in which the coefficient of x,” 
does not vanish. Then we can divide any form in which «, occurs 
to a power equal to or greater than r by H without introducing 
coefficients fractional in the w’s, and we can continue the process 
until the remainder contains no power of z, higher than the 
(r—1)th. 

Hence we can write any form of the system thus 

F=HP + Mz,’"4+N, 
where P is the quotient, M is a function of a, 2, ... na, 
and JV is a function of the variables but of degree r—2 at the 
most in Zp. 

Now the functions M are formed according to definite laws if 
the F’s are, because each M is deduced from the corresponding F 
by a definite process, and as they only contain »—1 variables the 
theorem is true by hypothesis for them. 

Accordingly we can choose a finite number of M’s, say M,, 
M,,... My, such that any other may be written in the form 


M = BM, + B.M,+...+B,M,, 


where the B’s are integral functions of 7, %, ...&p—. 
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But since 
of tM=F-HP-—N, 2,7%°M,=F,—HP,-—WN,, etc., 
we have 
F-HP-—N=B,(F,—HP,-N,)+ 8, (F,-— HP,—N,2)+... 
+B,(F,- HP;,,—N;,), 
or ; 
F=H(P—B,P,— B,P,—...—B,P,)+ Bk, +...+ BF, 
+N —B,N,—...—B,N;. 
Now the part of the right-hand side which does not contain 
one of the forms as a factor consists of B’s and N’s and there- | 
fore only contains x, to the power r—2 at most. Hence we may 
write 


F=HQ,+B,F,4+ BoF.+...+B, Fi, + Ma? +N, 


and now M" is a function of a, %,...%,— formed according to 
definite laws and NV" is of order r—3 at most in ap. 


Thus we can write Ff’ as the sum of a finite number of terms 
each containing a form of the system for factor together with 
expressions of order 7— 2 at most in the last variable. 


Then applying precisely the same argument to the M’s as we 
applied to the M’s we see that by adding a finite number of 
F’s to 

Holy Fae deg 


we can reduce the order of the remaining portion in a, to r—3. 


Proceeding in this way and adding only a finite number of 
F’s at each step we can finally write # in the form 


HQ,+O, FP, +O, Fo t+...+ Cm fn t+ UM, 


where M" only involves 2, @,...@,-, and in the nature of things 
is formed according to definite laws. Hence applying the same 
process to the MJ”’s as we applied to the M’s we finally have # 
in the form 

A, PF, + AF,+...+ Ass, 
where the F’s include H and the number s is finite. 


Consequently if the theorem be true for n—1 variables it is 
true for n, but it is true for one variable, therefore by induction 
it is true universally. 
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We have now to remove the limitation imposed above, viz., that 
there exists a form of the system in which the coefficient of the 
highest power of #, is not zero. 


If there is no such form among the F’s let F be one of the 

forms and apply to all a linear substitution 
Ly = Ong Yy + Ayo Yo + +++ Aen Yns T=, 2,...7. 

Suppose that F;(x) becomes G;(y), then the coefficient of the 
highest power of y, in Gis FP; (dyn; Gon, «++ Gyn), aud therefore unless 
F, is identically zero we can choose the linear substitution so that 
this coefficient is not zero*. Hence the theorem is true for the 
forms G in the variables y, and therefore by changing the variables 
back again from y to w we see that it is true for the F’s. 

Q. E. D. 


147. Returning now to the consideration of invariants it is 
clear that such an expression regarded as a homogeneous function 
of the coefficients of the forms is formed according to definite laws ; 
hence, if J be any invariant of the system, we have 


L=A,1,+ Aol, +... t+ Anta, 

where J,, J,,... ,are n fixed invariants and the A’s are homogeneous 
integral functions of the coefficients but not necessarily invariants. 
As to the functions A a simple remark may be added. All that 
is asserted in the general statement of the foregoing theorem is 
that they are homogeneous in all the coefficients, but an invariant 
is homogeneous in each set of coefficients involved taken separately, 
and consequently since J and J, are homogeneous in each set of 
coefficients, A,, is also homogeneous in each set. That this is so 
could of course be seen in the proof of the general theorem because 
at no point of the investigation is the homogeneity disturbed. 


148. We now come to the second part of the proof, but before 
proceeding with it we must prove a necessary lemma on the 
properties of the operator © so often used in the course of this work. 


If P be a function of &, &, m, 7. which is homogeneous and of 
order X in &,, &, and homogeneous and of order « in m, 72, then 


OQ” (D"P) = C,D"—" P + CO, D>" O (P) +... + Cn DX (P), 


* We assume here that unless a form vanishes identically values of the 
variables can be found for which it is not zero. It is easy to give a formal proof 
of this theorem. Cf. Weber’s Algebra, Vol. 1. p. 457. 


174 THE ALGEBRA OF INVARIANTS [CH. IX 


where D= &,n,—&7,, m and n are positive integers and the C’s 
are either zero or constant. 


The result can be readily proved by induction, for we have 
OQ (DP) 


Sp OP ey ee aP a 
Ons 0€, 


oP 
A aT YD ER pe een fee 
0&,0n» ( é 0&, _ Om 0&,0n, 
and by Euler’s theorem for homogeneous functions the right-hand 


side becomes 
(A+ e+ 2) P+ DOP. 


Now in this result change P into D”“P so that \ and p are 
increased by n—1, and we have 


O,(D" P) =(A+ w+ 2n) D™™ P + DO (D" P). 
Hence 
| DQ (DP) = (A+ p+ 2n—2) DAP + DO (DP), 
D?Q. (D*?P) = (n+ w+ 2n — 4) D™P + D°O, (DP), 


Se i ee ee ers 


DQ (D?P)=(A4+ p+ 4) DP + D0, (DP), 
D0, (DP) =(\ + p+ 2) D* > P + D"0 (P). 
By adding these results together we obtain 
O.(D*P) = {n(Qa+p)-+n(n4 1} DP + DO (P), Fe 
which establishes the result when m= 1 for all values of n. 
Assume that the result is true for any value of m so that 
O™(D*P) = C,D"—™ P + C,D-™.0, (P) +... + Om DOO (P), 
then operating again with 0 we have 
Om (Dn P) = "3" 0,0 {DOr (Py, 
But uh 


@ Dee) 
=(n-m+r)(A+y+n—mM4+r41) DMAP + Pr-mIr GQ Ch): 


a P ; 
Kher ce Hn HE Ay A> m FE 


+ 
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and changing P into 2”(P) so that 2, ~ are each diminished by 7, 
we deduce 

K@) Oe Qr (P)} 

=(n—m+r)\A+p—r—m+n4+1) D-™2 C7 (P) + D-™ 0741 (P) 
= A, Drm Qr ( i) + Dr-mtr Qrn Pp 

when 2, is numerical. 


Thus we have 


own (D"P) m se (Oe ve Ces) Dre-mtr Qr Ci) 
ra} 


o/ 


in other words, if the result be true for mm it is true for m +1, for 
the right-hand side is of the stipulated form. Hence by induction 
the theorem is true universally. 
Ex. Prove that fy 
ny, a hp } n i = Fis = n! (Atp+tn+1—r)! rM—m+trgor . ed 
el) A le a(n Ems rare ES 2 ae 


Cor. It clearly follows that if in the formal statement any 
exponent of D on the right-hand side be negative the corresponding 
coefficient C is zero because only integral functions can appear in 
the process. 


149. With the aid of the above lemma the proof of Gordan’s 
theorem may be easily completed. 


For the sake of convenience we shall regard 2, a as the 
variables in the fundamental binary forms, despite the fact that 
in the general theorem proved above they play the réle that the 
coefficients do in the remaining portion of the investigation. 


Suppose the variables are changed by the linear transformation 
m= 2,0 + ™ X> ) 
Ly = Ey, + Ny Ly J : 
then an invariant J of the forms becomes (&n) J. 


Further we have 
l= Ast, + A,l,t+... Aa a 


and an invariant J,, on the right becomes 


(Emir Lm. 
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We now write down the identity which is the transformation of 
EA, Als ean as 


v.e. the same identity for the transformed quantics; we suppose 
a coefficient A,, written in symbolical letters entirely, so that it is 
the sum of a number of terms each of which contains only factors 
of the types a; and a,, where a is a symbol belonging to one of the 
quantics. 


If after transformation A,, become B,, we have 
I (&n) = * By (En)*™ Lin 


and the equation shews at once that B,, is of order w~— fm in both 
— and ». 
Now operate on both sides of this identity with 
0? 0? we 
ee re 
0€,0n. 0&,0m 


The left-hand side becomes a numerical multiple of J, viz. 
(«4 +1)(w})?J, and on the right-hand side we have 


Qe ((En)Ym Bin} Lm 
= In {Co( Ente” Bin + Cy (En mT OBn + ... + Oy (En OP Brn} 
by the lemma, since J,, does not involve € or 7. 
But if ~ — bm = v, then 
Pm — Py Bm — +1, 06 bn — w+ (v — 1) 
are all negative. 


Consequently 
Cy, Gi, ... Gar 


are all zero. 


Again B,, 1s of order w — fm =v in both & and n, 


hence OF CB) Ou (Bm), 263 (Bry) 
are all zero, and the effect of the operator on 
(&7)t" Bin 


therefore reduces to a single term, namely 


0,0” (By). 
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Now B,, is the sum of a number of terms each containing 
v factors of the type ag and r factors of the type a,, hence bya 
fundamental theorem, 
OQ” (Bn) 


is an invariant of the system. 


Therefore after operating with O# on both sides of the equation 
we are left with 


C,. i 
l= Jer, where es RELL) (al)? ie (Bm) 


and is an invariant. 


Since J,, is an invariant we can express it also as the sum 
of a number of terms each containing an J,, as a factor, hence by 
continual reduction we can ultimately express J as a rational 
integral function of J,, J,,...Im, that is to say, these invariants 
constitute a complete system and, as we have seen, their number is 
finite ; Gordan’s theorem is thus completely established. 


150. Syzygies between the irreducible invariants. 


Examples of relations between the members of an irreducible 
system of invariants or covariants have already been given, and 
in fact a very large number were obtained for the quintic. 


It can be deduced from Hilbert’s Lemma that the system 
of syzygies is finite, that is to say if S=0 be any syzygy we can 
find a finite number of syzygies 

S,=0, W022. 5,50, 
such that S=C,8,+06,8,+...+C,8,, 


where (,,...C, are invariants. 


If there be such a relation, then of course all other syzygies are 
necessary consequences of 


and these constitute the finite system. 

The proof is very simple. Let J, J2,...Im be the members 
of the irreducible system of invariants, then S is a function of 
I,, I,,...Im formed according to the law that it must vanish 


when for the Z’s we substitute their actual values in terms of the 
coefficients. 


G. & ¥. ' i, 
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Hence we have 
S=C,8,4+ ¢,8,4+...+C,8,, 


where S,=0, etc. are a finite number of syzygies and the C’s, 
being functions. of the J’s, are invariants. (Cf. § 127.) 


151. Gordan’s Proof of Hilbert’s Lemma. 


Many versions have been given of the fundamental lemma of 
Hilbert on functions formed according to given laws, but the 
majority of them do not differ materially from the original proof 
due to Hilbert. Nevertheless Gordan has recently given a 
demonstration* which is so interesting and depends on such 
simple principles that we cannot refrain from giving an account 
of it here. We shall state it in the form of two theorems. 


Theorem I, . Jf a simple product of positive integral powers 


of n letters 
Gee oe 


be formed in such a way that the exponents k,, ky, ...k, satisfy 
certain prescribed conditions, then, although the number of products 
satisfying the conditions may be infinite, yet a finte number of them 
can be chosen so that every other 1s divisible by one at leust of this 
finite number. 


To illustrate the scope of this theorem take the case of 
products of three letters and suppose the conditions are 


k, = 0 (mod. 3), 
kp—ks=7, 
The simple products satisfying the conditions are 
GP APOE 5c 
ABORT Oe EB AD IDS eset 
and it is evident that all such products are divisible by a,',’. 
Again, suppose the sole condition is 


k, —k,+k;>0; 
the products are 


Dy, Heyy Dy", Uy’, {Hz 5  yWy, Ty HyWy, My Ls", Ty, ... 
and all the products are divisible by a, or a. 


* Liowville’s Journal, 1900, 
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Other examples could be given, but the above will suffice to 
shew the nature of the theorem which we now proceed to prove. 


If n=1 the truth of the theorem is evident because all the 
products are powers of a single letter and are therefore divisible 
by that having the least exponent. 


We shall now assume that the result is true for n—1 letters 
and prove that it is true for n letters. 


Let Le Nowra gi Pies 
be a definite product P satisfying the given conditions and let 
Eg i eer a 
be a typical product XK of the system. 


If K be not divisible by P one of the k’s must be less than the 
corresponding a. 


Suppose that 4, <a,, then, consistently with this, &, must have 
one of the values 
Onl 2.3. a. — 1. 


Hence if K be not divisible by P one of a number 


a,+d,+...+4,=N contingencies arises, viz. 
either 
k, has one of the values 0, 1, 2,...a,—1, 


or k, has one of the values 0, 1, 2,...a,—1, ete. 


Suppose that k,=m, and that this is the pth of the possible 
cases ; then the remaining exponents fy, ky, ...4,4, kp41 ... ky satisfy 
definite conditions which are obtained by making k,=m in the 
original conditions. 


Let EW on Poe oo ae 


be a product of the system for which k, =m and write 
Key Se Ka: 


Then K’, contains only n — 1 letters and the exponents satisfy 
definite conditions, and when these are satisfied the exponents of 
K, satisfy the original conditions. Hence by hypothesis a finite 
number of products of the type K’, can be found such that every 
other such product is divisible by one at least of these. 


12—2 
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Denote this finite system by 
diy Ua, 00s Lay 
so that RS is divisible by one at least of the L’s. 
Thus K,=2,"K’, is divisible by one at least of the products 
(Maced DA GALA DBRRE RY Desc 


which all belong to the original system of products because every 
L belongs to the subsidiary system. 


Denote these latter products by 
MM ls 


then in the pth of the N possible contingencies K is divisible by 


one of the products 
Mo) MoO. wil, 2) 


Now one of these V contingencies certainly does arise when K 
is not divisible by P, and hence K must be divisible by one of the 
products 

MM ch Oi Me ae tL eects a ass 
or else by P. 


The exponents of the J’s all satisfy the prescribed conditions 
and they are finite in number, hence if the theorem be true for 
n—1 letters it is true for n letters, but it is true for one letter and 
hence by induction it is true universally. 


152. Theorem II. [fasystem of homogeneous forms be con- 
structed according to given laws, then a finite number of definite 
forms of the system can be chosen such that every other form of the 
system is an aggregate of terms each of which involves one of the finite 


number of forms as a factor, and the coefficients are integral in the 
variables. (Hilbert’s Lemma.) 


Suppose in fact that 2, 7,...#, are the variables and that ¢ is 
a typical form of the system. Now construct an auxiliary system 
of functions 7 of the same variables according to the law that a 
function is an 7 function when it can be written in the form 


n= Ad, 


the A’s being integral functions of the variables which make the 


151-152] HILBERT’S THEOREM 181 


right-hand side homogeneous, but otherwise unrestricted except 
that the number of terms on the right-hand side must be finite. 


The class of functions is infinitely more comprehensive 
than the class ¢, and it possesses the important property that a 
function of the form {Bn which is homogeneous in the variables 
is also an 7 function. 


Now in examining the functions 7 we arrange the terms of one 
of them of order r in such a way that 2,” comes first and, generally, 
a term 

Sie ae, 
comes before a term 
T= GaP). 0°, 
when the first of the quantities 
a,—b,, d,—by,... a, —b, 
which does not vanish is positive. 


In such a case we say that the term S is simpler than the 
term 7’ and 7’ is more complex than S, so that any function 7 is 
arranged with its terms in ascending order of complexity. Now 
the functions 7 being formed according to fixed laws, their first 
terms satisfy given conditions relating to the exponents, and 
hence by Theorem I. a finite number of 7's, say m, 2,-..,), can be 
chosen such that the first term of any other 7 is divisible by the 
first term of one of these. 


Take any function 7 of the auxiliary system, and suppose its 
first term is divisible by the first term of m»,, and that P, is the 
quotient. 


Then »—Pinm, 18 an 7 function with a more complex first 
term than 7 because 7 and Pym, have the same first term; if we 
denote this new function by 7" we have 

7=Py 9m, +0". 


Next, if the first term of 7” be divisible by that of nm, we 


have 
n Q) — Lain Je n (2) | 


and the first term of 7° is more complex than that of 9"). 
Continuing this process of reduction we find 


qn") = P,nm, +7 and so on. 
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Now the first terms of 


a a) SRE a 


are in ascending order of complexity, and hence the time must 
come when there is no 7 function of the same order as 7 with 
a more complex first term than 7"); in that case we have 


7°) = Pris Mme 
Hence 
Ue Pym, a Ponm, ee 2 a linea 


where the 7’s on the right-hand side are all members of the finite 
system 7, Mo, +++ Np- 


Now the » system includes all the ¢’s, moreover each 7 
contains only a finite number of ¢’s and hence every ¢$ can be 
expressed in the form 


A,g,+ Ardot+ ...+A,¢,, 


where ¢,, ¢»,..., are the ¢’s contained in the expression for 
1, No, +++ N, and the A’s are integral functions of the variables. 


153. Remark. If all the conditions satisfied by h,, ky, ... ky 
in Theorem I. be linear homogeneous equations, then the theorem 
establishes the existence of a finite number of solutions by means 
of which any other solution can be reduced. The difference of 
two solutions being now a solution, it follows that by continual 
reduction we can express all solutions of the linear equations in 
terms of a finite number—this is the result otherwise proved 


in § "97. 


* The 7’s.on the right being members of a finite system are finite in number; 
hence even though the number of steps in the reduction be infinite, there can 
only be a finite number of terms on the right-hand side. The same 7 may of course 
occur in more than one term, but in that case we should add all such terms 
together. 


CHAPTER X. 
THE GEOMETRICAL INTERPRETATION OF BINARY FORMS. 


154. GIVEN two points of reference A, B on any straight 
line, the position of any other point P may be determined by the 


SecA Ee 
— value of the ratio PB of the 
distances of P from A and B. A 
convention as regards sign is necessary to complete the definition ; 
it is convenient to regard the ratio as positive if P lie between A 
and B, otherwise as negative. 


When a binary form of order n is equated to zero, the ratio = 
2 


may have any one of n values. These determine points on the 


straight line AB, such that the ratio nae for each of these points 


is equal to one of the roots of the equation for >. The coordi- 
2 


nates (z,, #) then define the position of P on the straight line by 
means of the equation 


AP _% 
PET Se 
It is found advisable, as will be evident immediately, to define 
the position of the point P whose coordinates are (#, 2) by 
means of the equation 


where 2 is a fixed numerical multiplier. 

A further convention will be useful, viz. the positive direction 
of measurement from A is towards B and that from B is 
towards A. 
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To find the distance between (a, 2) and (y%, Y2), in terms of 
the length | of AB. 


Denoting the two points by P and Q, we have 
AT 2 Ee alee 
My ly ay +a, ay +H,” 


and similarly 
a 
Y2 i + Yo 
Hence 
B. —— B pai = L, CWA ae Yo) = Y2 (Aa, 4. Lo) 
PQ=(P QB)=1 (Ay, + Yo) (Aa, + Lp) 
_ __—M (ya) 
(Aya + Yo) (Aa + %p) 


155. Let us consider the effect of a change in the points of 
reference. Let the new points of reference A’, B’ in terms of the 
original system of coordinates be (&, &), (m, 72); if the new 
multiplier be « and (X,, X,) be the new coordinates of P, then 


x, _ AP 
Xie ePBe 
X,_ (wf) mt 


Hence aE be NEES GRE) 


The change in coordinates is thus equivalent to the linear 
transformation 


X, = p, (78), 

X= po (x), 
1 AM + No 
h ee peal 
ean pr AB +E, 


156. A linear transformation 
x, = &,X,4+X,, 
Ly = FX, + .X2, 
may be regarded geometrically from two different points of view : 


(i) As changing the points of reference and the constant 
multiplier, but leaving the other points on the straight line in 
their original position. 


(ii) If the points of reference are regarded as fixed, the 
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transformation alters the positions of all the points defined by the 
algebraic forms under discussion. 


Consider the first of these points of view. When 2,=0, 
the point P(a,, #,) coincides with one of the points of reference 
A. Similarly, if z,=0, P coincides with B. Hence to find the 
new points of reference in the original system of coordinates, it is 
only necessary to write X,=0, and X,=0. We obtain them at 
once as (7, 72) and (&, &). 


The distances of P from these new points of reference A’, 
B’ are 


(Am, + aq) (Am + Ne) (Ax, + 22) Qn + M2)’ 
avs » (Ex) = (En) X, 


‘Qn +a) Ag, +&,) (Aw, + &) (AE, +E)” 


The ratio of these distances is 


Ae er ca 
Vases mn, + 2 ie 
sae ie A) : 
Hence the new multiplier is Mee, and the coordinates 
1 2 


(X,, X,) define the same point as that defined by the coordinates 
(a, 2). It should be observed that the sign of the expression 


rn 
ait Mud ba Xt = 1s positive if X lie between A’ and B’, otherwise it is 
Am + 12 YX, 


negative. 
Ex. (i). Shew that by properly choosing quantities a,, a, the distance 


between the points (%,, % 2), (Y1, ¥2) may be written a i: And that in 
(a) 


this case the constant multiplier after transformation becomes Gi = 


Ans. . a,=— x a= yA 


Ex. (ii). The point (a,, a) of the last example is the point at infinity on 
the range. 


When an invariant of a binary quantic is zero, there exists 
some relation between its roots which is unaffected by any linear 
transformation. Hence when the binary quantic is regarded 
as the analytical expression of n points on a range, the vanishing 
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of an invariant is the condition that there may be some definite 
geometrical relation between the points, independent of the points 
of reference and of the constant multiplier. 


For example if two of the points coincide an invariant—the 
discriminant—vanishes. Again, as will be shewn later, if four 
points on a straight line which form a harmonic range are 
represented analytically by a quartic, then the invariant 7 of that 
quartic is zero. 


157. In the second point of view stated in the last paragraph, 
the points of reference and multiplier are regarded as fixed, the 
point P takes a new position P’ given by the coordinates 


(X,, 45). 


Let the points Q, R, S, viz. (1, Y2), (41, 22), (Wi, W2) become 
Oe a0. 


(y®) 
Then PQ= Oy S55 RAE 
and (yx) = (En) (YX). 
aes PQ. RS RS _ (y@) (wz) 


PS. RQ~ (wa) (yz) 
OPS GeA em aba sh 
TOA WY Zw PSO. 

PO aon 
PS RO 
of the four points P, Q, R, S; it is usually denoted by {PQRS}*. 
The result just proved may be written 


{PQRS} = (P’Q'R'S}. 


The expression is called the cross (or anharmonic) ratio 


* By rearranging the letters P, Q, R, S we obtain 24 such cross-ratios. It is 
easy to see, however, that only six of these are different. Then if \, u, y are written 
for the three products PQ. RS, PR. SQ, PS. QR, the six different cross-ratios are 


v r 


be 
jae po No Ne re a 


Since the four points are collinear, 

PQ.RS + PR.SQ+PS.QR=0 
or A+put+v=0; 
by means of this relation all six cross-ratios of four points may be expressed in 
terms of one of them. This mode of presenting the subject is due to Mr R. R. 
Webb, At tw wm Ki: Hace Vie : fC ¢1€90) 


; 
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That is, the cross-ratio of four points on the range is unaltered by 
any linear transformation. Hence the transformed range is homo- 
graphic with the original range. 


Further any range homographic with the original range may 
be obtained. from it by a linear transformation. To prove this, it 
is only necessary to prove that the coefficients of transformation 
may be so chosen that three non-coincident points P, Q, R of the 
original range are changed to any three non-coincident points 
P’, Q, FR’ chosen at random on the straight line. For when 
P’, Q, Rf are known, the point S’ of the transformed range 
corresponding to S is given by 


{P’Q'R’S'} = {PQRS}*. 


Let us suppose then that the values of the ratios ae a A 
X>5 1 gs 2 
are given. 
.¢ D.¢: 
Then n= (fF +m) vG% 2,= (fy +m) XxX, 
2 2 
Xx, 
Ly E, xe +m 
and ee ees 
* ba +n. 
oY. Ne 
: X12, EG 2, ac 
or bos eS UKE cto ae Te 
Sis Ya Nn Y, yn 
S k ] . mee ae are =0Q 
imilarly &, Ae E rag 
hy & Z, By i 
and SY plery AIS g APL we et 


We have three equations to determine the ratios of the 
coefficients &, &, m, no. 

These ratios are thus determined uniquely. 

Hence a range of points on a straight line may be transformed 
into any other range homographic with itself by a linear transfor- 
mation. 

If an invariant of a binary quantic representing a range of n 
points is zero, these points must possess some special property, 


* This must give a unique position for S’ since it is equivalent to a linear 
relation between its coordinates. 


® 
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which is also a property of all ranges homographic with the 
original range. Such a property is said to be projective, and 
thus the vanishing of an invariant must be the condition for the 
existence of some projective property of the points which the 
quantic represents. 


Conversely, if a system of n points on a straight line possesses 
some projective property, there will exist a corresponding 
analytical relation between the coefficients of the quantic repre- 
sented by these points, which is unaltered by any linear 
transformation. It does not necessarily follow that the condition 
is represented by the vanishing of an invariant; it sometimes 
happens that a projective property necessitates the vanishing of 
all the coefficients of a covariant. 


Again a covariant of a quantic will define a certain number of 
points on the straight line. These points are related to the 
original points of the range in the same way as their homo- 
logues are related to the homologues of the original points on 
a homographic range. It is usual to denote this by saying 
that the points are projectively related to the points of the 
original range. 


158. <A binary form is homogeneous in two variables, we are 
then—in such forms—only concerned with the ratio of the 
variables. Let f(a, 2.) be any binary form of order n, then the 


equation 
SF (&1, %) = 9 
defines n values of the ratio ae Hence in any geometrical figure 
2 


in which the geometric element is completely defined in position 
by a single parameter, the form f(a, #,) may be considered as 
defining n of these elements. For example a point which lies on 
a unicursal curve is such an element. Ifa, y, z are its Cartesian 
coordinates, it is well known that we may express a, y, z as 
rational algebraic functions of a single parameter. Again the 
tangent to a fixed unicursal curve may be taken to be the element, 
Or else the element might be the osculating plane of a twisted 
unicursal curve. 


Now the two simplest figures of the kind, are a range of 
points on a fixed straight line, and a pencil of straight lines 
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passing through a fixed point and lying in a fixed plane. We 
may deduce the properties of the latter from the former. For if 
any straight line be drawn to cut the pencil there is a one-to-one 
correspondence between the points on the range thus formed and 
the rays of the pencil. In fact any ray of the pencil may be 
defined by the coordinates (z,, #,) of the point in which it 
intersects the straight line. With this definition it appears that 
everything that has been said for the range applies equally well 
to the pencil. 


159. <A binary form may be expressed as a product of n linear 
factors. A covariant of the binary form is necessarily a covariant 
of the system of linear forms of which it is a product. Thus let 


Oe (xa")) (ax) ereie (ax) Solesieieisveteracenerctecicre (1), 


7 ®) 
2, & ; 
* ~—,... are the roots of the equation a,” =0. 


where Zz? 2,0)” 
Any invariant may be written in the form 
(eee) ee!) a. (PG) oe eons (II), 
since it is an invariant of the linear forms (zv")), (wz) .... 


The coefficients of the quantic are given in terms of the roots 
by equating the different powers of «in (I). Two things are at 
once apparent. 


(i) The coefficients are symmetric functions of the quantities 
Eh 


(ii) The coefficients are functions homogeneous and linear in 
each of the n sets of variables 2,", a; 2,2, #93... a,™, 2. 


It follows that any function of the coefficients must, when ex- 
pressed in terms of the quantities 2"), «® ..., be symmetrical in 
them. And further such a function must be homogeneous and 
of the same order in each of the sets of variables z,%, a," ;.. 
a,™, 6 

Hence in the expression for an invariant (II) it is necessary 
that 

Oy + Og +... + On =p, 
Ag + Ay, + eo + Gon =P, 


where p is a quantity which is the same for each term of the sum 
representing the invariant. 
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Let 7 be any one term of this sum, then let 
ve > (ae )Pe (@ Pas ae (a ® )P28 : 


Then Bis te Bys Ona ath fone = 0, 
Ba + Bos + oh Bon = 0: 


he : 
We are going to prove that pis a function of anharmonic 


ratios of the roots. It will be assumed that when the number of 
quantities 2”, #® .., is less than n, then the term 


(ce) Px (@ 2) Pas det (a2 ap P28 
where =hir=0, >So =0, 
7 e 
may be expressed as a function of the anharmonic ratios. 


Now the ratio 


(1) (2) (4) p(t 
{a gp) gold gp} —_ (@%ae ) (a a! ) 


a (ax) (aa) ° 


Hence 


(4) p(t 
(a2) = (2x) (2 4) )) il 


“(2 n)° {ar a) a) a } x 


On replacing (72) wherever possible by the value just 
found 
(a) Pz (wp) Pas ti (a g® 2s ae 
becomes 


(a p0)Pr2 + Bia * --. PQ=PQ, 
where P is a function of anharmonic ratios, and Q is of the form 
(agp) P28 (gp g:(0) P24 
where > Bar =0, > Bsr = 0. 
The theorem has been assumed true for Q, hence with this 


assumption it is true when there are n quantities 2”, #®,.... If 
there are only three quantities, then 


Bw - Bas = 0, 
Bu oF Bos = 0, 
Ba ar Boo = 0, 


and Bw =0= Bos oe Bas 
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Hence it is true when there are 4 quantities z, and therefore 
also when there are 5, and so on universally. Thus, any invariant 
of a binary form ws the numerator of a rational function of the 
anharmonic ratios of the roots. If the invariant contains only 
one term, there is an apparent exception. The invariant equated 
to zero then represents the condition for the equality of a pair of 
roots, it can only be the discriminant. 


160. So far our remarks have been confined to the case of a 
single quantic; a slight alteration in the wording of the previous 
paragraphs is all that is necessary to make them applicable to 
any system of binary forms. Each binary form of a system is 
geometrically represented by a set of points on a range, or of 
rays of a pencil. Points belonging to the same quantic must be 
regarded as indistinguishable from one another. Thus if we have 
a set of n points on a straight line, we may regard them as given 
by a single quantic of order n; by two quantics of orders 7 and 
n—r respectively, or even by » separate linear forms. 

Now let two of these points coincide; then, if the n points are 
regarded as a single quantic, the discriminant is zero; but there 
is nothing to tell us which roots coincide. We may regard the 
m points as two quantics, in this case either the discriminant of 
one of the quantics or else the resultant of the two is zero. 


161. We shall now discuss the geometrical representation of 
the invariants and covariants of the binary forms of lowest order. 


A quadratic has only one invariant, this vanishes when the 
points representing the quadratic are coincident; it is the dis- 
criminant. 


A pair of quadratics a,”, b,? have a simultaneous invariant 
(ab)’. 

Then if 2”, #® are the roots of a,? and y™, y® those of b,?, 
(aby = (ay) (ay) =$ [Cay) (oy) + (ey) (aly) 

If (ab? =0, it follows that 

(wy) (ey) 
(xy?) (ay) he 
Hence the pair of points y®, y® is harmonic with the pair 


), aw, 
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The quadratics have a covariant, their Jacobian, 3 = (ab) ay by. 
Now (ad)*=0, (6S)? =0, 
hence S represents,the pair of points which is at the same time 
harmonic with a,2 and with b,?. In other words $ represents the 
pair of double points of the involution defined by the two pairs 
Ay’, By. 
The discriminant of $ is 
(33') = ¥ ((aa’y (bb’? — [(abyF} ; 
if this is zero, S is a perfect square; the double points of the 
involution coincide. Hence, as may be verified either geometrically 
or algebraically, one of each of the pairs a,’, b,* coincides with the 
point represented by S, and the other two points may be anywhere 
on the range. Thus a,’, b,” have in this case a common point; 
hence (98’)? may be taken to be the resultant of the two 
quadratics. If there are more than two quadratics, there is only 
one more type of concomitant to be discussed ; viz. the invariant 
(ab) (bc) (ca). 
This is equal to — (8, c,z*)*. 
If this is zero then the pair of points S is harmonic with the 
pair c,”. Hence 
(ab) (bc) (ca) =0 
represents the condition that the three pairs of points a,?, b,’, c,? 
should be pairs in involution. 
To find the anharmonic ratio of the four points defined by 
a, b,?, we have 
(2% y®) (@®@y®) + (ay) (ey) = (aby, 
(ay) (ay) may (ay?) (ay) = (2% x?) (yy) 
= V(aa’y. V(bb’)?. 
Hence 
2 (wy) (ay) = (ab) + V(aa’y. (bb’y, 
2 (cy!) (uly) = (ab)? Maal? (OB'Y, 
and therefore 
(7% y") (ay) 
{ey Ma 2y)} = (ay) (ggyB) 
2 (ab)? + V(aa’)?. (bb'? 
(ab — Waa’. WY 
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Denoting the cae EEOnAE ratio by p, and squaring, this equation 
becomes 


D?(p-1)'=D.D" (p+1y, 


D? + DD” 
p?— 2p Fa Dp7+1=9 


where D=(ad'p, D’ =(ab), D’ =(bb'y. 


or 


The two values of p correspond to the two anharmonic ratios 
{aM y™ 2) ye) } and {ae y®) 2) y 


If $=0, then the two quadratics are such that one is a 
multiple of the other. This is merely a particular case of the 
general property of the Jacobian; it 1s not necessary to do more 
than mention 1t here. 


162. When a range possesses geometrical peculiarities which 
are unaffected by projection, there exist analytical relations of 
an invariant nature among the coefficients of the corresponding 
binary form ; but it must not be supposed that these relations can 
always be expressed in terms of the pure invariants of the form. 
If there is only one such relation 


a=); 


which expresses the necessary and sufficient condition that the 
range may possess a certain projective property, then it will be 
found that A is an invariant, for it 1s unaltered by lnear trans- 
formation. On the other hand, when the condition is expressed 
by a set of algebraical relations 


FEC time 


A, B,... will not, in general, be invariants. Thus the condition 
that a binary form of order n may be a perfect nth power is that 
all the coefficients of its Hessian vanish*. 


163. The Cubic. Any three collinear non-coincident points 
can be projected into any other three collinear non-coincident 
points; it is not to be expected then, that the geometry of a 
binary cubic will be of much interest from a projective point of 
view. But in respect of the associated points furnished by covariants, 
the geometry of the binary cubic is highly interesting. 


* See later, Chap. x1. 
G. & Y. 13 
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The single invariant A is its discriminant and 
A=0 
is the necessary and sufficient condition that two of the three 
points represented by the cubic should coincide. 
If all three points coincide, then A, H and ¢ are all identically 
zero, as may be easily verified ; but 
H=0 


represents the necessary and sufficient condition *. 


164. Let us consider the pencil 


: Kf + At = fer, 

where « and X are new constants which determine the particular 
members of the pencil of cubics. Then f,,, represents three points, 
which are called’a triad; by varying « and 2 a pencil of triads is 
obtained. The covariants of f,,, will be denoted by the symbols 
F.y5 t,x» Mea. These may be at once calculated; the following 
table, most of the results of which are proved in Chap. v., will be 
found useful for this purpose. 


Transvectant 
Index|) (£7) | KH) | KF) |(%H)| HO | GO 
Tel ito t 43H2| © |—dbaf 0 
2 tal 0 0 A 0 sAH 
3 0 A 0 


The fundamental forms, it will be remembered, are connected 


by one syzygy, 
e?=—4{H?+Af*t. 


To obtain H,. we have 

yn = (Kf + rt, wf + AtP 
Off) +r (f th +m (6, #) 
= (x? +} Ad) H. 


* Chap. x1. 
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Hence, if we use the notation 
@ =(«? +4 Ad’), 
do Ol: 
In the same way, we obtain 
be, A = (Fis Hes) =0 Ofer Hf) 
=O(«t-—4 AS) 


00 = .08 
ms == 
$0 (0S): 
And lastly A, = @'A. 


It is worth noticing that if we introduce the arguments «, X 
of © as suffixes, thus 
@,. =K? + 4 DANN 
the syzygy may be written 
H? = =~ 20;, t 


165. Consider the relation 
H?=—2 (+4 A/7"), 
if any pair of the three forms 
Spce vt 


have a common factor, then all three must have this factor. Let 
us suppose that such a factor exists, and let us change the variables 
so that the common factor is z,. Then fis of the form 


(0, @1, de, A, 1, 42), 


and the coefficient of #2 in H is —a,?; hence if a, is a factor of 
H, we must have a,=0. This means that f has a double factor, 


and therefore 

A= 0. 
The syzygy then becomes 
; H? = — 2#, 


whence it is easy to deduce that H is a perfect square and ta 
perfect cube. In fact if 


SF = 070, 
’ then Nahe NT. Weip ee A=0, 
where _A=— 2[(G6)P. 


13— 


bo 
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166. It will now be supposed that 74, H, ¢ have no common 
factor. The syzygy may be written 


B= —2(¢+fa/ 9) aN =r 


hence if £, 7 are the factors of H, so determined that 
H ar 2En, 


= 
we may take 26° = (i+ nee ; 


and a= (1-4/9), 


LEB 
and therefore a/ a * f= B= 79%, 
t= EF + 7°. 
Hence also 


Jabs, a 20En. 


It is at once apparent that the only members of the pencil 
which possess double factors are & and 7°. 


Let P,, P,, P,; be the three points determined by any one 
member of the pencil, and A, B the two points determined by 
the Hessian (which are the same for every member of the pencil). 
Then if w be a cube root of unity, the points P,, P,, P; correspond 
to linear forms 

E—an, E— wan, € — wan. 

The ranges 

AMP SRE ears 
Ah Ean eB 
ALP Ewa es 


are projective. A set of points such as P,, P,, P, are said to be 
cyclically projective. 
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The simplest way to find the anharmonic ratio {A P,P,P;} is 
to transform the variables to &, 7. This transformation may be 
regarded as merely changing the points of reference, and the 
constant multiplier. Then 


(—a)(—@*a+aa) _ 
(—@’a)(—a+oa) 


PA EPSP —@={AP,P,P;} ={A PPP}. 

Hence the range formed by a triad and one of its Hessian 
points is equianharmonic. The six distinct cross ratios of such a 
range are each —@ or —w 


167. The Quartic. Just as in the case of the cubic we 
considered a pencil of cubics stead of the single one, so here we 
shall find it convenient to consider the pencil 

Fexa=Kf+rH, 

instead of the single quartic f Each member of the pencil will 
define four points, one of these pots may be chosen at will on 
the range considered, but when this is done the ratio «:2 is 
fixed, and the remaining three points are uniquely determined. 
The calculation of the covariants of f,,, presents no serious 
difficulty. For convenience a table of the transvectants of the 
quartic is appended; most of the calculations were effected in 
Chap. v. 


Transvectant 
eG 2) (HH) | Gay], eB CH) 
boise | ce 0 [pit -3H* Bs (if iH) 0 
2 | H | tf if-ee] 0 0 | MHf- eH? - OP 
Bf 0 | 0 | 0 aU) |hef-2iH 0 
4 z j 172 0 0 0 


The only transvectants which are not contained in this 


table are : 
(t, t =0, (, t= 0° -— 47. 


su Elijor. \2.(36 
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The syzygy between the forms is 
=— 4 (HSH +h if). 


In connection with the system for 7... the expression — 


Be ae ay 

ON K 9 KX 3 ’ 

or more briefly Q, will be found of great importance. We observe 
at once that the syzygy may be written 


20 pala? Ox, -p. 
Now 
A. = (Kf +rH, Kf +r%H) 


=H +}ierft+mw(hjf— til) 


a2 a0 
ek mo Nemes Fe 
=3(H OK oe 
a2, 20 
teas (f tH, 4H 5-4 f=] 
OO 
= 44g +2 Gq) =O 


i, r= HUF QA +NEPH=—3 (QO, OF 
rae ee: 3H, 
where Q is regarded as a binary cubic in « and 2X. 


Lastly 


) — 
Je r= 3 


ACO) 1 COUR eee eae) 
Cee, 


“/ 
168. The invariant of the cubic OQ is 
Ag = gr (? — 67’). 


This, as we proceed to shew, may be taken to be the discriminant 
of the quartic. The discriminant is the condition that the equation 


f=0 
may have a pair of equal roots. 


It is an invariant; for if the range represented by f be 
projected, the pair of coincident points project into a pair of 
coincident points. Further it is well known to be of degree 
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2(n—1) for the quantic of order n; hence it is of degree 6 for the 
quartic. It is then a linear function of 7? and ;?. 


Let us suppose that f has a double linear factor az, the 
remaining quadratic factor being p,?, and then find what relation 
exists between 2 and 7 for the quartic 


Og! = f = Az". Px’. 
In the first place 
Hf = (az. py, ae')? 
= {(aa)? p.? + (pa)?a,? + 4 (aa) (pa) de py} Ox? 


=$ (3 (aa)*p2 +3 (pa) ag? — 2 (ap)? dg?} Ag? sceeeee (1). 


But 
(aayarv=(f, ax) =§ (ap). ax”, 
(paya2=(f, pe? =$% ((ap)pe +3 (p, p)an*}- 
Therefore 
re H=— (apy ft+t(p, pPat 
Similarly 
i =(aa)?(ap} 
=((aa)de?, Px)? = [(apyp, 
j=(f D'=- hap. 
=~ gy [apy 
Therefore ; 
— 67 =0. 


Hence Ag may be taken to be the discriminant of the quartic f. 


From the above form for H, it is evident that H contains the 
factor a, twice over; hence if f contains a repeated linear factor 
then every form of the pencil «/+2H contains the same repeated 
factor. This leads us to expect that the discriminant of «f+ ~H 
is a multiple of the discriminant of f. This is so; for from the 
syzygy for the cubic we obtain 

— Ho> — 2tp? = Ag. ?, 
or (ax,a9 — de, x2) = O? ( — 64?). 


It is easy to obtain in the same way the condition that f may 
have two pairs of repeated factors. For writing as before 


SHG ade; 
t=(f, H)=4(p, pP(f, &) a’. 


we obtain 
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Now if # contains two pairs of repeated factors, (p, p)? must 
vanish, for p,? is a perfect square; hence in this case 
t=0. 
This is the necessary and sufficient condition, for if it is satisfied 
(t, '=4(RP— 7) =0, 


and we are at liberty to assume that f has one repeated factor ; 
then using the relation 


GU RRC 2) te =O 


we see that either 


(p, p?=9, 
in which case p is a perfect square; or 
(f, a)=0, 


in which case 
Dy 
This furnishes another illustration of the remarks in § 162. 


Ex. (i). Shew that the necessary and sufficient condition that f may have 


a three times repeated factor is 
pO, J=O 


Ex. (ii). There are in general three different members of the pencil fx, 
which are perfect squares. 


They are given by solving the equation 
Q=0. 


169. As has been already pointed out, the syzygy for the 
quartic may be written 


9 = — Oy». 
If m,, m,, mz; be the roots of the cubic 
OF 
then On = (« — MA) (4 — Mr) (K — M5d). 


Hence also 
2 =—(H +m f)(H+m, f)(H +m; f). 


If H and f have a common factor, by transformation this may 
be made 2. Then fis of the form 


(0, , M2, Ae, aha, Xp). 
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In order that x, may be a factor of H, we must have 
—a/’?=0. 

Hence 2,” is a factor of f; and therefore 
Ke= vi 


Excluding this exceptional case, it is evident that no pair of 
the expressions 


H+mf, H+mf, +m f 


have a common factor (7m, m2, m; are distinct) for Ag is the 
discriminant of ©. Hence the above relation shews that each 
of the expressions H + mf must be a perfect square—since ? is a 
perfect square. 


Let 
H+m,f=-— 2¢° 
H+m,f=— 2 
H +m; f = — 2x’, 
where ¢, Wy, x are binary quadratics. 
Then 
t= 2bwy. 
As an example it may be verified that for the quartic 
Ly + 6a 2702 + a9, 
H=2ax,!+2 (1 —3a?) v202 + 2ax,', 
Q=x3—(8a?2+1) cd? — 2a (1 — a?) d3, 


and that the roots of 
a2=0 


are a—1, a+1, —2a; which are identical with the values of m which make 


H+mf 
a perfect square. 


Now 
(H+mf, +m, f)=(m —m,)t 
=(— 2¢', — 2W’)=4(6, W) ov; 
putting in the value of ¢ we obtain 


2(p, v) = (Mm — m) x, 


2(W, X) = (mM2— Ms) , 
2(x, p) = (ms — 7m) p. 


Similarly 
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Now from the expression for the Jacobian of a Jacobian we 


obtain 
(d, +) Y=-8OOW xP -¥ (dx). 


Hence by repeated use of this formula 
0 = (bx) v — (Pv) x, 
(Mm, — My) (mM — Ms P 
— (a= Ma) ltt = 9) 5 = ($4) — (OX) & 


a (m, — WME — Ms) v sos (bo)? yp EB (py) dp, 


— (Mam Ms) (Oa = a) ap) — Cg) 
0 = (Wo) x — bx)’ >, 
_ (es ee —™m,) b= (Wy b — (oy 


— (ma = Ma) (a=) yn yy) = (OCH) X, 


(mz — ™,) (Ms — Mz) 


5 b = (xx)? > — (xb xX 
0 =(yh)l 6 — (xo) ¥. 


Since ¢, y, x have no common factors these equations give 
the following six relations 


(dp)? = — 3 (m — Me) (MM — Ms), (WX)? = 9, 
(py? = — (mz — ms) (M, — mM), (xP? = 9, 
(xx)? = — $ (ms — mM) (Mz — Ms), (PY)? = 0. 
The remaining invariant of these three quadratics is 


(dh) bx) (xb) = — (COV) babe X?2)° 


= —4$(m,— m). (xx)? = — $M — Mz) (My — Ms) (Ms — ). 


170. By means of the equations 
H+m,f=-— 2¢’, 
H +m, f=— 2h", 
TES tig [2 acesces seen serrate (II), 


the quartic f, or more generally «f+ 2H, may be separated into 
quadratic factors. 
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2 
Thus De sae kk 


Wr é (1 Ww? — mM5°x”), 


Mz — Msz 


oO 9 
and Kf + Wal = im {(« — Mz) x? SF (K = Ms) "} 


5 EE er ee en sues 
Ms — Ns 


The second transvectant of either of these quadratic factors 
with ¢ is zero. Hence the two points determined by ¢ are the 
harmonic conjugates of the two pairs of points represented by the 
above quadratic factors of «f+2XH. Now we have only used the 
last two of equations (II) to find the quadratic factors of «f+ rH. 
Any pair of the three equations might be taken. The three 
results represent the three ways into which the quartic «f/+AH 
may be separated into quadratic factors. Then the three quadratic 
factors of ¢ are the three pairs of points harmonically conjugate 
with respect to the four points nf+2H, when divided into two 
pairs of points. 


Now (pry =0, hx? =, (xo? =9, 


hence the pair of points ¢ is harmonically conjugate with respect 
to each of the pairs y and y. If the points «f+ H are divided 
into two pairs in any way, these pairs determine an involution, 
one of the quadratic factors of ¢ represents the pair of double 
points of the involution. The other two quadratic factors of ¢ 
represent pairs of points belonging to the involution. 


Now the points determined by ¢ are independent of « and dX, 
hence the pencil «f+ represents sets of four points such that 
when any set is separated into two pairs of points, these are pairs 
of one of three fixed involutions. 


The quartic f is arbitrary, it may represent any four points. 
Hence the pairs of double points of the three involutions deter- 
mined by four points on a line are harmonically conjugate two 
and two. 
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171. To determine the anharmonic ratio p of the four points f. 
We have obtained the quadratic factors of f, one pair is 
NRG 
The anharmonic ratio of the four points determined by a pair 
of quadratics has been obtained in § 161, as a root of the equation 
¥ De DD" 
p> — 2p D®— DD” +1=0. 


In our case 
Lh eae Wrap) 
= —$(ms — mM) (ms — M,) — $ (My — Ms) (Mz — M) 
=—4(m,—m,) = D”. 
D’ =—4(ms;— m) (mM; — m,) + $ (mM, — Ms) (Mz — M). 
: — 4). \2 Fin 2 
(m, — m,)? + (my — m,) esos 
(ms — mM) (m, — m,) 


As there are six different values for the anharmonic ratio of 
four points, a sextic for pis to be expected. This will be obtained 
by multiplying together the three equations similar to the above. 


2 


Hence p?- 


It will be more convenient to write these equations in the form 


(ms — Ms)? 
(mgs — ™,) (m, — M) 


p?—2p+1-— p=9. 


Now m,, ms, mz are the roots of the cubic 


The discriminant of this is 
(m, — My)? (My — ms)? (ms — MY? = $ (H — 67?) = A, 


the exact expression is most quickly obtained by using the 
equation of the squared differences of the cubic. 


The equation whose roots are m,—™m., M%:— M3, M3— ™, 18 
obtained thus 


= (m, — mM) = 0, 
> (ms — m) (m, — m,) = — Um? + Lm,m; 
= 32m,m,=—3 ee 


(mM, — Mz) (My — Ms) (Ms — M,) = VA. 
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Sore: a ~ 
The equationis y'—3 57 = VA = 0. 
The equation whose roots are (m, — m,.)’, ... 18 


7-8-7 = NA=0; 


2 
ws 3 
or (2— VAP =27 52. 
Meee 
But (m,—m,)?=—VAP ae 
Hence aN eee 
p 8 p 
or (1-64) ge Dal a ee se 
e p p i 
‘3 ) Die 3 
Therefore : maker se rd) 


Pee pel) 2p (pty 
EEE RIO 
(p +1)?(p— 2) (2p —1)” 
* When the quartic is not treated by the symbolical method it is usual to 
define the invariants as follows:—the quartic itself is 
S=(4, b, c, d, etry, 2»), 
I=ae —4bd + 3c?, 
I= 


* 


an Ue 
OmeCand 
Ot diere 


The invariants 7, 7 in the text above differ from these by numerical factors only. 
Thus 


t=(ab)4=2I, j= (ab)? (be)? (ca)?=60. 
In connection with the calculation of the values of invariants given symbolically 
in terms of the actual! coefficients the reader may find it interesting to discover the 
fallacy in the following :— 


j=(be)? (ca)? (ab)? 


= { (be) (ca) (ad) }? 
=|a? b2 co? a? be e2 
G,a, bby Cyeq Qa, Dybg CC 
nn ae de ae 
=| at+bt+e4 
ay? dy + dy? by + C4? Cy 
Gy? e240, 10 5? tC 205-0 


ae tree . 
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Thus the anharmonic ratio is expressed by means of a sextic 
Se : ee 
equation in terms of the absolute invariant it 


We see from this equation at a glance that if 1=0, the points 
represented by the quartic form an equianharmonic range, for then, 
p?>—p+1=0. 

Similarly if 7 = 0, the four points form a harmonic range. 


Again, if two of the points of the range are coincident, one 
value of p is unity; hence 
phe B15, 


«t 


as it should be. 


172. The anharmonic ratio for the four points 
Kf +r°~H 
may be obtained at once by writing 2, for 7, and ,,, for j. 


To determine those values of « : X for which the four points 
have any definite anharmonic ratio p; let 


Be (l= ep) 
= 4 G+ Ip 27 p= 


Then Oa ‘<6. 1), = 0, 


or 3H? + atg=0, 


this is a sextic for x: AX. 


Now He — VAIS = (AS 
Hence (a — 6) tp? = O?Ag, 
or to= +t 0 Ao - 
a—6 


The sextic thus reduces to two cubics. 
If a=6, it is easy to see that p=0,1, «, hence two points 
must coincide. In this case Q=0, and - has one of the three 


values 
M,, My, Mz. 


171-173] GEOMETRICAL INTERPRETATION OF BINARY FORMS 207 


Hence the three members of the pencil for which a =6 are 


H+m, f= ¢’, 
H+m, f=", 
H+ m far, 


shewing that if one pair of points coincide, the other pair must 
also coincide. 


If a=, the four points form a harmonic range, and tp = 0. 
There are three members of the pencil for which the range is 
harmonic. If a=0, then Hg=0; hence there are only two 
members of the pencil which form equianharmonic ranges. 


In all other cases, there are six members of the pencil having 
a definite anharmonic ratio. 


Ex. If 7,0,’ is the Hessian of the cubic a,3, prove that the quartic a,?l, 
is equianharmonic. 4 


173. Case when A,=0. The discussion was limited in § 169 
to the case when Ag is other than zero. Now Ag is the discrimi- 
nant of the quartic f, and hence when Ag vanishes, two of the 
roots of f= 0 are the same. We may, as in § 168, write 

f= On De’ 
where a,’ is the square of a linear form a,, and p,? is a quad- 
ratic. Then as before 
H = 4,7 |—§ (ap) pa’ +t (pp) a}, 
t=$ {Copy}, j=—de (ep) }* 
The invariant Ag is also the discriminant of the cubic 
oS hee) 

O= 5K — Om, 

hence, in the present case, has a repeated root. Let this be mz, 


and let the other root be m,. Then 


a 
2m. +7, = 0, m2 + 2mm, = — 3? mem, = 7 , 
Hence 
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and therefore 
H+ m,f=1(pp).az4, 
H+ m f= a" {—4 (ap) px + 5 (ppy a"). 
Again, since 
22 =—-(H+m,f)(1+ mf), 
we obtain as before 
H+m, f=— 2¢?, 
where @¢ is a quadratic. One of the factors of ¢ must be a,, and 
if the other is 8,, then 
2B. =} (apy px? — § (pp)? aa”. 
_ The value of ¢ is then seen to be 
t= 4 (pp) a2'Bx. 
174. We shall now briefly explain another interesting method 
of representing invariant properties of binary forms geometrically. 
If we put 2, =z and #,=1 throughout the work on binary 
quantics the general linear substitution may be written 
ag+b, a, 
Z=— , since z=—. 
cz +d X, 


Now put z=a#+1y, and represent z as the real point a, y 
in the Argand diagram in the usual way; then the substitution 
oo az’ +b 

ce +d 

is a point transformation. 

Unless c= 0 the relation between z and z’ may be reduced to 
the form 

(¢-4)(¢ —a) =k, 

wherein 4, a’, & are constants. 

Suppose 2, 2’, a, a’ are the points P, P’, A, A’ respectively, 
then the geometrical meaning of the above is 

AP. AP’ =mod.(h), 

and the sum of the angles that AP and A’P’ make with any 
fixed line is constant. Hence the general linear substitution is 
equivalent to an inversion together with a change of origin and a 
reflexion of inclination of the line AP with respect to a fixed line. 

If ¢ = 0 the equation can be written 


z—-B=m(z-8), 
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indicating that P’ is derived from P by turning BP through 
a fixed angle and increasing it in a given ratio, B being the point 
which represents £. 


Hence a binary form of order n represents n real points A in 
the plane, and a covariant of the form represents a group of points 
C whose relation to the points A is unaltered by a geometrical 
transformation of the types indicated. 


In particular, the relation of the points C to the points A is 
unaltered by any inversion, because in the particular case in which 
A and A’ coincide and & is real, the transformation is equivalent 
to an inversion with respect to A, and a reflexion with respect to 
the real axis through A; but the properties of the derived 
figure are evidently unaltered by a reflexion alone, and hence they 
are unaltered by an inversion alone. 


1744. Some of the simpler invariants and covariants can now 
be interpreted. 
if az?+2bz2+c=0; a’2?+2b’2+c’=0 
represent the points A, B and C, D respectively, then when 
ac’ + a’c— 2bb’=0 
A, B, C, D are four harmonic points on a circle. 


In fact on changing the origin to O, the middle point of AB, 


the first quadratic becomes 
2 ke = (); 


and if the second be (2-2) (4-2) =0, 
then since the relation is invariantive we have 
22,=h, 
therefore 0¢C.0D=047=0B8 
and OC, OD are equally inclined to OA. 
If we produce CO to D’ making OD’ = OD, we have 
OC, OD 0A= 0A OB; 
therefore CAD’B are concyclic, and by 
symmetry D is on the circle. 

Further as the pencil D’ {ACBD} is 3 
harmonic the four points AB and CD , ey 
form two harmonic pairs on the circle. Seas, 

We shall call them harmonically concyclic. D 
G. & Y. 14 
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Ex. Shew that there is one pair of points (P, P’) harmonically concyclic 
to each of two given pairs (4, B) and (C, D). 


Further if (Q, Q’) be harmonically concyclice to (A, C), (B, D) and (R, R’) 
to (A, D), (B, C), then any two of the three pairs P, P’; Q, Y'; &, # are 
harmonically coneyclic. 


175. We shall now apply the complex variable to prove 
certain properties of the foci of conics. 


If the tangential equation of a conic be 
A+ 2Him+ Bm? + 2Gl+2Fm+C=0, 


the axes of coordinates being rectangular, and a,y, be a focus, then 


the line 
x+ye= 2, + yw touches the curve. 


ie ‘ 1 
Hence the above equation is satisfied by J/= i ale - and 
1 1 


A+2Hi—-B-2(G4+f)4,4+ Cz°=0. 


we have 


Consequently the two real foci z, and z are given by the 


quadratic 
C?—2(G+ Ft) z+(A-B+2HM:)=0. 


‘Since Baas, we see that the centre is the point 
Cie 
Cor 


Again, if O be the origin and S,, S, the foci, we have 


V(A — BY + 4H? 
C 3 


so that the origin can only be a focus when A = B and H=0. 


OS; O87 = 


If a system of conics be inscribed in the same quadrilateral, 
their tangential equations are of the form 


AD +A’D’=0, 
and thus the real foci are given by the pencil of quadratics 
AS + rf’ = 0. 


All the quadratics are harmonic to the Jacobian (jf, f’), and 
accordingly we have the theorem that the real foci of any conic 
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inscribed in a quadrilateral are harmonically concyclic to a fixed 


pair of points J,, Jp. 


We leave the reader to prove that if 7,, 7, be harmonically 
concyclic to S, and S,, then the points of contact of the tangents 
drawn from 7, and 7, to any conic whose foci are S,, S, lie on 
a circle through 7, and T,. Hence if tangents 7,P,, 7,Q, be 
drawn to any one of these conics, the circles 7, P,Q, all pass 
through another fixed point. 


Thus the points J,, J, are such that if tangents be drawn from 
them to any confocal to a conic inscribed in the quadrilateral, 
then the points of contact lie on a circle through J; and J,. | 


176. The binary cubic. 
Suppose the form is 
az + 3b2? + 3cz+d=0, 
and that the points A, B, C representing it are 2%, 2, 25. 


The cubic covariant ¢ represents three points A’, B’, C’ on the 
circle ABC such that A, A’ are harmonically conjugate to B, C 
and so on. For these three points must be represented by a cubic 
covariant which is not f and therefore must be ¢. 


We have next to interpret the Hessian. 


Let H,, H, be the points representing h, and A, the roots of the 
Hessian, then we know that for real variables the range {A BCH} 
is equianharmonic, 


(2, — 22) (23 — In) _(@=- 23) (% — hy) 2 (25 — 21) (22 —y) 
i ; 


2.€. 3 


@ oO 
Hence since mod (w) = 1, we have on equating moduli 
ABA HBO. AL y=iC A. bis, 


therefore the points H,, H, are the points whose distances from the 
vertices are inversely proportional to the opposite sides. 


To construct them we draw a circle having BC for inverse 
points, and passing through A, with analogous circles for CA and 
AB, then these three circles meet in the points H, and H,. 


14—2 
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It follows in addition that H, and H, are inverse points with 
respect to the circle ABC. 


It is interesting to notice that the Hessian points of A’B’C’ 
are the same as those of ABC, a fact which gives rise to a curious 
geometrical theorem, 


Another easily proved property of the Hessian points is that 
if H,L, H,M, H,N be drawn perpendicular to the sides, then the 
triangle LMN is equilateral. 


CHAPPER XI: 


APOLARITY AND ELEMENTARY GEOMETRY 
OF RATIONAL CURVES. 


177. Two binary forms of the same order are said to be 
apolar when the joint invariant which is linear in the coefficients 
of both is zero. 

Suppose that the two forms in question are 

SE Uh,” + NADY" 1y +... + Ans” = Az", 

b = by, +d," 1g +... + Dyate™ = be", 
then the only lineo-linear invariant is 

(ab)” = aby — NAydy_y +... +(—1)"Ando 
and this vanishes when the forms are apolar. An immediate con- 
sequence is that a form of odd order is always apolar to itself. 


Thus the discussion of apolar forms may be regarded as the 
development of the theory of the simplest type of invariant ; the 
fact that each set of coefficients only occur to the first degree in 
the invariant renders such a discussion simple and accounts for 
the relative importance of the allied geometrical properties. If 
two quadratic forms are apolar they are harmonic so that we 
may regard apolarity as being, in a certain way, the generalisation 
of harmonic properties. 


The condition for apolarity may be written in other useful 
forms. 


In fact, if the linear factors of ¢ are 8,", 8,,... Bz, we have 


0= {az", pe” fs?) alee epee & = (aB")) (a8) nes (a8). 
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Again, if ¢ vanishes for the values 
H=4,", H=y™, r=, 2,... 7, 
we have as far as ratios are concerned 
By” pao he U2"), Bs” =+ y™, 
and hence the condition is 
Aya) Ay'n +++ y(n) = 9. 


This form of the condition at once shews the connection with polar 
forms ; given the form f, n —1 of the vanishing points of ¢ can be 
chosen arbitrarily and the remaining one is given by polarizing f 
with respect to each of the n—1 given values successively and 
equating the final result to zero. 


We can at once find all perfect nth powers apolar to f, for if all 
the y’s are the same we have 
Dyer 
Y ? 
so that y must be a vanishing point of f Hence f is apolar to 
the nth power of any one of its linear factors, and these determine 
the only nth powers apolar to f. 


If f be apolar to each of the forms ¢y, ¢z, ... gy it is apolar to 
Aridi + Aho +... + Axbz, Where the X’s are any constants; for 
{i Mada + Aahot «+. + Neha} =a ( Shr)" + rol fhe)” ++. + rn ( fbx)” =0, 
which establishes the result. 


This result also follows at once from the fact that the equations 
of condition are all linear. 


» Again if f be apolar to each of the (n + 1) forms 
di, do; ron bn 


then on elimination of the a’s from the equations which they 
satisfy, we find that the determinant of the coefficients of the ¢’s 
is zero; but this is precisely the condition that there should be 
an identical relation of the form 


Midi + Ashe + sw An Pry — 0) ccc ccc ccccecccccs (A), 


and hence being given n linearly independent forms apolar to f 
any other apolar form is a linear combination of these. It is easy 
to prove directly that n linearly independent forms can be found 
which are apolar to a given form of order n, and this fact will 
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appear independently from the special system of apolar forms to 
be constructed in the next article. 


178. To determine n linearly independent forms apolar to a 
given one. 


I. Suppose that the factors of the given form / are all differ- 
ent and that except for numerical multiples they are 


Gy tO) a, a ciee= ly De a a. 


then the nth power of each factor is an apolar form, and they are 
linearly independent. 


For if there be a relation of the type 
n 
Dp (4, ey + O'"7,)” = 0, 
1 


where 2, is a constant, then the (n+ 1) determinants of the array 
CAR eT A irs I hn aa A ge AIA ey pa Ss 47 
vanish identically, 


Hence the determinant 
ay yz a, esig, a, WSS Tid per a,")" 


POR e mere eeeeeer esse reesseseeeeesesesesees 


at, Le OF (n) CNet), Oy (n) ms ES APO Criaye 
Diss p= Ds, Dia, ne pe 


vanishes for all values of p, and p,. 


But this determinant being homogeneous in each set of sym- 
bols is equal to 


r=n 
+ TT (aa, —a,"a,™) IT (a, p, — ap), 
r=1 


where in the first product r and s have all the values 1, 2,...n, 
but are different. 


(r) 
Thus if we choose py, p, such that >. ete a 


Fac pL 2a ets. ty the 

2 

determinant can only vanish when for some pair of values of r and s 
Cm "a, (s) = Ay (r) a,"), 


in which case the two factors a,%a,+a,a, and a,%a,+ aa, 
only differ by a numerical multiplier, contrary to the hypothesis 
that the factors are all different. 
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Consequently the n forms 
(a, "a, + a,""4,)", r=1,2,...n, 
are linearly independent when the factors of f are all different. 


We are thus led at once to the interesting result that the 
necessary and sufficient condition that a form ¢ can be represented 
as a linear combination of the nth powers of the factors of f is that 
the two forms should be apolar—the condition is necessary, be- 
cause as each nth power is apolar to f a linear combination of them 
is also, and it is sufficient, because the nth powers are linearly 
independent in virtue of the foregoing, supposing always that f 
has no multiple factors. 


Hence reciprocally, if @ have no multiple factors, f can be ex- 
pressed as a linear combination of the nth powers of the factors 
of ¢. 

This may be regarded as the extension of the elementary 
theorem that all quadratics harmonic to az*+2bx%+c are of the 
form X(#—a)?+u(#—- 8), where a, 8 are the roots of 


ax? + 2ba+c=0. 


Il. We have still to construct the apolar system when /f has 
multiple factors. 


Suppose that f has the factor (a, + a.2,)" replacing r different 
linear factors, and that ¢ is apolar to f. Since the relation is 
invariantive, we may change the variables so that the multiple 
factor is simply «,”, and then 


Mp; Ci, Op) oO, All, vanish, 
Hence recalling the condition 
ADy — NAbn»~ t+... +(—1)"anb, = 0, 
we see that it is satisfied for any values of 


as Oia, eee On rd 


provided that all the other 0’s vanish. 
Thus fis now apolar to any form for which 


Bo, By, Be, «++ Dn 
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are all zero, that is to any form which contains the factor #,"-"". 
Among such we have the r forms 


Sa a Dilay, CPT TS 2 WA ees pat ae 


which are obviously linearly independent. 


Hence, in general, when q form has a linear factor of multi- 
plicity r it is apolar to any form containing that factor (n —r+ 1) 
times, and among these apolar forms it is possible to choose r 
which are linearly independent. If each multiple factor be 
treated in the same way we obtain in all apolar forms, viz. r 
from each factor of multiplicity r; those derived from the same 
factor are linearly independent ; it remains to shew that all the n 
forms are so independent. 


Thus for the sextic «,° (#,+ a)? 2, we have six apolar forms in 
three sets 


aS, £:°%, xx? containing the factor a,', 
By + &)Px,, (@, + x)’, containing the factor (a, + 2), 
1 2 1> 
and «,° derived from the single factor 2p. 


The forms in each set are linearly independent, but it has not 
been shewn that the different sets are independent inter se. 


The general proof that the sets so derived are independent 
presents no difficulty but is rather tedious owing to the complicated 
notation. (See Appendix II.) 


Let SHA (a + Oyo)" (Hy + Oglly)”? «2. (@, + Mpa)" , 


the a’s being all different, 7, +7.+...+7,=n, and A a constant. 
This assumes that in f the coefficient of a” is not zero, if it be 
zero we can transform f by a linear substitution into one in which 
x," actually occurs. 


A form apolar to fis 
Nie (a a OL)", 
Ox: Ox, COEN, 


OG 00? aa oda 


and 


are all apolar forms since each involves the factor (a@+a,x,)"""™. 
We shall prove that this set and the corresponding ones derived 
from the other factors are linearly independent. 
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In fact if they are not independent the determinant 


So (a), Sila), «+ Fn (%) ) 
So (a); Sek Ga) y Sen (OR) 


eee eee eee ee ee ee 


Hemmer ewe mere eee eee eee eeaeeeeeeeeee 


Ta Bi GeV ositad enim a wae fa’? + (yp) 
AQ AQ, +-Srn@ 
where in general F(t) =a 
ty 8 
and Se (4,) = che ? 


must vanish for all values of q. 


~ Except for a non-vanishing numerical multiplier the above 
determinant is the limit of 


to (a), hi (a), ais tn (a) 
hro(at, Si(a + 4), «0+ In (G+ €) 


i 


Ce ee ee ad 


Fi (Gp 8p BUD); Fil Ce nL Dec afk see Pa = Lb) 
Fo(@, A(®: Paha) 


2 pte t.gtr—D+d+24 1) pee ttt, 7) 
2 ? 


when ¢= 0. 
But the determinant last written is equal to 
+ II (a, + p’'t —a,—'t), 
x Il (a, + at—4q), 
where in the first product p = 1, 2,... p, 
p’ =0,1,2, ...7,—1, 
@ BAZ, sip 
C= 01 2A re. 


except that one of the inequalities p +c, p’ +o’ must be satisfied, 
and in the second product 
@w=1,2,... p, 


@ =0,1,...r,-1. 
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A linear factor is a multiple of t when p =<, hence ¢ occurs as 
a faetor of the determinant to a power equal to 
Yr, (T,—1) 
> ea pm 12... D, 
and this is precisely the power of ¢ in the denominator. 


To find the limit we put t=0 when p+ca and take the multi- 
plier of ¢ in the remaining factors. 


Besides numerical factors which are certainly not zero, the 
limit is the product of a number of factors of the types a, — a, and 
a, — q, and in fact it is easily seen to be 


Nil (4) — %)’e"a II (a, —q)’, 
po p 


where JV is an integer. 


Now the quantities a, a, ... a, are all unequal and we can 
choose q to be different from each of them, hence the determinant 
does not vanish for allfvalues of g, and consequently the n apolar 
forms are linearly independent. 


Ex. Evaluate the determinant 


a’, a’; a’, a’, 4, 
bat, 40%, 3a2, 2a; J; 
2003) 1202; © Ga, De MOR 
Pon B50) Bar! Bet Bs 
56%, 46°, 36%, 28, 1, 
ys ¥, 7’; 7’, Y 


HOF oO 


179. Forms apolar to two or more gwen forms. 
Suppose we have s linearly independent forms 
Fr =O 0" + na, a," a, +... +On%a.", r=1,2,...8, 


then the determinants of the array formed by the coefficients cannot 
all vanish, because in that case values of X which satisfy s—1 of 
the (n + 1) equations 


Ad + Apap” +... +AsAy®) =O 
would satisfy all these equations, and hence 
Mihi + Aofot ... +Asfe=0, 


which is contrary to hypothesis. 
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If boa,” + nba," aq +... + One” 
be a form apolar to each of the /’s, then 


n(n—1) 


ay b, — na," bps + aa 
a 


a,” Dae + oe oe (— 1)"an by => 0, 


PS hy M4, 500. 8 


These s equations connecting the b’s can be solved for s of the 
b’s in terms of the others, because, as we have seen, not all the deter- 
minants of s columns formed by the coefficients are zero. Having 
solved the equations we obtain s of the b’s expressed as linear 
functions of the others, and as the remaining (n—s+1) D’s are 
arbitrary, the general form apolar to all the /’s involves (n —s + 1) 
constants linearly, ae. there are exactly (n—s+1) linearly in- 
dependent forms apolar to each of s given forms. 


In particular it follows that there is a unique form apolar to 
each of n given linearly independent forms. 


Further if 
pr, do; tee Pn—sti 


be (n —s+1) linearly independent forms apolar to the /’s, it is 
clear that every ¢ is apolar to every f, and that the most general 
form apolar to each of the ¢’s is a linear combination of the f’s; 
thus the relation between the two sets of forms is a reciprocal one. 


Some interesting results follow from this reasoning. For 
example, given three independent cubics, there is one form apolar 
to each of them, and, if its factors be all different, each of the 
given cubics can be expressed as a linear combination of the same 
three cubes, viz. the cubes of the factors of the apolar cubic. A 
like result applies to forms of any order and constitutes the 
generalisation of the problem of expressing two quadratics each 
as linear combinations of the same two squares. 


The form apolar to the three cubics a,’, b,’, ¢,’, is 
(bc) (ca) (ab) az be Cx, 


for this is not zero if the cubics are linearly independent and it is 
apolar to d,? if 
(bc) (ca) (ab) (ad) (bd) (cd) = 0, 
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or, as can be readily seen, if 


GM A Md, a; | =0, 
by OO. Dy. b; 
CG GC, Cy C3 
dg On Oe eG, 


which is certainly true if d,? is the same as any of the three 
original cubics. 


The reader may verify that the equation of the apolar form 
may be written 
Ag, +A,L2, Wy, + Age, Ayv, +As% | = 0, 
Dy, + bya, b,%, + Dei, bya, + d5 at, | 
Coh + CyHn, CL + Coy, Cyl + Ce 


which can be easily done by expressing this determinant sym- 
bolically. 


The extension of these results to m forms of order will pre- 
sent no difficulty. 


180. We may illustrate some of the foregoing results and 
anticipate some of the developments to come by reference to the 
geometry of the rational plane cubic curve. 


Let &, 7, € be homogeneous coordinates, then for all points on the 
curve they are rational integral functions of one parameter ¢ and 
of the third order. To apply our results more directly we shall 
replace ¢ by two variables which occur homogeneously, so that we 


have 
p& = yh, + 3a, 0,7, + Bet 2? + Ayr = f, ) 
pn = b,x? + 8b, Pa, + 3b.7,0/7 + b7° = fr}, 
pS = Cyt? + 86,2;70. + 3620027 + Cyt = fs 


and to find the point equation of the curve we must eliminate 2, 
and a, so as to obtain a result homogeneous in &, n, € But the 
properties of the curve are naturally more easily obtained by using 
the parametric expressions. 


We remark in the first place that the cubics f,, f,, f; must be 
linearly independent, otherwise all such points & 7, lie on a 
straight line; next the points in which the line 


lE+mn+no=0 
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meets the curve are given by the cubic 
If, + mf, + nfs = 9, 
which determines their parameters; hence any straight line 


meets the curve in three points and the curve is therefore of the 
third order. 

Now there is a unique cubic ¢ apolar to f,, fi, fs, and ¢ is apolar 
to any cubic giving the parameters of three collinear points. 
Conversely if a cubic be apolar to @ the three points whose 
parameters are determined by it are collinear because it is of the 
form lf, + mf, + 7/3. 

. Thus the three points whose parameters are (a, #2), (4, Y2); 
(4, 2) are in a straight line if 


papyhz = 0. 


181. Points of Inflexion. At a pomt of inflexion three 
successive points on the curve are in a straight line, and hence 
the parameters of the points of inflexion are determined by the 
perfect cubes apolar to ¢, that is by 


b=0. 
Hence there are at most three points of inflexion, and, since a 
cubic is apolar to itself, when there are three they are collinear. 


But there are other singularities for which three consecutive 
points on the curve are collinear, eg. cusps, and accordingly we 
shall examine the equation ¢=0 a little more closely. 


If a,, Bx, Yz be the linear factors of @ we have 
E=ha,? + ere + VY2', 
with similar expressions for 7 and €; hence on replacing &, », ¢ by 


suitable linear combinations—which is tantamount to changing the 
triangle of reference—we shall have 


E= Ay’, = Ba, c= yx", 
from which it is readily seen that the straight lines = 0, n=0, 


€=0 are inflexional tangents, and therefore in this case there are 
three distinct points of inflexion. 


If ¢,? = 0 has a double factor 8, we have 
E=)a,? + wR + vB,'m etc., 
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and hence by a similar transformation we can reduce &, n, € to the 
forms 
E=a,5, n=Pe, $=8,7m,. 

In the neighbourhood of the point 7 = 0, € = 0, whose parameter 
is given by 8,=0, we see that 7? « €, and hence this point is a 
cusp, while the line €=0 is an inflexional tangent. The case in 
which ¢=0 has a treble factor may be rejected because under 
these conditions f,, f2,f; have a common factor and, as will be 
readily seen, the curve breaks up into a straight line and a conic. 


We shall confine the further discussion to the case in which 
the factors of ¢ are distinct. 


182. Double point. To each value of the ratio x,: a, corre- 
sponds a point on the curve. The same ratio cannot give rise to 
two different points, but the same point may be obtained from two 
different values of the ratio and then it will be a double point on 
the curve, because every straight line through it meets the curve 
in only one other point. We might find the double points directly 
by developing this idea, but the search is best conducted in a dif- 
ferent manner. 


If x, y, z be the parameters of three collinear points we have 


pu py dz = 0, 


and in general this determines z uniquely when « and y are given. 
When « and y give rise to the same point, and only then, the 
above condition does not determine Zz but is satisfied for all values 
of 2. 


Now the equation hz Py bz = 9 


indicates that the quadratic whose vanishing points are a, y is 
apolar to 


pa Pz, 
the first polar of z with respect to ¢,’. 


Hence if a, y be the parameters of a double point the quadratic 
giving them must be apolar to all first polars of ¢,°. 


Two such polars are 


bibs, Pah'p 
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and the quadratic apolar to each of these is their J acobian, 
1. ($4') deh'c bah’s = — (Ph) ba h'x bas, 
¢ and ¢’ being equivalent symbols. 
This is 
£(DO’) bah'x (haha — haha) = 3 (Ph') hah'n (PH) (48) 


and the quadratic required is therefore 


: (PP')° bref x = 9, 
namely the Hessian of ¢. 
Thus a rational cubic curve has always one double point, the 
parameters of which are given by the Hessian of the cubic giving 
the parameters of the points of inflexion. 


It will be noticed how readily properties of points on the curve 
are expressed by means of the form ¢, and this is natural since $ 
being given we can write down three forms apolar to it for f,, fi, fs 
and thence find the ordinary equation of the curve. 


As a further example, we remark that the points of contact of 
the tangents drawn from the point z on the curve to the curve are 
given by 

bx bz me 0, 
that is to say there are two such tangents, and the parameters of 
the points of contact are given by the first polar of z. Hence the 
quadratic giving them is apolar to the quadratic giving the para- 
meters of the double points. 


Ex. (i). Prove that the cross ratio of the pencil formed by joining the 
double point to four points on the curve is equal to the cross ratio of the 
parameters of those four points. 


Ex, (ii). If the parameters of the points of inflexion be given by a, = 0, 
Bz =0, yx = 0, the point of contact of the remaining tangent to the curve 
from the first is given by 
(a8) yx + (ay) B, = 0; 
hence if f = 0 give the points of inflexion, the cubic covariant gives the para- 
meters of the three points Z, MW, WN, here indicated. 


Ex. (iii). Prove that the six points in which any conic meets the cubic 
are given by a sextic apolar to a given sextic p. ( is apolar to the squares 
and products f,, /., 3.) Thence shew that y = 0 gives the parameters of the 
points where a conic can be drawn having six-point contact with the curve, 
and that inasmuch as these points are the points of inflexion and Z, MU, N, 
y is the product of f and its cubic covariant. 
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183. <Apolarity of forms of different orders. In the foregoing 
discussion we have seen that if x and y be the vanishing points of 
the Hessian of a cubic f, then 


Az Aya, = O 
for all values of z, so that the Hessian although only a quadratic 
satisfies, in a manner, the condition of apolarity to the cubic. 


If a,, Bz be the factors of the Hessian, we have 
(aa) (a8) az = 0, 
that is its second transvectant with f vanishes identically (cf. § 91). 
Generalising this we shall call two forms 
Fat b=] bri Sn 
apolar when the nth transvectant 


( ab)” age 
vanishes identically. 


Two important facts follow at once from this definition. 
(a3) The form f ts apolar to any form of order n' <m, having 
¢ for factor. 
For if the new form be ¢W we have 
(hop =F oy vy, 
since Wy is of order n’—n and the right-hand side vanishes by 
hypothesis. 


A special result is that f 1s apolar to any m-ic containing the 
factor ¢. 


(ii) ts apolar to any polar form of f whose order is n. 
For let Gig” Of? 
be the Apolar form, then 
latag *b,"\" = (ab) a, 
and this is zero since (Co) age" 
vanishes identically. 


Cor. ¢ is apolar to any polar form of f whose order is >n 
but < m. 
The proof is as above. 
G. & Y. , 15 
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184. The conditions of apolarity of 
S = (Qo, G5 «2+ Om 0 @,, @,)" = az" 
and b= (bo, 0,, «2+ On G @ 524)" =z" 


are equivalent to m—n+1 linear homogeneous relations among 
the as. 


In fact, equating to zero the several coefficients in 
( a by” Oia 
we have the following equations : 
(ab)?ay™*=0, (ab) a,"7"—"a, =0, ... (ad)? oa" = 0. 


On being expressed in terms of the actual coefficients the first 


of these relations involves 
Ay, N, mie, An, 


the second Cap ae On ens 
and so on, the last containing 
Am—n> Am—r+1> +++ An; 


hence if, as without loss of generality we may do, we assume that 
none of the coefficients b are zero, these 


m—-n+l1 
relations among the a’s are obviously linearly independent. 
It follows that by means of them we can express 
(m—n+1) 


of the coefficients a linearly in terms of the remaining coefficients 
and thence that there are 


(m+1)—(m—n+l)=n 


linearly independent forms of order m apolar to any given form of 
order n less than m. 


185. Construction of a linearly independent set of forms of 
order m(>n) apolar to a given form ¢ of order n. 


I. Let the factors of the given form be 
Bia, + Bom = Be, r=1,2,... 7, 
and all different. 
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Then the typical form 8,” is apolar to b,”, for 
(Bat, bat)" = (BB)"B"—™ 
and since (8b) = 0, 
when f, is a factor of b,”, the result follows at once. 
Next the system of forms 
Bi”, r=1,2,...n 
is linearly independent, for if there were a relation of the type 
Dry Ba” =0, 
on polarizing (m— 7) times with respect to y, we should have 
28, “Bp =0, ; 
which is contrary to the established fact that the system of forms 
| PLO ot id Bip ame 
is linearly independent. 


II. Suppose next that the factors are not all different but 
that 
b = B, Ba? Ree lat 


Then since the factor B,” 
for example occurs , times in ¢ we know that ¢ is apolar to the 
n-ic 
Bet AC, 
where C is any form of order #, — 1. 
In like manner ¢ is apolar to the m-ic 
hve say 
I being any form of order y, — 1, for 
(8,0 8", py" 
= (Be "TD, bet)" 
and this latter is an aggregate of forms each involving the factor 
(GePy 


But since the factor 8," occurs 4, times in ¢ any form involv- 
ing the factor 


(ee) ca 


vanishes identically. 
N=) 
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Hence choosing any s forms 
Thaievmen oe 
of orders fy—1, fo—l,... ws— 1 


respectively, forms Ao aan, 
are all apolar to ¢. 

Next there cannot be a linear relation between them because if 
there were, on polarizing it m—n times with respect to y we 
should obtain a linear relation of the type 

Se ey Ty = 0), 
I’ being of order w,;—1. This is contrary to what was proved in 
constructing the apolar set of order n. 


- M—peye+l 
Now the form fe Pri, RE Ne 


contains 4, arbitrary constants and so we have a form apolar to ¢ 
involving 
Mat byt +. + Ms = 
arbitrary constants. 
The coefficients of the various constants are each apolar to 
and they are n in number. 


The discovery of forms of order » apolar to a form of order 
m (>n) is a problem quite distinct from the foregoing. 


Suppose f is the given form of order m, then a form of order n 
which is apolar to 
Gy ON 


for all values of y will be apolar tof 


This condition has been shewn to be necessary and it is clearly 
sufficient because if 


) = apis 
then (aby af 


vanishes for all values of y. 


Hence the form ¢ sought is apolar to the m—n+1 forms of ° 
order n 


nr m—n ” M—N—-1 n — 
ig A", Ag" Ay hy, +++ Ay” A”, 


and the problem is reduced to one in apolar forms of the same 
order. 
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If the forms just written down be linearly independent there 
are 

n+1—(m—n+1) 

linearly independent forms apolar to each of them, and thus there 
are at least (2n—m) linearly independent forms of order n 
apolar to a given form of order m. There may be more owing to 
the subsidiary system of forms not being linearly independent and 
we shall discuss this question more fully in the sequel. 
m 


It is clear that if n> 9 


there is at least one form of order n 


apolar to f. 


186. The latter theory finds its natural illustration in the 
problem of representing one or more given forms of order n as the 
sum of a number of perfect nth powers. We shall discuss the 
case of a single quintic at length as an example. 


The general cases present no difficulties—they arise for forms 
of special character. . 


Suppose the quintic is 
fH A at + 5a, 28x, + 100,232? + 10a3%,? 2.3 + 54,2, 054 + Os x05 
Sa = bP =. 
The second polars are linear combinations of 
af of 
Cte C2500, 002° 


If these are linearly independent there is a unique cubic 
apolar to them, and being apolar to all second polars it is apolar 
to the quintic itself. 


On referring to §179 we may write this cubic in the form 


of of of 
Ox, > O”0%,’ damon? 
of of otf 
Ov 0a, onfonr2” da,dx,? 
Soe of of 
0x20n2’ 09,002’ Ox 
or (bc)? (ca)? (ab)? dzbzCx, 


so that it is the covariant denoted by 7. 
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Now suppose 

J = %Bu Yn 

then S =a? + UB + vee", 
a,2B,¥2 being all different and d, uw, v numerical. 

If j= 4,78, we have for an apolar quintic 

f= ete? + aya, + vB, OF Ay! (pa, + Ga) + 7B2°. 
If j=a,3 we have 
fHraab + pagtay + vay? x7, or ay? (pa? + 2Ga,%, + 1H,?). 


This exhausts the cases in which 9 is not identically zero. 


ee a eke OT 2 gen 
If 7 be identically zero the forms Boni? Dundes’ dane are not 


linearly independent, because if they were they would determine a 
unique non-zero apolar form. 


of We Aes 
ee. P bap ees Oay "Dan? so 


be the relation. 


Then we have 


OF aoe eee 


+r 


Daa 1 eatog meek ie 
of oF Cie 
and ~P 02? 0X. au 02, 02,2 aE Oe? 0, 


and all third polars can be expressed as linear combinations of 


ye 


0220X,’ 02,002" 


If these are linearly independent they determine a unique 
quadratic apolar to both and being apolar to all third polars it is 
apolar to the quintic. 


Suppose this quadratic to be 
(1) a82, then f=ra,> + wB, ; 
(ii) a”, then f=a,! (px, + qa); 
(111) identically zero, then 


af _ Of 


O2y20X_” OX, 002 


must be identical, hence in this case all third polars are identical. 
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Now all fourth polars are linear combinations of 


of EES eg eee 


OLPOu OL EOU SS | 


of of 
02704, ae 0x, 0x2 


are identical with either of the forms (A). 


But since 


are identical all the fourth polars 


Hence the fourth polar is apolar to the quintic, for being of 
odd order it is apolar to itself. 


In this case the quintic is a perfect fifth power unless the 
linear apolar form is zero identically, in which case the quintic is 
also identically zero. 


This completes the discussion and leaves us with six canonical 
forms for a quintic, viz. 


G)  f=ray? + uBR? + vy2’, 

(1) f=Dag’ + waz! + vB,, 
(iil) f=Aa,F + wazta, + vag x, 
(iv) fara? + wBx’, 

(v) f=rab + waa, 

(alle fi ONCee 


The discussion for any other single form can be conducted in 
an exactly similar manner. 


187. The reader will have no difficulty in applying the method 
explained for the quintic to any binary form; in particular it will 
be easily seen that, whereas a form of odd order (2n + 1) always has 
at least one apolar form of order (n +1), a form of even order 2n 
has not an apolar form of order unless the determinant formed 
by the coefficients of its mth derivatives with respect to a, and a, 
be zero. 


Thus a form of order (2n +1) can in general be expressed in 
one way as the sum of (n+1) (2n+1)th powers, but a form of 
order 2n cannot be expressed as the sum of n 2nth powers unless a 
certain function of the coefficients—manifestly an invariant—be 
zero. For example, in the sextic 


fH=ayn! + 6a, FH, + 4 + AgtS= ago = 0,8 = Cy = d,’, 
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there is an apolar cubic only when 
. Gy “Qi Oy “Gye = 0, 
Gate agi: 
Gigiectle. =e. eee 
| Gg Gy Ay Ge 


The expression of this as a symbolical form is an instructive 
exercise. There must be a linear relation between 


Of Ss Oa af 


Ox,’ Oa20a,’ 00,002’ 00,3’ 
ve. between Gg tay Ue Os Uas) On a Oe Oa 
and hence referring to § 179 we must have 
I = (be) (ca) (ab) (ad) (bd) (cd) a,b,7b,¢,02d.? = 0. 
Interchanging the letters in every possible way we find that 
I = 34, (bc) (ca) (ab) (ad) (bd) (cd) | a8, a2d,, Ma,", ae’ 
Oe. Dra, DOs, bP 
| Oe CPC, “Ci,” =o 
id’, dd, dd, d,’ 
And hence the condition is 
(bc)? (ca) (ab) (ad)’ (bd) (cd)? = 0. 


The invariant J is called the catalecticant and it will be easily 
seen that a similar symbolical expression holds for the catalecticant 
of any form of even order. 


188. It has been shewn that when 
j= 


identically the quintic can in general be expressed as the sum of 
two fifth powers, and in the course of the work we found the 
conditions under which it can be expressed as the sum of a smaller 
number of fifth powers. A similar process would of course apply 
to any form, but we shall now give a direct answer to the question 
as to what is the smallest number of nth powers in terms of which 
a given binary n-ic can be expressed*. 


* See Gundelfinger, Crelle, Bd. c. 413—424, 
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189. If a binary n-ic can be expressed as the sum of r nth 
powers it must have an apolar r-ic whose factors are all different, 
so in the first place we proceed to find the necessary and sufficient 
conditions that the form should possess an apolar r-ic. 


Lic >F there is always at least one apolar r-ic. 


Suppose, then, that $5 and that there is an apolar r-ic, 


namely ¢. Then ¢ is apolar to all derivatives of f whose order is 
equal to or greater than r, and since there are (7 + 1) derivatives 
of order n — 1, viz. 

arf Oy, orf 


= > —_ ) eee at ’ 
0x," 0x," 0x, 0x," 


these cannot be linearly independent. 


Hence there is an identical relation of the form 
orf orf of 
: IS Ease AP ote te Ap eee = WE 
Xo 0m," eee 02," 0a, bag Ou," os 
on differentiating this r times with respect to # and 2 in the 
(r+1) ditferent ways possible and eliminating the 2’s, we .have 


Gl OnF. Cy a 0 


Oa"? = Oa 100,’ = Oa,” Oar. 
ua i or aya of 
One" 0a, ? 02,022 2 Mele 2 on, Ong? +} 


eee eee ee ee ee ee i eo 


Gf Ci On 


Cx Oue Onl Ong? 0a.2" 


or say G, = 0, 
and it is easy to see that G, is a covariant of f. 
Conversely when G,=0 
by the well-known theorem of Wronski* there is a linear relation 
between 
of of of 
Onl” da," "0a,’ «~~ One” 


By differentiating this we obtain two independent relations 
between the (r+1)th derivatives, three between the (r+ 2)th 


* See Appendix II. 
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derivatives and in general (p+1) between the (r+p)th de- 
rivatives. 


Now there are (r+ p+1) derivatives of the (r+ p)th class and 
hence of these only 7 are linearly independent. 


Hence in particular there are only 7 linearly independent 
(n—r)th derivatives and as these are of order 7 there is one 
form of order 7 apolar to them and therefore apolar to the form f. 


Hence when G,=0 there is an apolar form of order 7. 
Thus forming the successive covariants 
Gat Gee 
the necessary and sufficient condition for an apolar r-ic is G,=0. 


Tf G5 0 there is no apolar form of order less than 1, for if 
there were any such apolar forms there would be at least one of 
order (r —1) and G,_, would vanish. 


Hence if G, be the first of the covariants G which vanishes the 
lowest order of an apolar form is 7. 


Finally if G,,+0, G.=0 there is only one apolar form of 
order r. 


Suppose in fact there are two apolar forms of order r and that 
for simplicity their factors are all different in both cases. 


Let (440.0), Se ee 
be the factors of the first, and 
(tj FB ti) oS S12, ae 
be the factors of the second, then we have 


7 tp 
hE 2s (a + As Hy)" = 2 fs (x, a Bes)" j 


therefore there is an identical relation of the type 


Cf Lis 
2s (a, + a,)" — = Hs (a, + Bs%_)" = 0. 


Now 2r is less than n, hence by §178 such a relation is only 
possible when the coefficients of the various nth powers severally 
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vanish ; thus since the a’s are all different and the #’s are all 
different it follows that either every \ and every p is zero or else 
for a certain number ¢ of values of s 


a= Bs} As = Ms; 


while for other values of s 
ts + Bs, rs = 0, (aE 0. 


Consequently f can be expressed as the sum of ¢ nth powers 
where t< 7, hence there is an apolar form of order ¢t. But in this 
case we must have G,_,=0 contrary to hypothesis, hence there is 
only one apolar form of order r. 


The reader will easily establish the fact that if there are only 
two apolar r-ics they must have (r—1) common factors and 
that these factors multiplied together give the apolar (r—1)-ic. 
Further the extension of the above to the case in which two or 
more a’s are equal will present no difficulty. 


Cor. Since G, is the Hessian of f the necessary and sufficient 
condition that f should be a perfect nth power is that its Hessian 
should vanish identically. 


Ex. (i). If f is apolar to ¢ then f is apolar to every form having 
for factor. 


Ex. (ii). If a binary form of order 7 have an apolar 7-ic (r< n), then it 
has at least (s+1) independent apolar forms of orderr+s. 7>4 6 & ) 

Ex. (iii). Shew that the argument of § 188 can be extended to any number 
of binary forms, and construct a table of canonical forms of a simultaneous 
system consisting of a cubic and a quartic. 


Ex. (iv). Shew that in general two forms of orders n, and nm, can be 
expressed as linear combinations of powers of p linear forms if 


3p —2=N+Nq ; 


find the p-ic giving these linear forms and extend the results to any number 
of forms. 


Ex. (v). From the symbolical form of a catalecticant deduce the sym- 


bolical forms of the covariants G. 


190. We shall conclude this chapter with a few geometrical 
illustrations of the foregoing theory. 
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Binary Quadratics in connection with the Geometry of a Conae. 


If we have the equations 


E = apt? + 20,4, %, + A202 = a? =f, 


then the point &, 7, € lies on a fixed conic. 
The equation of the conic is easy to find. For the line 


rE + pon + vO =0 
touches the curve when 


Disct. (Af + wh + vr) = 0, 
4.¢. if Mb + Wm + VP 35 + ZpwVto3 + 2Aig + Zp = 0, 
where ~ w=(f, oy ete. 
This being the tangential equation the point equation is 


| ty he 3 lea 


Fetes 2% 0. 
or te a Tn? + L556 ot 2To3nf + 21 bE + 2Nhaén = 0, 


where J,; is the minor of 7,, in the determinant 


| ts tos Us 
In particular the equation of the conic gives an identical 
relation between three quadratic forms and their invariants. 


191. An immediate inference from the parametric expressions 
for £&, n, € is that the cross-ratio of the pencil joining a variable 
point P on the conic to four fixed points a, y, z, @ on the curve is 
equal to the cross-ratio of the parameters of those four points, 1. 


(xy) (2a) 
(wo) (zy) ” 
For let the equations of two lines through P be X =0, Y=0 
and let X +tY=O0 be the equation of the line joining P to the 
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point # on the curve, Then there is an algebraic relation con- 


necting ¢ with — and since to one value of t corresponds one value 
Hy 


LX: * 
of — and wice versa we must have 
2 


_ Aa, + Ba, 
Og Da,’ 
where A, B, C, D are constants. 


t 


Hence the cross-ratio of four values of ¢ is equal to the cross- 


ratio of the corresponding four values of the parameter 4 : 
2 
192. In connection with this conic there is a simple corre- 
spondence between binary quadratics and straight lines in the 
plane, for a binary quadratic y equated to zero gives two points 
P,Q on the conic, so that if we make y correspond to the line PQ 
when either is given the other is uniquely determined. 


The quadratic y can be written in one way in the form 


Af + wh +p, 
and then E+ yn +vf=0 is the equation of the corresponding 
straight line. 
Accordingly if the line pass through a fixed point in the plane, 
say &, m, $, we have 


X= M+ uh + vp 


=f + pp — MBE ey, 


/ 0 | 
=»(7- G4) +#(9-2¥), 
and y is apolar to (ze. harmonic to) the fixed quadratic apolar to 


E, 


0 


—Zvwyand ¢- ip p. 
bo 
Hence if the line PQ passes through a fixed point 7’, the 
corresponding quadratic y is harmonic to a fixed quadratic r. 


Now the perfect squares apolar to 7 correspond to lines 
touching the conic, since in this case the points P and Q coincide, 
hence these perfect’ squares determine the points of contact of the 
tangents drawn from 7’ to the conic. 
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If these points are R, S, then the quadratic giving RK and S is 
apolar to the square of the linear forms giving R and S respec- 
tively, and since # is apolar to these latter squares, it follows that 
J corresponds to RS, as can be seen in many ways. 


Thus if PQ pass through 7, and RS be the polar of 7’, the 
quadratics corresponding to PQ, RS are harmonic, or in other 
words, when two quadratics are harmonic, the corresponding lines 
are conjugate with respect to the conic. 


This can be easily verified by using the tangential equation 
of the conic. 


. Consider a binary quartic representing four points A, B, C, D 
on the conic, and let BC, AD meet in H, CA, BD in F, and AB, 
CD in G. 


D 


Then the quadratic corresponding to the polar of # is harmonic 
to the two quadratics corresponding to AD and BC, ze. this polar 
meets the conic in two points which are the double points of the 
involution having B, Cand A, D for conjugate elements. 


Thus the polars of #, F’, G meet the conic in the double points 
of the three involutions determined by the four points A, B, C, D; 
but HFG being a self-conjugate triangle of the conic, the polar 
of # is FG, and the lines HF, FG for example are conjugate lines 
with respect to the triangle, hence the pairs of double points of 
any two of the three involutions are harmonically conjugate. 


[This corresponds to the fact that the sextic covariant of a 
quartic can be written as the product of three quadratics which are 
mutually harmonic. ] 
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193. As another example, let us prove that a triangle and its 
polar triangle with respect to the conic are in perspective. 


Suppose the sides of the triangle A,A,A, correspond to the 
quadratics f,, fi, fs respectively, and that the sides of the polar 
triangle B,B,B; correspond to qy, de, os respectively. Then since 
B,B, is conjugate to A,A, and A,A,, it follows that ¢; is harmonic 
to f, and f,, so that ¢; is the Jacobian of f, and /f,. 


Hence the sides of B,B,B, correspond to 
J3, Jn, and Ji, where Ji,=(f, fr). 


Now let B,B; meet A,A; in P,, then the polar of P, is 
conjugate to both these lines, and therefore corresponds to 


(1, fr) or to (fi, Jas). 
The polars of the analogous points P,, P; correspond to 
(hr, Ju), (fs, Jia) respectively, and P,, P,, P; will be collinear 


if their polars are concurrent, 2e. if the quadratics 
Ch; J a) Gis aloo Gi J) 
are harmonic to the same quadratic. 


To prove that this is so, let us calculate the quadratic harmonic 
to the first two. 


Representing 
Ss Sas Ss bY Aa?, ba*, Cx’ 

we have Jes = (OC) O70, be. 
“s (fay Jos) = {a2?, (bc) b262} = 4 (ac) (bc) agb, +4 (ab) (bc) axle 

=1 {(acy b,? + (bc) az? — (ab)? c,7} — 4 {(ab)? 2? + (bc)? a,? 

— (ac)? bz?} 
= 4 (ac) b,—4 (ab) ¢,2. 
(fa, In) = ¥ (ab) Cx? — ¥ (be)? aa’, 
and the quadratic harmonic to these two is 
© {(ae)?b,2 — (ab) cx2, (ab) cg? — (be)? aah, 

or (aby (ac)? Jo — (ac)? (be)? Ja, + (ab)? (bc)? J, 
or (aby (ac)? Jo, + (ba)? (bc)? J, + (ca)? (cb)? Sho, 
and by symmetry this is harmonic to (/3, Jy) also. 
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Thus the polars of P,P,P,; meet in a point whose polar 
corresponds to 


Js + Jn fe Sis = 0), 
dos U1 he 
where %3 = (fa, fs) = (bc. 
And hence P,P,P; lie on the straight line corresponding to 


the quadratic 


bo3 U3) Ue 
The reader will find it interesting to shew that the above 
quadratic may be written 


Ex. (i). ABC is a triangle inscribed in a conic, and the tangents 
at A, B, C meet BC, CA, AB in L, UM, N. Determine the parameters of the 
points in which the polar of Z meets the conic in terms of those of A, B, C. 
Hence shew that Z, M, W are collinear, and that the line LMM meets the 
conic in the Hessian points of ABC. 

Ex. (ii). _Deduce Pascal’s Theorem from the parametric representation 
of a conic. 

Ex. (iii). Prove that six conics can be drawn through four fixed points to 
touch a given conic, and that their points of contact are given by the Jacobian 
of the quartics determined by any two conics through the four points. 


194. Twisted Cubic. The relation of the rational cubic 
space curve to the binary cubic is exactly the same as that of the 
conic to the binary quadratic. 

The line of argument is similar to that used in the previous 


case. 


We have 
E= AH? + 80,82 k_ + 8An%, 02 + Ash = A = f, 
n = b,° = , 
C=¢ =, 
a=di=X, 


and the curve represented is a cubic because the plane 
rAE+ pn +vE+pa =0 
meets it in three points. 
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We have now an exact correspondence between planes and 
binary cubics. If a plane pass through a fixed point 7’ the 
corresponding cubic is apolar to a fixed cubic which determines 
P, Q, & the points of contact of the osculating planes of the cubic 
through 7. Cf. § 192. 

Hence there are three such points, and since a cubic is apolar 
to itself, the plane joining them passes through 7. We shall call 
T the pole ofthe plane PQR; and we observe that when two 


cubics are apolar, each of the corresponding planes passes through 
the pole of the other. 


If TZM be a chord of the cubic through 7, then any plane 
through this line is apolar to the cubic giving PQR, so that L, M 
are determined by a quadratic apolar to the cubic, ae. by the 
Hessian of the cubic. 


195. We shall illustrate the above remarks by the discussion 
of an algebraical problem intimately connected with the cubic 
curve. 


The planes passing through a fixed line / correspond to cubics 


of the form 
Misi aP defo» 


where A, and A, are variable numbers. We call such a linear 
system of cubics a pencil, and then we see that the Jacobian of 


two members 
WA = No fos ba fi as fo fo 


J= (Ay a — Avptr) (fifa); 

so that except for a numerical factor it is the same for every pair 
of cubics in the pencil. Hence we may call this quartic the 
Jacobian of the pencil and the question arises—Given a binary 
quartic J, can a pencil of cubics be found of which it is the 
Jacobian ? 

To answer this question consider the geometrical meaning of 
the Jacobian with reference to the line J. 


If the cubic ee ts 
have a double factor this factor occurs in the Jacobian, because it 
of: of fe 
eK ee 
ae 0a,  0atg ue Lo 


G. & Y. 16 


of the pencil is 


oceurs in both 


0 
+ reo an and » 
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And further, as the discriminant of a cubic is of degree four 
there are only four members of the pencil which have a double 
factor; therefore the Jacobian of the forms contains these four 
double factors and no others. 


But if a cubic Mi fae Mata 


have a double factor the corresponding plane touches the curve, and 
hence through a given line four planes can be drawn touching the 
curve, and their points of contact are given by J =0; in other 
words there are four tangent lines to the curve which intersect a 
given line /, and they are tangents at the points given by 


i=), 


Now our problem is equivalent to the following: Being given 
the four points of contact, to construct the line l. But the four 
tangents being given there are two lines meeting them, and, as each 
of these corresponds to a pencil of cubics having J for Jacobian, it 
follows that the question is always soluble and that there are two 
solutions which may coincide in particular cases. 


Ex. (i). Prove that three osculating planes and one chord of a cubic can 
be drawn through any point. The chord determines the Hessian of the cubic 
giving the points of contact of the planes. 


Ex. (ii). The plane joining the points of contact of the three osculating 
planes from a point O passes through 0 and is called the polar plane of 0. 
If the polar plane of O passes through 0’ the polar plane of O’ passes through O 
and the corresponding cubics are apolar. 


Ex. (iii). By using line coordinates prove that the tangents to the cubic 
belong to a linear complex and that any two planes corresponding to apolar 
cubics meet in a line belonging to this complex. 


Ex. (iv). If a line Z belong to the above complex the points of contact of 
the tangents to the cubic which meet / are given by a quartic for which the 
invariant 7 vanishes. In this case the two pencils of cubics having the 
quartic for Jacobian coincide. 


Ex. (v). If two pencils of cubics have the same Jacobian, then any 
member of the first pencil is apolar to any member of the second pencil. 


196. The twisted quartic. The rational space curve of 
the fourth degree furnishes the most convenient geometrical 
representation of a binary quartic and its concomitants. Suppose 
that 

E=pe', n= Qe, C=rat, a= ty 
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is the parametric representation of such a curve. Then since 
&,7, €, @ are not connected by a linear relation the four binary 
quartics are linearly independent and are therefore all apolar to a 
unique quartic f which we shall denote by 

a,$ = bJj=ciJ=d7. 

It is evident that four points on the curve are coplanar when 
and only when the quartic determining their parameters is apolar 
to f—in fact such quartics are linear combinations of &, 7, § o. 
Hence the four points a, 8, y, 6 are coplanar when 


Ag Ag tas = 0. 
Thus a,!=0 gives the four points of superosculation, 7.e. the 


four points at which the osculating plane contains four consecutive 
points of the curve. 


Through a point 6 on the curve can be drawn three osculating 
planes other than that at 6 and their points of contact are given by 
A, As = 0, 

a.e. by the first polar of 6. 

By varying 6 we obtain a pencil of cubics each of which 
determines three points on the curve such that the osculating 
planes at them meet in a point on the curve. 


Now if a member of this pencil have a double factor we have 
two consecutive osculating planes whose line of intersection meets 
the curve, and hence the double factor gives a point the tangent 
at which meets the curve again. But the double factors of 
members of the pencil are precisely the factors of the Jacobian 
’ of the pencil, which in this case is the Hessian of f Hence 
H=0 gives four points on the curve the tangents at which 
meet the curve again. 


197. We have still to interpret the sextic covariant which 
gives six points on the curve. 

For this purpose let us seek for points P, Q on the curve stich 
that the osculating plane at P passes through Q and the osculating 
plane at Q passes through P. 

If X, w are the parameters of P and Q we have 

a,*a, = 0, 
b,b,? = 
16—2 
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To eliminate X we note that from the second equation 
Ay = — 0, b,3, Ay = 26,3, 
and as X occurs to degree three in the first equation we must use 
three different equations of this type. 
Hence we have 
(ab) (ac) (ad) a,b,2¢,'d,3 = 0 
as the equation for p. 
Now 
(ab) (ac) (ad) azb;* cy? dz? 
= 4 (ab) azb,Fc,7d,? {(ac) d,? + (ad) c,? — (ed)? az} 
= $ (ab) (ac)? azb,°c,7. dz + 4 (ab) (ad)? azbF dz? . Cy! 
— (ab) ag'b,?. (od)? 6d? 
=, 
where ¢ is the sextic covariant. 
For f=0 the points P and Q coincide, hence there are three 


pairs of points such that each lies in the osculating plane of the 
other and they are given by the sextic covariant. 


198. We shall now sketch some further investigations con- 
nected with the curve. 


The triple secants of the curve are given by the pencil of cubics 
apolar to f, so that if one cubic give three points on a triple secant 
and another three points whose osculating planes meet on the 
curve the two cubics are apolar. The two pencils have the same 
Jacobian, as follows from geometry and analysis. 


The four points in which the tangents at the Hessian points 
meet the curve again are given by 


(ab)? (ac) (bd) (cd)? dzby6zdx = 0, 
for the discriminant of their first polars must vanish. 
This reduces to iH —jf=0. 
If i=0 the four points of superosculation are coplanar. If 
j =0 there is an actual double point on the curve, because in that 
case f has an apolar quadratic—the quartic is now the complete 


intersection of two quadrics which touch, whereas in general it is 
the partial intersection of a quadric and a cubic. 
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There are two other tangents meeting any given tangent to 
the curve and when j7=0 there exist pairs of chords such that 
the tangents at the extremities of either intersect those at the 
extremities of the other. 


Between the parameters of the points of contact of two 
intersecting tangents there is a symmetrical (2, 2) relation, hence 
by comparison with Poncelet’s porism we infer that if one twisted 
polygon with n sides can be circumscribed to the curve there is 
an infinite number of such circumscribing polygons. 


By forming the expressions for the six coordinates of the 
tangent at any point, which are the Jacobians of the fundamental 
quartics taken in pairs, we see that the condition that six tangents 
should belong to the same linear complex is that the sextic 
determining their pointgof contact should be apolar to a fixed 
sextic. This fixed sextic can be shewn to be the sextic covariant 
either geometrically or analytically. We can in fact establish the 
following theorem: If two quartics are apolar to a third then their 
Jacobian is apolar to the sextic covariant of the latter. Ex. (a1), 
p. 52. 

The sextic covariant therefore bears the same relation to the 
line geometry of the curve as the fundamental quartic does to the 
point geometry. 

By discussion of the quartics apolar to this sextic the reader 
will easily prove that the tangents at four points given by a 
quartic covariant (of the type %1H+pjf) are generators of a 
quadric. 


References to various memoirs of Reye, Rosanes and others on the subjects 
discussed in this chapter will be found in Meyer's Berichte. See also the 
same author’s book Apolaritit und rationale Curve. There is an interesting 
paper on the twisted cubic by Sturm in Credle’s Journal, Vol. LXxxvV1., and a 
very full list of references for the twisted quartic in a paper by Richmond, 
Camb. Phil. Trans. 1900. 


CHAPTER XII. 
TERNARY FORMS. 


199. IN this chapter we shall extend the symbolical notation, 
which has been used throughout for binary forms, to the case. 
of forms with a higher number of variables. It may be well to 
remark at the outset that the methods developed up to the 
present are nowhere else so effective as in the case of binary 
forms; accordingly, while we shall explain at some length the 
notation and methods for ternary forms, we shall content our- 
selves with a very brief indication of the extension to forms with 
four or more variables. 


200. A ternary form in one set of variables z,, 2, z, will be 
written in the form 
n! 
u piqirt 2” KPLAL! 5 PtYtr=nN, 
and the summation is of course extended to all possible values 
of the integers p, g, 7 satisfying this condition. 


In agreement with the symbols previously introduced, we shall 
represent f by the umbral expression 
(0,21 + Ay% + A503)" = Ay”, 
so that AP A103” = Apgr. 
Just as before an expression in the @’s has no actual (as 
opposed to symbolical) significance unless the total degree in 
the a@’s is exactly n. To represent forms whose degree in the a’s 


is greater than unity, we have to introduce other equivalent 
systems of symbols 8 and y, so that 


= a= fois = Ve ee 
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201. Let us at once point out how concisely polar forms 
are represented in this notation; the rth polar of yy.y3 with 
respect to f is 

wan ( 0 0 oye, 
n! ag ag ieee J; 
the numerical factor being introduced for arithmetical convye- 
nience. 


This expression is 


ir)! 


n! 


0 0 
oe Ox, LPs mag a) (2, + Oy + Ag3)" 


ear) kn 
n! (n—-r)! 


n—-?Lr r 
Ay Ay’, 


v.@. the rth polar is represented by 
Ay "Ay". 

Thus for example the equation 
y= 


represents a curve of order n, and if y be a point on it the equation 
of the tangent at that point is 


Ona = 0; 


Again, the points of contact of the tangents drawn from a 
point y to the curve lie on the first polar 


a apes). 
Next let us consider the effect of a linear substitution on a 
form such as 7. 


We shall write such a transformation in the form 


y= 2G + mX.+ CX; 
= E,X1 4+ NoXot C.X5 
v3 = E,X, ae Nad + OX 


The effect of this change of variables on a, is to change 
it into 
a,(E,.X,+X.+ 6X3) +a(EX + moXo+ €,X5) + a; (€,.X,4+ NX 9+ Cy 3), 
or AX, + A,X. + aX. 
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Hence f which is a,” becomes 


(apX, + 4,X,+ 42X53)", 

or > aos 

“pig 

Thus the coefficient of X,” is a” or the result of putting 

the &’s for the a’s in f, and subsequent coefficients may be deduced 
from this by means of the polarizing operators 


“SP Gore omen 


operating on the first. 


rye ate! ‘X PX 2X", where p+g+r=n. 


» 202. The above will shew how very convenient the symbo- 
lical notation is for dealing with constantly occurring functions 
like polars, but, as in the case of binary forms, its great value lies 
in the application to the theory of invariants and covariants. 


Let us recall the significance of these terms especially for 
ternary forms and illustrate them by some examples. 


Suppose that after the application of a linear transformation 
Ly = EX + Npdet 6X3, r=, 2; 3, 
a ternary quantic 


n!} 
Dy 
f= Sper 5 ner Lag 


n! 
becomes H= > Ange api DED CDS 
then a rational integral function J of the coefficients is said to be 
an invariant when 
LT (Agor) = L (Apr) M, 
where M depends only on the transformation. 


A covariant of f possesses a similar property, but involves the 
variables as well as the coefficients, and similar definitions apply 
to invariants and covariants of two or more forms. 


After what has been said on the subject in dealing with 
binary forms, we need not stop to prove that it suffices to 
consider invariants and covarlants which are homogeneous in 
the coefficients of each form involved, and covariants which are 
homogeneous in the variables—further it may be easily proved 


201-203] TERNARY FORMS 249 


that the factor M referred to in the definition must be a power 
of the determinant of the transformation, and we shall assume 
henceforth that it is so. The reader may regard this as a simplifi- 
cation of the definition, or supply the necessary proof on the lines 
of that given for binary forms. See § 24. 


As examples, we may notice that the discriminant 
abe + 2fgh — af? — bg? — ch? 
is an invariant of the ternary quadric 
amy? + ba? + cag? + farses + 2qHyx, + Zhayey. 
In this case the power of the determinant which occurs as 
multiplying factor is two. 
Again the Hessian 


Oe OAR 


0n,? OX,0X, OM, OLs 


fay ore. ey, 


02,00, Ole  0a0as 


Cine eee 


OL,0L,‘ 0%, 08, - On," . 


is a covariant of any ternary form /f. 


As a further example, the Jacobian of three forms is a covariant 
of the three forms. 


We shall not stop to verify that these expressions actually are 
invariants or covariants as the case may be. They are well known 
in the theory of curves avd we mention them here to remind the 
reader that such invariant functions as defined above do actually 
exist. By the use of the symbolical notation we shall be able to 
verify our assertions much more easily, and also to construct any 
number of invariants and covariants. 


203. Just as in the theory of binary forms we denoted the | 
determinant 
| Gh Wee, | by (a8), 
Bi Be 
so now we shall denote 
| a @ a | by (ay). 
Bi 8; Bs 
Vite y20e Ys | 
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We are now in a position to enunciate and prove the first 
theorem connecting invariants and symbolical notation, namely : 
Every expression represented symbolically by factors of the type 
(aBy) is an invariant, and every expression represented by factors 
of the types (a8) and a, 1s a covarvant. 


For by a linear substitution a, becomes 
aX, +a,X,+aXs, 


and hence (ay) becomes 


| ap a, ae | te. (4B) (Ent). 
Be fee Be | 
| MS ha OMS 


So that the expression formed from the new coefficients is equal 
to that formed from the old coefficients multiplied by a power 
of (€n¢); and the power of (&f) that occurs is equal to the 
number of symbolical factors of the type (ay) that occur in the 
expression. 


204. The preceding proof, depending only on the way in 
which the symbolical letters occur in the expression under 
consideration, applies equally well to an invariant or covariant 
of any number of ternary forms. The only further condition that 
such a symbolical expression should actually represent a covariant 
is that it should have a meaning when expressed in terms of the 
original coefficients, 7.e. each symbolical letter must occur to the 
requisite degree in every term in which it appears. It is easy to 
verify that the three examples already given are actually invariants 
or covariants as the case may be. 


Thus if 
Aq Ly? + Apgo Lo? + Aogaits? + 2Gy19%1%q + ZAyy LyX + ZX; 
= 47 =B8, = Yes 
we have by direct multiplication 


(aby)? c= (% ar a Bory)? = 6 An) Ain, hoa 
Ay, 20, Mn , 


Aor ’ Aon > Aor 
since i= i= a etc 
1 1 1 200 > * 


Thus the discriminant of the ternary quadric is an invariant. 
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Again, if we have three forms 
hh = Az", 16 = ba Fe = Ya", 
then 


(aBy) PP Tc igs Sy ie pa a,c, a0," ee Oe 
BiB, Bebe =5) 830s" 


Ng—1 


Nyx", Vx : V2" | 
ame OS Ofer (MT C775) 
MNglts OX, 0%, Oty NyNoNe O (ByLnXs) 


Ya Of, es 


O%, "0%, 0%; 


eof, OR aes 


C2, 08g O05 


which shews at once that the Jacobian is a covariant. 

The fact that (aBry) a,”—B,”y," represents the Hessian of 
the form f= a," = Bx" = yx" may be easily verified in the same way. 
The deduction of the equation of the Hessian from the property 
that the polar conic of any point on it degenerates into two straight 
lines affords an instructive example of the symbolical calculus. 

The polar conic of the point y, y, y; with respect to the 


curve 
f= a," = Fe pe = x" =0 


is represented by the equation 
ay"? = By!" Ba! = ry" “ye = 0, 
and the discriminant of this is 
(2B)? ay By yy". 
Hence changing y into « we get the Hessian as the locus 
of points possessing the property in question. 


205. Geometrical Meaning of a Linear Transformation. 
To obtain a geometrical representation of ternary forms we naturally 
suppose the variables z,, #2, 2; to be the homogeneous coordinates 
of a point in a plane referred to a certain triangle. The equation 
to zero of a ternary form will then represent a curve in the plane. 


A linear transformation 
Sy = EX, +, X2+ C,X3, r=1, 2, 3, 


may be regarded from two points of view, for if P be the point 
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L,, L,, 2, We may either suppose P to be unaltered and the triangle 
of reference changed or we may suppose P to be changed and the 
triangle of reference unaltered, in other words X,, X,, X; may be the 
coordinates of the original point referred to a new fundamental 
triangle or they may be the coordinates of a new point (into which 
P is changed) referred to the original triangle of reference. 

The general linear transformation as written above can be, in 
fact, represented as a change in the triangle of reference together 
with a multiplication of each coordinate by a suitable quantity— 
the equations of the sides of the old triangle of reference referred 
to the new triangle are z,=0, that is ’ 


SNe a ce, r=1, 2,3, 


and on solving for X,, X,, X, in terms of «, 7, x; we can easily find 
the equations of the sides of the new triangle of reference in the 
old coordinates. 


From this point of view, if Z be an invariant of a ternary 
form f, when J vanishes for one triangle of reference it vanishes 
for any other triangle of reference; that is to say, /=0 expresses a 
property of the curve itself and not a relation between the curve 
and some particular triangle. 


In like manner the curve represented by a covariant is con- 
nected with the original curve by relations which are quite 
independent of the triangle of reference. 

From the second point of view the point P is changed into a 
point P’ by a homographic transformation, 7.e. a transformation 
possessing the following properties: 

(i) any point P is changed into a point LP” ; 

(ai) any straight line p is changed into a straight line p’; 

(iii) if P lies on p then P’ lies on p’; 

(iv) the cross-ratio of four collinear points is equal to the 
cross-ratio of the four corresponding points; and the cross-ratio of 


four concurrent straight lines is equal to the cross-ratio of the 
four corresponding lines. 


Of these properties (iv) is the only one we need prove. 


Let p,=0 and p,=0 be the equations of two straight lines and 
p; =0, p,=0 the equations of the corresponding lines, then 
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pi +rp’ =0 corresponds to p,+Ap,=0 for all values of A, and 
inasmuch as the cross-ratio of the four lines 


De =n a oe 


Ons) OF) 


— the result follows at once. 
(As Es ry) (Ay a ra) 


1S 


Again, suppose that a figure in one plane is projected into 
another plane and that P’ is the projection of P, then if 2, 2, a; 
be the coordinates of P referred to a fixed triangle in the first 
plane and X,, X,, X; be the coordinates of P’ referred to a 
triangle in the second plane, it is very easy to see that 2, 2, 25 
are linear functions of X,, X,, X,; and vice versd. On the con- 
nection between projection and linear transformation see § 157. 


Thus projection affords an example of linear transformation 
and in this case the four properties enunciated above are self- 
evident. 


Hence if J be an invariant of a form /, then J=0 expresses 
a property of the curve f=0 that is unaltered by any homo- 
graphic transformation and in particular by projection. A. like 
remark applies to the connection between a covariant curve and 
the original curve—it is undisturbed by projection. 


206. The connection between these two different points of 
view is interesting. 
The linear transformation 
Ly = EX, or NrXo at CX 3 


leaves three points of the plane unaltered in general. In fact to 
find the points whose position is unchanged we have merely to 
put X,= pa, in the equations above and then elimination of #, a, #, 


: ; 1 : 
gives a cubic for—, viz. 


| if =O) 
E, ee > q 
1 
E,, UY Se he C. | 
il | 
Ex; 133 | ee | 
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In general this equation has three unequal roots and to each 
root corresponds a single determination of the ratios @ : @ : &. 
If we take the triangle formed by these three points for triangle 
of reference the linear transformation takes the simple form 


%=h,X), m=k,X,, t= kX. 


And hence in general by a suitable choice of the triangle of 
reference a linear transformation can be reduced to this form in 
which the coordinates are only multiplied by constants. 


Ex. (i). Prove that by suitably choosing the coordinate system any four 
points may be reduced to the form 


a=0, a=0, 2%=0, 2,2=0, 2,%=0, a@)=0, 
a=a) =x. 
And hence prove that a linear transformation can be found which changes 


any four points into four given points. 


Ex. (ii). Given four points and their four corresponding points, shew that 
the point corresponding to any fifth point can be constructed by means of the 
ruler only. (Use the cross-ratio property.) 


Ex. (iii). Hence or otherwise shew that any linear transformation is 
equivalent to a ruler construction. 


Ex. (iv). If the linear transformation leave an isolated point and every 
point on a fixed line unaltered, shew that the equation of § 206 has a double 
root which is a root of every first minor. Give an equivalent geometrical con- 
struction in this case. 


207. Starting with the definitions of invariants and covariants 
already given we might proceed to prove that every invariant and 
covariant can be represented symbolically in the form indicated 
in a previous theorem, and then go on to develop a theory of 
invariants and covariants as far as possible on the lines of binary 
forms. However it is essential to remember that the real and 
primary importance of such a theory lies in its application to 
geometry, and as in geometry line coordinates and tangential 
equations occur quite at the beginning of the analytical ex- 
position, we are led here to introduce line coordinates as well as 
point coordinates from the first. Indeed it is not difficult to shew 
on purely analytical grounds that line coordinates are essential for 
the proper treatment of the algebraical questions that arise ; such 
an explanation together with a comparison with the theory of 
binary forms will be given later. 
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The equation of a straight line being 
Uy Hy + U_Xy + Uz Xl, = 0, 
Uy, Us, Us are as usual called the coordinates of the line. Following 
Clebsch it is preferable to regard the equation just written as 
neither the point equation of the line nor the line equation of the 
pot, but as the condition that the line (uw, w., w;) and the point 
(%,, %, 23) should bear a certain relation to one another. 

The first fact to notice about (aw, ww,, us) is that they are 
contragredient to 2, 7, #3, for if u,, u., u; become U,, U,, U; and 
Hy, X, Lz, become X,, Xz, X3, then 

U2, + UpLy+ Uz, must become U,X,+ U,X,+ U;X;, 
which is precisely the condition for contragredience (§ 39). 


Further, the w’s being contragredient to the ’s are cogredient 
with the ’s, and in fact by the linear transformation of § 201 we 
see at once that wu, becomes uz, U2 becomes u, and wu; becomes we. 


It is now evident that by a linear transformation the factor 
(aBu) merely becomes itself multiplied by the determinant of 
transformation, so that every form whose symbolical expression 
consists exclusively of factors of the types 


(aBy), (4B), de 
possesses the property of invariance. 
There are four classes of such invariant functions. 


(1) Containing neither a’s nor u’s. These as already mentioned 
are called invariants. 


(ii) Containing 2’s but not u’s. These are covariants. 


(iii) Containing w’s but not w’s. These are new introductions 
and are called contravariants. 


(iv) Containing both w’s and a’s. These are called mixed 
concomitants. 


Further there is the identical invariant form u, which does 
not contain the coefficients of the original forms at all. 


The degree to which the coefficients occur in a given invariant 
form is called simply its degree, the degree in the a’s is called its 
order and the degree in the w’s is called its class. 
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Examples of invariants and covariants have already been 
given. 
As an example of a contravariant we may mention 
A0 Aio Gia G4 
Ayo 20 Gon Us 
Ar Au oo Us 
te dns Ur, 
as a contravariant of the conic. In fact equated to zero it 


represents the line equation, and the reader may verify by direct 
multiplication that it is equivalent to 


(aBu/, 
and therefore actually is an invariant form. 
As an example of calculation similar to that given for the 


Hessian consider the locus of a point whose polar conic with 
respect to the cubic 
= Ay” = fame = 0 
touches a given straight line uw. 
The polar conic of the point y is 
Ay Ay = BeR, = 0, 
and the condition that this should touch the given line is 


(a8u)y a, 8, = 9. 


Thus the equation of the required locus is 


(aBuy a8, = 0. 

This is a mixed concomitant of the cubic. Equated to zero it 
represents the point equation of a curve when the w’s are taken as 
constants, viz. the point equation of the locus mentioned. When 
the 2’s are taken to be constant it represents the line equation of 
a curve, viz. the line equation of the polar conic of the point z. 


Similar remarks apply to mixed concomitants in general. 


208. Principle of Duality. The fact that the condition 
that a straight line whose equation is a,=0 should pass through 
a given point is symmetrical in the coordinates of the line and the 
point leads to an important remark. For if the proof of any 
theorem relating to a figure containing m straight lines and n 
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points is thrown into an analytical form, then by interchanging 
point and line coordinates throughout the investigation we obtain 
a correlative theorem for n straight lines and m points—if in the 
first figure one of the straight lines pass through one of the points, 
then in the second figure the corresponding point les on the 
corresponding straight line. It must be clearly understood that 
such theorems as are here contemplated depend only on lines 
passing through points and points lying on lines, so that the 
process is exactly analogous to the reciprocation of descriptive 
properties. Naturally we can pass to point loci and line envelopes 
by the introduction of an infinite number of points and lines into 
the figures. 


A fuller explanation of this principle of duality will be found 
in works on geometry, but the above will suffice as an indication 
of some general ideas which will underlie much of our subsequent 
work, especially on the theory of two conics. ‘ 


Ex. (i). Shew that in every case the theorem dual to a given one may be 
obtained by reciprocating the given one (supposed descriptive) with respect 
to a conic. 


Ex. (ii). If D, #, F’ be three points in the sides BC, CA, AB of a triangle, 
and AD, BE, CF be concurrent, then the lines HF, /D, DE meet BC, CA, 
AB respectively in three collinear points. What is the dual theorem ? 


209. Methods for transforming symbolical expressions. 
As in the case of binary forms there are two different methods by 
which a symbolical expression may be transformed : 


(a) the interchange of equivalent symbols, 


(ii) the use of identities among elementary symbolical ex- 
pressions. 

As an illustration of (1) we may notice that for the ternary 
quadratic a= 8,,= etc. the mixed concomitant (a@w) az Bx 
vanishes identically. 


In fact, we have 
(aBu) a,B2 = (Bau) a Bx 
since a, 8 are equivalent and 
(au) deBe = — (Ba) ayy 
by the properties of determinants, hence (aw) a,8, = 0. 


G. & Y. : 17 
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The fundamental identity for ternary forms is 


(Bry8) Ag — (yda) Ba Tr (da8) Oy came (aBry) 8x =0, 


deduced from 


Oe iii ee Os i= 0. 
eal ve ose 

tettg geass 203 
a, Be Ye Se 


On replacing 6 by u 
(By) Oe — (yuat) Ba + (Ua8) Ye = (BY) Ue 

or (Bytt) dz + (yaw) Bz + (48%) Yx = (aBY) Us; 
an easily remembered result. 

Again, if in the first identity on replacing « by (€€), we. 

Hy, Lo, Xe bY €50s— €sbo, Gs6i— Ss, 16a — Gaba 
respectively, we deduce 
(aBry) (Sef) — (SB) (yet) + (64) (Bel) — (B78) (ae) = 0. 
Another important identity is 
4 By — ty Bx = (48), 


where %, Us, Us are the coordinates of the line joining the points 
az and y so that 


Uy = LoYgHsYo, Ug= HY, —ByYs, Us =H, Yg— Aah. 
In exactly the same way we have 
VaWp — VeWa = (aB2), 
where « is the point of intersection of the lines v and w. 
Ex. For the ternary quadratic a,?=8,?=etc. shew that 
(aBy) (a8) ¥28,=4 (aBy)? . 62”, 
(a8) (ay) Baye=% (aBu)?. yx? —§ (aBy)? . Ux”. 
210. We now come to the fundamental theorem in the 


present calculus, namely, that every invariant form can be re- — 
presented symbolically by three types of factors, viz. 


(aBy), (a8u) and a, 


together with the identical invariant form w,. 
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Some preliminary observations will enable us to simplify the 
proof. 

In fact an invariant form containing the u’s may be regarded 
as a pure covariant of the original form or forms together with the 
linear form 

Uj By + Ug®, + Ushs, 
and hence if the theorem be proved for any number of ground 
forms for concomitants in which the w’s are absent the general 
case follows at once by adjoining a linear form to the original 
system. 


Let us then proceed to prove the theorem for invariants and 
covariants, 


' In the proof we need two lemmas regarding the operator 0 
denoted by 


pee a ea 
0&, 0€&, 0€&, 

speach ees 
Om On, Ons 

0 0 0 
Dowie tobe 1 0G, 


which is the natural extension to three variables of the operator 
so important in the binary theory. 


211. I. Jf D denote the determinant 


&, E, E, 
91 2 3 
Se o Gs | 


then QD” is a numerical multiple of D"-", where n, r are 
positive integers and r > n. 
This result can be proved for r=1 by straightforward 


differentiation and then the general result follows. We may 
shorten the proof by using properties of the minors of the 


determinant. 
For a moment denote the minor of & by X,, that of y, by VY,, 


of §, by 2,; ete. 
17—2 
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Then 
~ = wae 
ie =n(n—1) DY,%, + nD, 
ang Coe ann = 1) DH FZ nD 
Hence 
(ae 25 | D®=n(n—1) DD" (Y¥,2;— Y;Z,) + 2nD"&, 
0.0f; 0300s 
and Y,2,—Y,2,=6,D 
by the properties of minors, hence 
(se = a LP = (1 tL) DONE, 
Consequently 
% ( Ee ) D™ =n(n+1)(n—1) D™?E,X,+n(n +1) D4, 
OF, \0m20f, 0306, 


and adding to this two like terms we have 
OD" = n(nt1)(n—1) D(X, + &,Xo+&,Xy) +3n(n +1) DO 
=n(n+1)(n+2)D" , 

since 

D=€,X,+ &,X,4+ &X3. 

Operating with © again we have 

0? Dt= (n—1) (n+ 1)? (n+ 2) Dr, 

and proceeding in this way we see that 07D” is a numerical 
multiple of D”~ and, in particular, 0” D” is a numerical constant. 


The reader will find it instructive to extend this property of 
the operator © to four or more variables. 


212. Il. If S be a product of m factors of the type az, 
n factors of the type B,, and p factors of the type rye, then 
O'S is the sum of a number of terms each containing r factors 
of the type (aBy), m—r factors of the type az,n—r of the type B, 
and p—r of the type ye. 
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The proof of this result is exactly similar to that of the 
corresponding theorem in binary forms. In fact let S=PQR, 
where 

Dmg We FA @ cet hc 


Memon Ubon inne yer ck 


R= ye ye 2. ye), 
as Pw eine te 
then eee Uy OO) py (a) mee ok 
0&, 0,06; tae Pye ES, Ory ete 


the sum being taken for 


sD, ae 
Te Ls By ess Os 
Writing down all six such terms and adding we have 
O.S= = (a By) oe zai B 
wyym ag) B,) rye? 


: : ee : 
which proves the theorem for r= 1, since —> contains m — 1 factors, 
Ge 


and so on. 

Now © has no effect on a factor (afy), hence applying the 
same result to each term in 2.8 we obtain the result for r=2 
and so on for any value of r. In particular if r=m=n=p the 
result is expressed exclusively in terms of factors of the 


type (4Py). 


213. Our proof that any invariant or covariant can be repre- 
sented by factors of the two types 


(aBy), 
follows exactly the lines of the second proof of the corresponding 
theorem for binary forms. As the proof is exactly the same for 
any number of forms, we give it explicitly for one only. 


First suppose that J (a) is an invariant of the form 


n! 
Onor ——_—— @ 08a," 
PQ lair} C3 
piqir} 


n! 
then if 2A ver Tair i Var: ne ?X 2X" be the transformed expression, we 


have 
I(A)=TI (a). (&n§)” identically. 
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Now express the left-hand side of this equation in symbols. 

We have 
Apor = OPafas", and hence Ayo, = a:?a,%4¢". 

Thus on the left we have the sum of a number of terms. Each 
contains w factors of the type az, w of the type a,, and w of the 
type a. 

Hence operating on both sides of the equation with ”, the left- 
hand side becomes an aggregate of terms each made up entirely 
of factors of the type (#Sy) and the right-hand side is a numerical 
multiple of J(a), so that we have expressed (a) in the required 
manner. 


The proof for a covariant is similar in form to the above, 
but as in the case of binary forms, a little care is necessary. 
Of course, here as always, we confine ourselves to covariants that 
are homogeneous in the variables 2, £2, a3. 


Suppose that C(a,#) is a covariant of order m, then by 
definition 
C(A, X) = (nb)” x O(a, @). 
Now on solving the equations of transformation 
a, = EX, + X24 645, ete. 
we have 
a= 2, (Mobs — N3b2) + V2 (Msbi — Es) + Ls (mbo — 7261) 
= 
(nf) 
On replacing 2, by (vw; —VsW2), % by (vv, — vw) and a by 
(v,wv—vW,)—a set of equations which may be written # = (ww)— 
we have 


, ete. 


x U,We — UG, 
(Enl) 
wis Ug dre alg 
(Ef) 
ae VEW, — VU, We 
(En) 


Again, Apo, = a?a,%a,", and hence on substituting for the 
A’s and «’s their values as given above in C(A, X), and 
multiplying across by (&f)™, the left-hand side becomes an 
agoregate of products of factors having the suffixes &, 7, €, and the 
right-hand side becomes (&f)”*™ x C(a, x). Moreover each term 
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on the left-hand side must contain (w+m) factors with each 
suffix. 


Now if we operate on the left-hand side once with QO, we 
obtain an aggregate of terms each containing one determinantal 
factor and (w+m-—1) factors with each suffix. 


The determinantal factors are of three types: 
(i) (aBy), 
(ii) (avw) = 4, 
(in) (480), 


where the first two are of the form we require in the result, 
but the third is not. 


Now a term involving a factor (@8v) must have arisen from 
operating with © on a term containing a factor such as @%@,v¢ 
and this term must therefore contain a further factor w, (or we). 
Accordingly let the term be in the original expression 


GazB,veW,, 
then from the mode in which v and w occur in the expression on 
the left-hand side there must also be present a term 


— Gaz8,v,We, 
and on operating with © this gives a Lagi: 
— G(aBw)v,, 
whereas the former term is 
+ G (aBv) w,. 
But by the fundamental identity 
(aBv) w, + (Bwr) a, + (wav) B, = (waB)»,, 
or (@Bv) w, — (aw) v, = (Bow) a, — (a0w) By = Baty — Aa/2y, 
and the sum of the two terms mentioned is 
G (Bx, — daB,)- 


Thus although factors like (a4@v) do appear explicitly after 
operating with ©, the terms containing them may be paired in 
such a way that the aggregate may be expressed entirely in terms 
of factors of the types (a@y) and a, together with factors having the 
suffixes &, , or €. 
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Hence if we operate with 0, w+m times on the left and 
transform at each step as indicated above, we finally have an aggre- 
gate of terms each containing (w+) factors of the types (a8y) 
and a, only; also after performing the same operations on the 
right-hand side, we are left with a numerical multiple of C (a, «). 
We have therefore expressed the covariant as an aggregate of 
terms each of which is the product of a number of factors of the 
types (a8) and a,, and since the order must be m, it follows 
that in each term there are w factors of the type (a@y) and m of 
the type a;. 


214. Leading Coefficients of Concomitants. In § 33 it was 
shewn that a covariant of a binary form could be deduced from its leading 
coefficient; we shall in what follows consider the extension of this idea to 
ternary forms, but as the results are easily obtained and not necessary for 
present purposes. our remarks will be somewhat brief; the reader who 
desires further information is referred to a memoir by Forsyth, Am. Journal 
of Mathematics, 1889. 


If a mixed concomitant be of class m’ and order n’, the coefficient of 
’j"u,™ is called the leading coefficient. 


Given the concomitant, the leading coefficient is unique of course, but the 
reverse is not true, because if we multiply a concomitant by any power of wz 
we obtain another concomitant with the same leading coefficient. 


However, save as to a power of wz, a concomitant can be found when its 
leading coefficient is given, as we proceed to shew. 
The leading coefficient is an aggregate of products of factors of the types 
(aBy), (a,83—a385), ay; 
and on replacing a, by az, 
a, by ay, 
a; by a, 
and so on, the above factors become 
(aBy) uz, (a8u), ax 
respectively, where u=(yz). Cf. § 209. 
The symbolical substitution is equivalent to replacing the coefficient 


Ginger D 
par PY Bs Aad aN : 
Eves) (ean) 


so that if in a leading coefficient we replace a,,, by the value just given we 
obtain the corresponding concomitant multiplied by a power of w,;—the ex- 
ponent of wz is in fact equal to the number of factors of the type (ay) that 
occur in the symbolical expression of the concomitant. 
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Hence, as in binary forms, it follows that “If there be an identical relation 
between a number of leading coefficients, the same relation exists among the 
corresponding concomitants.” 


We leave the reader to establish this on the lines of § 33; the con- 
comitants corresponding to the various leading coefficients must be chosen 
so as to make the whole expression of uniform order and class. 


On multiplication by a sufficiently high power of wz a concomitant can be 
completely expressed by means of factors of the types (a8) and ag. 


The leading coefficient can therefore be expressed in terms of factors of 


the types 
(ag 83—a38)) and ay. 


It follows immediately that the leading coefficient is an invariant of the 
binary forms 
(ay% tags)", (ag Vy+agts)"~ bay, sees. (ay@%+ 3.3) ay"~}, 
which are m in number. 


These binary forms are the coefficients of the various powers of x, in the 
original ternary form, hence they can be obtained at once from f. 


This is the fundamental result of Forsyth on algebraically complete sets 
of ternariants and from it readily flow all the results in the memoir cited. 
Similar methods may be applied to obtain the results of another paper of 
Forsyth’s*. 


215. We shall now explain an important principle due to 
Clebsch which establishes a connection between the invariants of 
binary forms and the contravariants of ternary forms. To facilitate 
the discussion we shall commence with a special case. 


Suppose we require to find the condition that the line uz, = 0 
should touch the conic a,?=b,?=0. Let the points on the line be 
YoY3 aNd 22523, SO that 

Un 3 Ug 2 Us = Yo2s — Yao 2 Ys%i — Yrs 2 Yr2a— Yorr- 

The coordinates 2, #, #; of any point on this line are of the 

form 

Ex yy SL E.2;, E,Yo sti £23, EL Ys ar E25, 
and &, & may clearly be regarded as the coordinates of a variable 
point on the line referred to the points y and 2 as base points. 


We have 


Og = Oy By + Ap Le + Az; = Edy + &,az, 


* See London Math. Soc. Proc., 1898. 
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and the points in which the line meets the conic are given by 


(ay &, + a2&) = (by &, + b,&,)? =... = 0. 
As the line touches the conic this expression regarded as a 
quadratic ¢4?=8P=... in & must have its invariant (a8)? zero. 
Hence (ayb, — azb,)? = 0, 


and by an identity already given 

(ayb, — a,b,) = (abu) ; 
hence we have (abu? = 
as the required condition. 


) . Ex. [If the line w,=0 cuts the conics a,?=0, b.2=0 in harmonic points, 
| prove that (abu)?=0. 


Thus when the points on the line satisfy the invariant relation 
(a8)? = 0, the line satisfies the relation (abu)? = 0. 


This principle is true in general, that is to say, in order to 
pass from the invariant relation satisfied by the points in which 
the lme meets any number of curves to the condition satisfied by 
the coordinates of the line, we have merely to change every factor 
of the type (a8), in the expression of the binary invariant, into a 


factor (abu). 


The proof is very simple—suppose the equations of the curves 
are 
ag@=0, b= 0, etc., 
and that y, z are two points on the line, then the points in which 
the line meets the curves are given by the binary forms 


(dy & = Gz&s) = 0, (by &, ar b,&)" = 0, etc. 


But an invariant of these forms is expressible in terms of 
factors of the type 


(dybz — azby) 
entirely, and inasmuch as 
ay bz — Azby = (abu) 
the result follows at once. 
Thus, knowing the discriminant of a binary form of order n, we 
can find the tangential equation of a curve of the nth degree, for 
the discriminant being equated to zero gives the condition that 
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two points of ntersection should coincide, and in this case the 
line touches the curve; eg. the discriminant of a binary cubic 
being 
(ab)? (ac) (bd) (ed), 
the tangential equation of the curve 
a,?=b=c,2=d,° = 0 

is (abu)? (acw) (bdu) (edu? = 0. 

216. The principle can be extended to covariants and mixed 
concomitants, as we shall explain by an example. 


A line uz=0 cuts two conics a,?=0, b,2=0 in pairs of points 
PQ, RS; to find the pair of points harmonic to both P, Q and 
Jeperess 

We know that the pair of points harmonic to those given by 

aZ=0, BY=0, 

are given by equating the Jacobian (a8) a:; to zero. 

Now if u be the join of the points y and z, then &,, & are given by 

(dy E, a Cz &)° — 0, (by &, af b,&,) = 0, 
hence the common harmonic pair are given by 
(yb, — dz by) (dy Ey + Az &2) (by E, + bE) = 0, 

or they satisfy (abu) dybz = 0, 
and are therefore the points in which this conic meets the given 
line. 

The extension to covariants in general will now be sufficiently 
obvious. 


217. There are also dual methods which enable us to deter- 
mine, for example, the locus of a point such that the pencils of 
tangents drawn from it to a number of fixed curves possess a 
given projective property. 

After the study of a simple example it will be easy for the 
reader to enunciate and prove the necessary theorems. 

Let us find the locus of a point such that the pairs of tangents 
drawn from it to two conics” 

Ue=), ug?=0, 


are harmonically conjugate. 
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If any two lines through the point are v,=0, w, = 0, then the 
coordinates of a variable line through it are 


EY she Ew,, EV. ais EW, E,U; a E,Ws, 
where &, & may be regarded as the coordinates of a variable line 


in the pencil. 


The tangents to the two conics are given by the binary 

quadratics 
(2, 0, + Uy, + Us), OY (VaE, + Wa &)? =), 

and (vg &, + we &)? = 0. 

And since these are harmonic 

(VaWp — UpWa)? = 0, 

but VaWp — Ug We = (aB2), 
where is the point of intersection of the lines v and w. 


Hence the required locus is 


(aBa)’ = 0. 


If a and @ are equivalent symbols, this gives the point equation 
of the conic whose tangential equation 1s 


Un? = Up? = 0. 


Ex. (i). Prove that if three binary quadratics a,”, b,?, ¢,? are in involution, 
then (ab) (bc) (ca)=0; deduce the locus of a point such that the tangents from 
it to three conics form a pencil in involution, and state the correlative 
theorem. 


Ex. (ii). Interpret the envelope loci (abw)*=0, (abu)? (bew)? (caw)? =0 in 
connection with the quartic curve a,=b,'=c,'=0; shew that the inflexional 
tangents touch each of the above curves, and are therefore in general com- 
pletely determined as the common tangents. 


Ex. (1). A straight line p meets a cubic curve in P, Q, 2, shew that 
(i) there are two points H, H’ on the line such that their polar conics 
touch the line; 


(11) the polar conic of H touches the line in #’ and that of H’ touches 
the line in H; 


(iii) Hand H’ are the Hessian points of P, Q, 2; 


(iv) if p pass through a fixed point y the locus of H and #’ is the 
quartic obtained by putting w=(wxy) in (abu)? a2b,=0; 

(v) the equation of the quartic is fP-C?=0, where f=0 is the 
cubic, C the first and P the second polar of y. 
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218. Quaternary Forms. The general quaternary form of 
order n is 
n! 


—_—___ 7 Pe Igy 8 
piqirts! te he 


where ptaqtr+s=n. 


In accordance with the methods used in this work, we write 
this in the umbral form 


(a2, + Ag, + Ash + O44)”, 
and this in turn we denote by a,”. 


To represent expressions of degree higher than unity in the 
coefficients, we have to introduce equivalent symbols £8, y, etc., 
so that 

i Ay” = fee = ye = Gite. 

Denoting the determinant 


| My Ay, Opn Oe 


| 

hi Be Rex Bas 
Y Ye Ys Ya | 
Sion Peynay, 3H 


by (a@y6) and extending the definitions of invariants and co- 
variants, we can shew that every expression completely represented 
by factors of the type (a@y8) is ‘an invariant, and every expression 
represented by factors of the types (@@y5) and a, is a covariant ; 
of course in a symbolical expression each symbol must occur to 
degree n. 
Then using plane coordinates u, such that 
; UH, + Uyhy + Usl3 + Uses, = O 


is the equation of the plane u, we have mixed concomitants 
containing the three types of factors 
Gz, (aBry8), (aByu). 

Finally, introducing a second plane v, we have a more compre- 
hensive type of mixed concomitant expressed by factors of the 
four types 

Az, (aB8yv), (aByu), (a8uv). 
There is no need to introduce a third set of plane coordinates w, 


because 
(aww) 
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is really of the form a, where a is the point of intersection of the 


planes wu, v, w. 


The reader will not have more than purely algebraical diffi- 
culties in extending the methods of §§ 211, 212 to four variables. 


219. In illustration of the foregoing we may mention that if 
f= ake ot fom =< Yn — Ox? 
be a quaternary quadratic, then 
(i) (ays) is its discriminant ; 
(ii) (aS8yu)?=0 is the condition that the plane w should 
touch the quadric f= 0; 


(iii) (aBuv)? = 0 is the condition that the line of intersection 
of the planes wu and v should touch the quadric ; 


(iv) (aww) =0 is the condition that the point of intersection 
of the three planes u, v, and w should be on the quadric. 


220. It is clear that when any invariant form expresses a 
relation of a projective nature between a straight line in space 
and a surface, factors of the type 


(aBuv) 
must occur in its symbolical form, because the straight line is 


given in the first place as the intersection of two planes, which 
are wu and v in this case. 


It is easy to see that 
(aBuv) = & (a8, — /9;) (a0, — Uys) ; 
the six quantities 


UgVs = UzV2, U3, = U,zV3, Uy4V2 a Ug}, Uj,V4 as U4v,, UgV4 aaeg U4gVe, U3V4 a U4gV3 


are called the six coordinates of the line of intersection of the 
planes u and v. It can be verified that they are altered in the 
same ratio, when instead of the planes u, v we take any other two 
planes through the line. 


Further, if «, y be any two points on the line, the quantities 


Ys — LiYr, VoYs— LsYo, U3Y4— CsY3, LoY3 — L3Yo, L3Y1 — VyY3, LyYo— LoY1 
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are altered all in the same ratio, when instead of a, y we use two 
other points on the same line. 


Finally, from the equations 


U,=0, u=0, w,=0, v,=0, 
it follows that 
LY, — LY, = P (Ws — UsV>) = ids 


Los — LAYo = P (Ug, — UyUs) = Pos, 

LAYs — VYg = P (UV. — U1) = Pas, 

@oY3— LsYo= P (UUs — Usd) = Pos 

LY — LyYs = P (UqVs4 — UsVe) = Par, 

LyYo — LoY, = P (UsV4 — UUs) = Pro, 
in other words, that the six coordinates of a line are either the six 
determinants of the array 


or those of the array 


UV, Uz, U3 Ug 


The expression («8uv) is written (a8p) for convenience, but 
it must not be confused with the similar expression for a three- 
rowed determinant. 


The discussion of concomitants involving line coordinates is 
complicated by the existence of the relation 


PosPrs + Par Pos + Preps = O 
between the six coordinates of a line. 


221. Asa simple illustration of the use of the above methods, 
we shall take the extension of the principle of Clebsch explained 
in § 215. 

To explain this extension we take a particular problem, viz. 
to find the condition that the plane u,=0 should touch the 
quadric surface represented by 

by? = By? = Ya’ = 0, 

Let a, y, z be three points in the plane, then any other point 

(X,, X., X;, X,) in the plane is given by 
Np ibn Ean FH es2 ps r= 1; 2, 3, 4, 
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and &,, &,,& may be regarded as the coordinates of (X,, X., X3, X4) 
in the plane referred to 2, y, z as fundamental triangle. 


4 
Now Da, Ay = Az&, + AyE> + O&s, 
1 
hence the equation of the conic in which the plane meets the 
quadric may be written 


(Ax&; + dyE, + a2&)? = 0. 


If the plane touch the quadric, this conic must be a pair of 
straight lines; the condition for this is 


Oy Og GO, |= 0, 
Be’ By Bz 
is Ny Ve 


and inasmuch as the determinant here written is equal to 
(aBryw), 
(aByu)? = 0. 


The reader will have no difficulty in applying the same 
method to find the envelope of a plane cutting a surface in a 
curve which has a definite projective property, of which the 
invariant equivalent is given. 


the condition required is 


222. We can in like manner solve problems leading to line 
coordinates, e.g. to find the condition that a line should cut the 
quadrics 

a Oi ie 0) 


in pairs of points harmonically conjugate. 


Let «, y be two points on the line, then any other point X 
is given by 
A, = €,2, + Ey, = i 2 3, 4, 


and ax = Oleg a Giese, 


so that the quadratics giving the ratio in which the line is divided 
by the quadrics are 


(Oe& + ayéE)=0, (Bre, + Byé) = 0. 
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The condition that the pairs should be harmonically conjugate is 
(AnBy — tBx) = 0, 
or (a8p)’ = 0, 
where p is a typical coordinate of the line. 


The construction of other examples and the discovery of the 
dual principles will be easy for the reader who has grasped the 
corresponding results relating to ternary forms. 


Dyw)D - a 


CHAPTER XIII. 
TERNARY FORMS (continued). 


223. IN this chapter we shall give some further theorems 
relating to ternary forms; mainly such as arise in obtaining the 
irreducible systems in the simpler cases. In connection with 
Hilbert’s proof of Gordan’s theorem it has already been remarked 
that this proof can be extended without much difficulty to the 
case of ternary forms; we are therefore certain that for any number 
of such forms the irreducible system is finite, 2.e. there exists a 
finite number of invariant forms in terms of which all others can 
be expressed as rational integral algebraic functions. But although 
the existence of the finite system is thus established, no clue 
is given as to the method of discovering such systems and, as a 
matter of fact, very little is known in this branch of the subject. 
The more important complete systems known up to the present 
are those for one, two* and three} ternary quadratics, that for a 
single ternary cubic} form, and quite recently Gordan has given the 
complete system for two quaternary quadratics§. 


224. In his paper on the ternary cubic Gordan gave a syste- 
matic method of searching for all irreducible forms by proceeding 
from those of degree r—1 to those of degree r in the manner of 
Chapter V.; in any but the simplest cases the application of this 
method requires uncommon skill and patience. The reader will 
find an introductory sketch of the method at the end of this 
chapter; we shall content ourselves with obtaining the complete 
systems for one and two quadratics by an elegant and ingenious 


* Clebsch, Geometrie, p. 174. 

+ Ciamberlini, Battaglini, Vol. xxiv. 
+ Gordan, Math. Ann., Band t. 

§ Math. Ann., Band ty1. 
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process, also due to Gordan, which has been applied with success 
to three, and would probably be equally successful in dealing with 
any number of, quadratics. The complete systems are in all cases, 
except for linear forms or one quadratic form, so large that any 
method for their discovery will involve a great deal of labour. 


Ex. (i). For a single linear form a, the complete system is a@;. 
Ex. (ii). For two linear forms a, and 6, the complete system is 
Cy Wx, (ClO) 


Ex. (iii). For any number of linear forms a,, b,, ¢z,... the complete 
system consists of 


(a) Forms of the type a,, 
(8) Contravariants of the type (abw), 
(y) Invariants of the type (abe). 


These results all follow immediately from the symbolical expressions for 
invariant forms. Cf. § 84. 


225. One Quadratic Form. Let the form be 
i= Ogi Og Cy = CUC., 
then the typical invariant factors are 
(abe), (abu), dz, 
and there are three invariant forms 
(abc, (abu), a,z?; 


we proceed to shew that these constitute the complete irreducible 
system. 


I. Any invariant form P containing the factor (abc) can be 
transformed so as to contain the factor (abc)’. 


First suppose that no two of the letters a, b, c occur again in 
the same factor, then 


P = (abc) ayb,c, M, 
where M does not contain a, b or c, and 
p =(de), (du) or « ete. 
Hence by interchanging a, b, c in all possible ways 
6.P = (abc) M (dpbge, — Ap bp Cg — Ag dp Cr + Aq bp Cp — Arby ep + Arby lq) 
=(abc) M (abc) (pqr), 
= (abc) M (pqr). 
18—2 
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Thus P involves the factor (abc) which is an invariant, hence 
the other factor must be an invariant form* and P is therefore 
reducible. 


Secondly, suppose that 
P = (abc) (abp) c, N, 
where p=d or 4, 
q=(02), (du) or w. 
Then 3P=(abc) N {(abp) cg + (bep) a + (cap) by) » 
= (abe) N (abc) pg ee 4 
= (abe) Vpg, 


and as before it follows that P is reducible. 


Go. 


Thus any form containing the factor Bea is iaccinie ‘and we 
may neglect such forms in future. 


II. A form Q containing the factor (abu) can be expressed in 
terms of forms containing the factor (abu) and reducible forms. 


Rejecting forms containing factors of the type (cde), we have 
the three following possibilities : 


(i) Q=(abu) (acu) (bdu) M, 
(ii) Q = (abu) (acu) b, M, 
(iii) Q = (abu) a,b, UM. 
As regards (i), on interchanging a and b, 
2Q = (abu) M {(acw) (bdu) + (chu) (adu)} 
= (abu) M } — (bau) (cdu)} 
= (abu)? (edu) M, 
and @ is reducible. 


(ui) Here 
2Q = (abu) M {(acu) bz — (bow) az} 


= (abu) M {(abw) cz — (abc) uz} 
= (abu) Mc, — (abc) uz (abu) M, 


and the latter part is reducible because it contains the factor (abc). 
Thus again Q is reducible. 


* We shall return to this point later, see § 226. 
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(iii) In this case Q vanishes, as we see by interchanging 
a and 6. 


Now every symbolical expression representing an invariant 
form contains a factor of one of the types (abc) or (abu) unless 
it be a,?; it follows that all such are reducible except 

(abc), (abu), a’, 
and these form the complete irreducible system. 


Of course, to be strictly accurate we should add to this and 
every complete system the identical concomitant we. 


Ex. (i). Express (abu) (aew) b,c, in terms of the irreducible system. 


Ex. (ii). Prove the symbolical identity . ¢ 
{ab (pq)} =Apbq— Mbp: 


226. The foregoing discussion leads to some general remarks 
that will be useful in the sequel. 

The artifice of replacing (abc) by a», or, what is the same thing, 
writing 

Ak (bc) =p, 
and more explicitly 
(b.¢5 a bsCo) =P; (dsc, = b,c) = Po; (bye, — b.c,) = Ps, 

will be frequently used. (It is clear that if b and ¢ be two straight 
lines then p is their point of intersection.) 


In particular the contravariant (abu)? will be written w,’, thus 
oS (ab), 
and the invariant of the quadratic is ¢,?. 


The as may be regarded as expressible in terms of the original 
symbols, but we shall more often regard them as independent 
symbols; the contravariant above will thus be 


the original form is 
fH=a?e =bZ=cef=..., 
and the invariant is 
Ce = Op — UAH EtG. 
Of course in replacing an a by symbols belonging to f, we 
must use no symbol already occurring in the expression because 
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then that symbol would occur more than twice in the transformed 
expression. 

The a’s being formed from the a’s and 0’s, as line coordinates 
are formed from point coordinates, it follows that the a’s are 
contragredient to a and uw but cogredient with a. 


We shall now return to a point that arose in the discussion of 
a single quadratic, where we deduced from first principles that if 
Ay, Aq, dy be all invariant factors then (pg7) is au invariant factor 
—it will be shewn here how to express it in terms of factors of the 
types (abc), (abu) and ay. 

The possible forms for p,q, r are (de), (dw) and w; if each 
of them were 2, (pq) would vanish, so we may suppose that p for 
example is not @. 

Let p = (dv), where v is either e or u, then 


(par) = {(dv) qr} =dyu, — d,vq, (§ 209) 
but since b, is an invariant factor, d, and wu, are both invariant 
factors; for if in such a factor we replace a letter of the type a 
by another of the same type the factor is still invariant, while if 
we replace it by w the resulting factor either vanishes or is an 
invariant factor. 


Hence (pgr) can be expressed entirely in terms of factors of 
the types (abc), (abu) and a,; it is therefore an invariant factor. 


227. To make the matter clearer we shall illustrate it by 
some examples. 


Suppose a quadratic is 


ig a0 = Cy = Ae 
and its contravariant is 
Ug =Upg = UW = ..., 


then a,, dg, b., bg etc. are invariant factors. 

Hence (a8) must be an invariant factor and (a8z)? an in- 
variant form of the quadratic. We proceed to express it in terms 
of the members of the irreducible system as follows: 

(a8x)?=(ab Ba) =(agbz— debs)? 
= hg” . b2 + he . b,? ae 2azbz He be, 


and we have now to deal with the term azbzagbg. 
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As a guide to the further reduction we remark that since dg is 
a factor the form must involve the factor a, after suitable trans- 
formation. 


Thus 
Azb,Agbg = Azb, (acd) (bed) = (bcd) az (acd) bz, 


and 3azb,agbe = (bed) az {(acd) b, — (abd) cz, — (acb) dy}, 
or since (acd) b, — (abd) cz, — (acb) dy, = dz (bed), 
3azb,dgbg = (bed)? a,’. 
Consequently 
(ax)? = 20,2. b,? — aq. bn? = $a? . by’, 
and except for a numerical factor the invariant form is equal to 


the product of the original form and its invariant. 


The following example will shew the advantage of introducing 
symbols like a, B, y above in geometrical investigations. 


Let az = 0, bz =0, cz = 0 be the equations of three straight lines, 
then if a=(bc), B=(ca), y=(ab), 
(By) = (abe) a. 
This is not surprising, because a, 8, y are the points of inter- 


section of b, c; c,a; a, b respectively and (@y) must therefore 
give the line joining 8 and y, that is a*. 


The equation of the straight line joining the point y to the 

point of intersection of a,=0 and b,=0 is 
(ab, wy) =0 or dgby — Gybz = 0, 

which is the well-known form. 

The line joining the point (a, b) to the point (¢, d) is 

(ab, cd, e) =0, or (acd) by — (bed) az = 0. 

This may also be written (abc) d, —(abd)c,=0, and the two 

forms are equivalent in virtue of the fundamental identity from 


which both can, in fact, be at once inferred. 


, 


Now let a’, b’, c’ be the sides of a second triangle and @’, 9’, y 
its angular points. 


* The similarity of these ideas to the methods of Grassmann’s dusdehnungslehre 
will not escape the notice of the reader who is acquainted with the Calculus. 
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The lines joining corresponding vertices of the two triangles 
are (aa’), (B8’), (yy’), and these are concurrent if 
(aa’, BB’, 77) = 0, 
ue. if (488") (ayy) — (a’BR’) (ayry’) = 0. 
But since (a8) =(abc) ¢ ete. this condition is 
(abc) (a’b’c’) {eg b'y —c’gby} = 90, 


or (abc) (a’'b’c’) {(a’e'c) (abb’) — (acc’) (a’b’b)} = 0, 
or (abc) (a’b’c’) {(abb’) (a’cc’) — (ace’) (a’bb’)} = 0, 
or (abe) (a’b’c’) (aa’, bb’, cc’) = 0. 


Now (aa’, bb’, cc’) =0 is the condition that the points of inter- 
section of corresponding sides should be collinear. 

Hence when the joins of corresponding vertices are concurrent 
the intersections of corresponding sides are collinear—a well-known 
theorem. A direct analytical proof by the ordinary methods 


without using a particular triangle of reference is by no means 
easy. 

Ex. (i). Prove that the cross ratio of the range in which v,=0 is met by 
Cis0, OO G=O; C=O ik a) hence the general equation of a 

(abu) (edu) ’ 
conic touching the four lines is 
(abu) (edu) +X (beu) (adu) =0. 
If the six lines a, 8, ¢, d, e, f touch a conic, then 


(abe) (cde) (bef) (adf) = (bee) (ade) (abf) (cdf). 
Ex. (ii). State and prove the results dual to those of (i). 
Ex. (iii). Ifthe points a, 8, y, 6, «, ¢ be on a conic and 
(aB)=p, (By)=q, (y=, (e)=p’, (e)=Y', (Cal=7, 
then (pp, 99’, rr')=0. 
Deduce Pascal’s theorem and prove Brianchon’s theorem in the same way. 
228. Two Quadratics. Suppose the quadratics are 
f= Dy ve i Ce a etc., 
f =ef=b' 7 =¢ = ete, 
and that their contravariants are 
b = pee = Up” = Uny = etc. 
p= Ug" = Up? = Uy? = ete. 


respectively, then their invariants are a,’ and a,” respectively. 
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The types of invariant factors are 
(G00) =="05, 1000 ) = 0c, 100 C ) = Oar, 
‘(a0¢ j= ae, (abu) =u, (abu) =u, 
(ACW) Oe od ys 
and in the course of the work we shall use the additional types 
(aBex), (a/f’x), (aa'2) 
which, as has been pointed out, certainly are invariant factors. 


There are four types of symbols occurring in any expression, 
viz. 
/ y 
@, OF a, a’, 
and the leading idea of the investigation is to reduce the 
number of symbols in the expression for any invariant form to a 
minimum. 


Thus (abu)? involves two symbols a, b, but it can be written 
ug and then only involves one. 


Again 2a! Da! Az dx 
is equivalent to (Ga' by — ez ba’)? 


except for reducible terms; then since 
Aq Oe — Agbda = (aa'x) 
we see that Ca! Da’ OD 


-can be expressed in terms of reducible forms and forms containing 
a smaller number of symbols. 


This examiple will make clear what we mean in the sequel by 
reducing the number of symbols. 


I. If a symbolical product contain a factor of the type a, or 
a4 it ts reducible. 
For let P = (abe) a,b,¢,M, 


then, as in § 225, 
6P = (abc). (par) M, 
and (pqr) is an invariant factor; hence P is reducible. 
This shews incidentally how factors of the type (48x) arise 
naturally in the course of the work, for we might have 
p=a, g=P, r=. ' 
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The case in which @ and b occur again in the same factor, e.g. 
(abu), is treated as in § 225, 


Il. Jf a symbolical product contain a factor of the type (abv), 
where v is of the type a’ or is u, then it can be so transformed as to 
contain an additional factor (abw). 

Suppose in fact that 


P =(abv) a,b, M, 


then 2P = (abv) (dpby — agbp) M 
= (abv) (ab, pq) M 
=v. (apg) M, 


and (apq) can be expressed in terms of « and the symbols occurring 
in p and q. 


Hence in the transformed expression there are two factors 
involving the symbol «a. 


A like theorem applies to a’, and here we see a great advantage 
in introducing these symbols, because just as when one @ occurs in 
a product there must be another, so when « occurs the expression 
can be transformed so as to be of degree two in a. 


une If an expression contain a factor of the type (aBy) or 

(a’B’y) it ts reducible. 

For let 

P=(a8y) M, where y must be of the type a, a’ or w. 
Then since a5 
(a8y) = (ab, By) = agby — bay, 
P=agb,M —bga,M 

and by I. the form P contains the invariant a,? as a factor. 


Summing up these results we infer that any concomitant 
other than a,’, a’,?, a”, a.” must be composed of factors of the 
types 

hes Ups Dory Ves Ug, War, (OC). (One, 
and if one a occurs there must be another present after a suitable 
transformation. 
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IV. Any expression containing two equivalent symbols can be 
expressed in terms of concomitants that are either reducible or 
contain a smaller number of symbols. 


There are two cases according as the equivalent symbols are of 
the type a or a, so that we have to consider the expressions 


Gydgb,bsM and wpacgte M, 
with the exactly similar ones 
Op gb',b',M and wy pace te M. 
Since pb; — Arby = (apr), 
and agbs — dsbg = (aqs), 
it follows that expressions derived from 
Ap agb,bsM, 


by permuting the symbols p, g, r,s, differ from the original ex- 
pression by forms in which the two symbols @ and 6 are replaced 
by the simple symbol a. 


Hence if any one of the three expressions 
ApdgbybsM, apdrbgb;M, apagbgb,M 
can be expressed in terms of reducible forms and forms containing 
fewer symbols the same is true of the other two. 


The same result can be easily established for the three 


expressions 
Bapatete UM, BaTapeTel, BaTa peo ; 


in fact the difference between any two is reducible by III. 
Consider now the expression 
Ap tgb,bsM. 
There are only five possible types for p, g, 7, 8, viz. a, a’, (bu), (a’u) 
and #; of these a may be neglected because if it occur the form 


is reducible, and (bu) may be neglected because if it occur we can 
replace a and 6 at once by the single symbol a. 


Hence there are only three remaining possibilities, viz. a’, (aw), 
x, and of p, q, 7, s some two must certainly be of the same type. 


First suppose that two are identical, say p and r, then 


Ap AdybgbsM =a," .bgbsM ; 
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thus d)a,b,b,M is reducible, and hence adpdgb,bsM can be expressed 
in terms of reducible forms and forms containing fewer symbols. 


Similar reasoning applies to the expression 
Wa PaTpTp M 


when any two of the symbols a, p, , 7 are identical ; here, as in 
the other case, there are three possibilities, viz. a, a’ and w, so some 
two must be of the same type. 


Proceed now to the general case in which no two of the letters 
o 
Pp, Y, 7, & are identical. 


In this case some two must be equivalent without being 
identical. 


Suppose the equivalent symbols be p and 7, then there are 
three cases to consider. 


(i) Let p=r=a. Here p and r are identical and the result 
has been established already. 


(u) Let p=, r=’, then 
Op Ap bgbs M = ay ag'bgbsM. 


And since the symbols a’, Q’ each occur once the expression 
can be transformed by II. so that each occurs twice, hence 


Ay dy bgbsM = ay ag ya Op NV. 
But de Mg'7a/Sp’ WV falls under that class of expression 
Ba! Pa Oe Te M 
in which two of the symbols a, p, o, 7 are identical, for o>=c =a; 


hence, as we have seen, it can be expressed in terms of simpler 
forms. 


Thus apa,b,b;M can be expressed in terms of forms that are 
either reducible or contain fewer symbols, and the same is true of 


Ap tab, bs M. 
Gu) Let p=(au), r=(b'u), then 
yt bgbs M = (aa’u) (ab’u) bgb;M. 
And the latter expression can be written 
(a’au) (V'au) ay by M’, 
or U yD rgb M’, 


where p’ = (au), 7’ =(aw), te. p’ and 7” are identical. 
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Thus, as we have already shewn 
Cy Wy b'yM’ 
can be expressed in terms of simpler forms; hence a,a,b b,M 


can be expressed in terms of forms that are either reducible or 
contain fewer symbols, and the same is true of a,a,b,b,M. 


This completely establishes the Theorem IV. when the equi- 
valent symbols are of the type a or @’. 


We have still to consider the general expression 
@apareTaM, 


where a, p, o, 7 are each of the types a’, (a’~) or u. The case in 
which some two are identical has already been discussed and 
reasoning exactly similar to that of (4), (11), (111) above enables us 
to prove Theorem IV. for the general expression. 


The theorem we have just proved simplifies vastly the 
evolution of the irreducible system inasmuch as it shews that 
in an irreducible form there cannot be more than one symbol 
of any of the types 


/ / 


Cmcd + Ge a, 
A further limitation is imposed by the following theorem. 


V. A form containing both the factors (aa’w) and (aa’x) may 
be rejected in constructing the wrreducible system. 


In fact by direct multiplication 


ax (G04) =a 2a? Ty 


| 
| / | 
| Ay Ay Uz | 
hence if a form involve both these factors it can be transformed so 
as to only contain the simpler factors 
/ / / d 
OPN Ua kOe lan ge O 2 DOOXU,, 


With the aid of the above five theorems the problem of the 
complete system is reduced to a very simple one; in fact we have 
only to write down such products of factors of the types 


/ / J lis 
Qa, Wa, a’, Ma, Ua, Ua’, Az, Ae, (aa U), (aa @), 


as satisfy the conditions implied in the theorems. 
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Since no two equivalent symbols can occur in the same product 
we need introduce no more symbols; further ag, a4’ can only occur 
in the invariants a,? and a’, respectively ; therefore it only remains 
to write down all products of the factors 


Daly Cay. Urs Ul An,60 pal Cd Us (Ore), 


in which every letter except u and w which appears at all appears 
twice and no more; besides the two last factors must not appear 
in the same product. 


Hence we have the following forms : 
(A) a35G.4, Gee OOS, Ue", de, Oo, (00 uy, (dary: 
obtained by squaring each factor. 
(B) dg Gye’, Gai Uy (AUX) Ug, Ag! Ay (A0'x) a,x, 
1! a! (aa'U) Gz, Ae (AAU) Og Ua Ua’; 
containing the factor Cal. 
(C) "OD etla, Cae OL) Uy, O,(O0 Ut) dz, Me, 
containing a’, but not aa. 
(D)  u, (aa'x) ua’, 
containing uv, but neither a’, nor dy. 
(E) az (aa'u) a's, 
containing a, but neither a’, nor dy. 
There are twenty forms in all, viz.: 
Four Invariants, 
Qf=Am, 07=—Ag, a= Ais, Oa = Ava: 
Four Covariants, 
ag=8,, v2=8,, (aval =F, (acer) aed .a,0 zp. 
Four Contravariants, 
Ul = Dy, Ua = Xe, (C0U) =D, (aa) a0 Up te. 
Eight Mixed Concomitants, 
Ag Qa! Ua’, Ugh ga, (AGU) Ay G' x, (A0'W) Ogre Ua’, 
(Ad'U) W'gdea, (AO'L) Ug Aa’ Ae, (A442) Ug A's On, 
(aa'x) Ug Ua’. 


To these twenty should be added the identical concomitant w». 
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It should be noticed in conclusion that, although it follows 
from the five theorems of this article that every other invariant 
form is expressible in terms of these as a rational integral algebraic 
function, it has not been shewn that these twenty forms are 
themselves irreducible. Cf. note, p. 181. 


Ex. (i). Prove that 
(aBy)?=$4y1)’, (aBy')?=$ Ayn Ayo. 
Ex. (ii). Prove that 
Uy Ug Ug Ug = $A Aon; 
and thence that (aa’, aa’)? =4A 1, Asse +A rin Ares: 


Ex. (in). Prove that 


! ja 
Ant yt =$Ayy Sy. 


Ex. (iv). Prove that 
Oy Ug Ug (aa'x) =0. 


229. <A complete irreducible system of invariant forms may 
be regarded as giving rise to two inquiries. 


(a) What is the geometrical meaning of each member of the 
irreducible system ? 


(ii) What is the expression in terms of the members of that 
system of the invariant forms which arises in the analytical 
treatment of a given problem ? 


To the first of these inquiries an answer can generally be 
given, provided a sufficiently complex geometrical apparatus be 
allowed, but it commonly happens that the significance of some 
members of the system is so remote as to render them of little 
geometrical importance. 


The second inquiry is naturally unanswerable until the pro- 
blem be named, and thus all we can do is to illustrate it by the 
discussion of some simple problems. 


Before going further it may be well to add that the second 
inquiry is the really important one; in a manner it includes the 
first as a particular case, and in fact there being no direct method 
of proceeding from the invariant to the geometrical meaning, the 
answer of the first inquiry is obtained fortuitously in pursuing 
the second. If it be not obtained we should console ourselves 
with the reflexion that the uninterpreted forms are of little geo- 
metrical interest in the present state of knowledge; besides, if we 
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regard the algebra as being merely helpful to geometry in the 
analytical formulation of results, it does not follow that everything 
in the algebra need be taken seriously from the geometrical point 
of view™*. 


In spite of what we have said, we shall begin the geometrical 
theory of two conics by interpreting the members of the irre- 
ducible system ; it will be seen that they are all of importance in 
elementary geometry. 


230. Geometrical Theory of two Quadratics. The 
irreducible system. The forms themselves when equated to 
zero represent two conics, viz. 


/ 9 
ie =), Ch Sa). 
which we write S,=0, S,=0, and call S, and S,. 


Invariants. The meaning of the invariant of a single conic 
is expressed by the fact that a,?=0 is the condition for two 
straight lines. 


Again, a’2=0 is satisfied when the point equation of S, 
involves only product terms and the line equation S, only squared 
terms, or when the point equation of S, involves only squared 
terms, and the line equation of S, only product terms. 


It is then the poristic condition+ that there should be an 
infinite number of triangles inscribed in the first conic and self- 
conjugate in the second, or, what is the same thing, that there 
should be an infinite number of triangles self-conjugate to the 
first conic and inscribed in the second. We shall consider this 
type of invariant more fully in the next chapter. 


Covariants, etc. The simple ones are well known, viz. 
a? =0 is the condition that (#) should be on the first conic, 


Ua? = 0 is the condition that (w) should touch the first conic. 


* Reducibility itself is a purely algebraical idea and the reader will soon convince 
himself that it is generally hard to obtain any geometrical satisfaction from the 
fact that a covariant is reducible. See a curious remark of Clifford’s, Collected 
Papers, p. 81. 

+ The sufficiency of the condition can easily be seen by taking a triangle 
inscribed in the first conic and having two pairs of vertices conjugate with respect 
to the second for fundamental triangle. 
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Of those not involving determinantal factors, there remain 
DW aU nla, Aq Agha’. 


It will be sufficient to consider one of these. Now a@',0’aua = 0 
is the polar of the point (ata, Wa, Asa) With respect to a’,?= 


This point is the pole of w with respect to the first conic 
IPSO OF OSV 


and hence a',a’,u,=0, when w is constant, represents the polar 
with respect to the second conic of the pole of w with respect to 
the first. When ~@ is constant, it is the tangential equation of 
the pole with respect to the first conic of the polar of « with 
respect to the second. 


Again (aa'u)?=0 is the equation of the envelope of the lines », 
cutting the two conics in harmonic point pairs, and in like manner | 
(aa’w) is the locus of a point such that the tangents drawn to the 
two conics from it are harmonic line pairs. 


Consider now the forms involving one determinant factor. 


(1) (adv) a,a’,=0 is the condition that the lines 
Aghy=0, a',0',=0, uy, =0, 


should be concurrent, y being the current coordinate, 7.e. when 
u is constant it is the locus of points whose polars intersect on the 
line w, and when « is constant it is the equation of the point of 
intersection of the polars of w with respect to the conics. 


(ii) (a'r) Usa is dual to the last; when # is constant it 
represents the envelope of a line such that the line joining its 
poles passes through a, and when wu is constant it represents the 
equation of the line joining the poles of w with respect to the two 
conics. 


(iii) (aa’'w) a’ ,d¢. 1s the Jacobian with respect to y of the 

quantities 5 
Ola alata Athg. 

Equated to zero, these represent three straight lines, namely, 
the polar of w with respect to the first conic, the polar with 
respect to the second conic of the pole of u with respect to the 
first, and the line wu. The vanishing of the concomitant is the 
condition that the three lines should be concurrent; hence, for 


G. & Y. 19 
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example, when w is constant, the equation represents a straight 
line constructed as follows: let P, be the pole of w with respect to 
the first conic, and v the polar of P, with respect to the second 
conic, then the line represented is the polar of the point (u, v) 
with respect to the first conic. 


(iv) (aa'x) daze 18 the Jacobian with respect to the v’s of 
Waa, Va'Aa'g, Vx, 


and hence equated to zero is the condition that these three points 
should be collinear. 


Now wWv.=0 represents the pole of w with respect to the first 
conic, and dz@aVa = 0 represents the pole with respect to the second 
conic of the polar of w with respect to the first. Thus we can 
interpret the concomitant geometrically. See also Ex. ix. p. 294. 


(v) (aa'W) da’ alaUa’ IS a Contravariant df the third class, and 
moreover the only such contravariant that can be built up from 
the members of the system. But the angular points of the 
common self-conjugate triangle must be given by equating to 
zero a contravariant of the third class. Hence the contravariant 
in question represents the vertices of the common self-conjugate 
triangle of the conics a,?=0 and a’,?=0. 


We may prove this as follows*: The three conics u,?=0, 
ue? =0, and (aa'u)>=0 have a common self-conjugate triangle 
if there be a proper triangle self-conjugate to the first two, as 
we see by taking it for triangle of reference. Further, when 
three conics are referred to their common self-conjugate triangle, 
the Jacobian of their tangential equations is the tangential 
equation of the vertices. 


Hence the Jacobian of u,’, ua”, (aa'u)? represents the vertices 
of the common self-conjugate triangle. 
Now it is 
(aq'UL) Ustta’ (aa aa’) = (Aa'w) Uae’ (a a — Ua''g). 
But (A0'U) Uae’Aa' a = 0, 
for otherwise it would involve the factors a,? and a’,?, whereas its 


total degree is only six, so that the remaining factor would be 
a contravariant of zero degree which is impossible. 


* See also Ex. vi. p. 293. 
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Hence the Jacobian in question equated to zero is equiva- 


lent to 
(AGL) UgUa'ba' U's = 0. 


(vi) By exactly similar methods we can shew that 
(GL) GeO a0 pn = 0 


represents the sides of the common self-conjugate triangle. 


231. Let us now consider some problems bearing on two 
conics with a view to illustrating the second inquiry of § 229. 


(i) To find the equation of the reciprocal of the conic S, with 
respect to S,. 


If y be a point on the reciprocal conic its polar with respect to 
a,?=0 must touch u,?= 0. 
The polar is 
Ay dy = b,b, = 0, 
and if uw, =0 touches u,”? = 0 
o a AOI SE 
(0) 2 fe = / SS ae =e =| Une are zs 
Wa = Fon Ban * Boyde, * Daydan,) 1%) 


Hence in this case 


rs C2 Ce? iss 2 é a 
Wire (sam Bente a (Catly Pn by Va") 
= day ba dyby, 


so that the reciprocal is 
AzDy MaDe =O or — (Azda — da br)? + dy? ba” + b2e” = 

or 0 = 24,7 ba? — (aa x) = 2A,..S,— Ff, 
which expresses the equation in terms of the irreducible system. 

Gi) To find the point equation of the covariant conic 

(aa'uy = 0. 

The point equation of w,2=0 is (a8”)?=9, and hence in our 

case the point equation is 
(aa’b6' x}? = 0, 
or {(abb’) a’, — (a'bb’) az}? = 0, 
1.€. (abv'Y a2 + (a bb’)? ag? — 2 (abd’) (a bv’) ded’ = 0. 
19—2 
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Now 
(abb’) (a’ bb’) aza'z = — (abb’) (a ab’) az be 
=} (abb’) a'z {dabz — baz}, where a’ =(a'd’) 
=4(aa'x) (abd’) az 
=—4(aa’x) (aba’) bb’; =—4 (ae’x) {a’'b', — a’'2b'a} = 4 (aaa), 
thus the point equation is 
(abb’)? a’? + (a’bb’? a? — 4 (aa'xy =0, 
or Ayy. Sy + Ay, S;—-4 LF =0. 
(iii) ‘To find the locus of the point of intersection of harmonic 
pairs of tangents to F and S. 
The locus for u,2=0 and w.?=0 is (aa'x)?=0 and in our case 
the locus is accordingly 
{aa'ax\? = 0 
or = (zg — da, =O 1.6. Site + SA 20.0 20, 0 0. 
To reduce the last term we perceive that it must contain A, 
and we write it 
(abc) a’z (abc) az = 4 (abc) a’, {(a’be) az, + (caa’) bz — (aa’b) Ce} 
=4(abc) a’, (bea) a’, =4 Am. So. 
The equation required is 
Si4ay +S. 4ie— 28,4 = 0) 
or Amd: +3514, = 0. 
The following gives an easy means of verifying the results of 
(1), (11), (111) above and of the examples which follow. 
Taking the conics in the canonical forms 
Si = 0,02 + 0,42 + agave 


¥ 
S,= a+ af+ af 
we have 
D1 = 2 (Ae Gs th? + As Qy Ue? + A AyU;?) 


X= 2 (uy? + u.? + u,), 
Ay = 60,0203, tA, =6, An, = 2(Gsds +450, + 0,0), 
Ajo, = 2 (a, + Gy + ds), 
D = (dy + Us) Uy? + (Gs + Ay) Ue? + (Qy + Ae) Us? 
P=A fay (Gy + Gy) ay? + Gy (Az + dh) 7 + As (Gy + Ay) vet. 
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Ex. (i). The locus of points whose polars with respect to S, cut S,, S, in 
pairs of points harmonically conjugate is 
(aa'b’) (aa'c’) b'ze'z=0, 
or A s998, — 8A j99S9=0. 


Ex. (ii). Prove that 
(abu)? =3.9? (a,2b,/?u,”) 


Ey hee 
Cin, Op, Oe 
where Os oPupe 
OY, OY OYs |” 
0 0 0 | 
Oz, Oz, es | 
and hence that (af, a's’, w)2=18 A,1, Agys (aa'u)?. 


Interpret this result geometrically. 
Ex. (iii). The line equation of /’=0 is 
(aa’ BB’ u)?=0, 

or (aBp’)? «2+ (a'BB')? u,? +4 (a8 a’B’ w)?. 

Thence 

(aa’ BB" w)? =3 {BA yyy Ayan 32 + BA p99 4 1123 — 2Ay 1 Aon P} 

Cf. Ex. (ii). 

Ex. (iv). Deduce from Ex, (iii) that the discriminant of 7’ is 

(aa! BB Wyatt (9-Ayy2-A 90 — Ay Ao99) Any oye 
Ex. (v). Deduce from Ex. (ii), 
(aa bb! co P=} (941292 Ap Ago) 
Ex. (vi). Prove that the discriminant of (aa’w) a,a', 18 
(aa'u) (bb'w) (ce'w) (ab’c’) (a’be). 
Hence if the conic (aa’u) a,a@',=0 be two straight lines 
(aa'u) aa, Ug Uy =0. 


Thence verify that this equation represents the angular points of the 
common self-conjugate triangle and work out the dual results. 


Ex. (vii). Prove that if the point equation of a conic be 
; AVS, +AyS_= 0, 
then its tangential equation is 
A231 + 2A ApS +Aq23,=0, 
and its discriminant is 
Ay? Ay + BAY?Ag Ag yy + BAAY? A 199 + Ag? A y9. 
Ex. (viii). Prove that the point equation of any covariant conic is of 


the form 
pS, +AgS, +AF=0, 
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where \,, Ay, \ are invariants, and that its line equation is 
AyD, + DAAyB+ NA? By + FAY (A 11 By + BA 9931) + FAA(A 99931 +34 1193p) 
ANF (BA 11 A 923g + BA p99 Aqyo 2, — 24 1 Apo ) =O. 


Ex. (ix). The locus of points whose polars with respect to S, and / meet 
on the line w is Ws 
(a aa’ u) a; (aa'x%)=0, 


or (aa'%) OU, Ue =9. 


This gives a simpler interpretation of the irreducible form than that 
given in § 230. 


Ex. (x). Use the method of Ex. (ix) to interpret 


(aa'u) a ,,U, =. 
Examples (ix) and (x) enable us to interpret all the irreducible mixed con- 


comitants very simply in connection with the conics S,, S,, 7, ®. 


Ex. (xi). The locus of points whose polars with respect to /’ and & meet 
on w is 
Ayy9 (aa’®) OU, Ug + Aygo (aaa) aU, Ay =0. 


(Use the point equation of ® given in Ex. (ii).) 


Ex. (xii). The equation of the line joining the poles of ~ with respect to 
F and & is 
A g99-Ajy9 (AGU) U,,0 g +A 11 A 199 (40'U) Uy U',0,/ =0. 
(Use the result of Ex. (iii).) 


Ex. (xiii). Calculate the four invariants of the conics S, and /. 


We have 
Oo9= 3 (9.44124 yo2 — Aqy1 Ag99) Ayry Ange by Ex. (iv). 


Choe a (a aa’ pp’)? me $ (34 11147 j29 + Age. Ay19 Ayn). 
Cy» 5 $ A 111 A 122° 
Cy = Aj}. 


232. Gordan’s general method. Consider a concomitant of any number 
of forms containing the v letters a, b, c,...h, &. If we replace each factor of 
the type (aku) by a,, each factor of the type (abk) by (abu) and delete all 
factors £, the resulting expression is still an invariant form but only of degree 
7 —1 because it only contains 7—1 symbols. 


Hence reversing the operation, z.e. replacing a proper number of factors 
of the type a, by (aku), some of the type (abu) by (abk) and introducing a 
sufficient power of £, we can deduce the form of degree r from one of degree 
r—1. Applying this process in all possible ways to all invariant forms of 
degree r—1 we certainly obtain all invariant forms of degree r, We pause to 
explain more precisely what we mean by applying the reverse process in all 
possible ways to an invariant ¢. Suppose in fact that the newly introduced 
letter & belongs to a form of order n, then we replace any p factors of the 
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type a, by (aku) any g factors of the type (abu) by (abk) and multiply by &,” 
where of course we must have 
prgtr=n, 


and we must take all values of p, g, 7 satisfying this equation subject, of 
course, to the condition that there exist p factors of the given type to alter 
and a like restriction for g. 


For example, let the original form be 
(abu) (acu) bycy, 
and suppose the new letter d like a, b, ¢ belongs to a form of order 2. 
We can only change 2 factors at most in this case and we have 


p+q=1 or 2, 
there are five cases, 
p=l, 7=0; p=0, q=1;3 p=2; ¢=0; p=l, g=1; p=0, g=2; 
and in following out the case p=1, g=1, r=0, for example, we deduce four 
forms from the given one, viz. 
(abd) (acu) (bdu) ex, 
(abd) (acu) b,, (edu), 
(abu) (acd) (bd) cz, 
(abu) (aed) by (edu). 

The above indicates the general method of procedure, but some introductory 
lemmas are necessary to render the method of any practical value—for 
example for all we know at present a form of degree r—1 which is identically 
zero might lead to irreducible forms of degree 7, and we need hardly say that 
this would complicate matters enormously. 


233. The reader will have observed some likeness between the above and 
the methods used in Chapter v. on binary forms to deduce the invariants of 
degree 7 from those of degree 7-1. This analogy will be further exemplified 
in the rest of the argument. 


Consider the effect of the operator Q? on the expression 


phyr ue? 
¢ being a covariant of degree 7—1 and Q being the operator 

| 0 0 On| 
L Oa; 025 i | 
iy 20 G 3 
| OY, YOY 
| @ 0 a) 

02, 0%, 02. 


As we saw in the last chapter, the result is the sum of a number of terms 
each containing the determinantal factors of @ together with p of the form 
(aku), there being in the end p fewer factors of the type a,, (n—) factors /, 
and no factors of the type w, in each term. 
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Next operate on the complete result of which a typical term is wh,"~? 
: 2 o? 02 
Bin, * Guys * Bust 


g times in succession. 


Since the effect of this operator on (abu)k,"-” is to give a multiple of 
(abk) k,"-”-1, it is very easy to see that the effect of the operator ¢ times 
is to give a number of terms each containing the same determinantal factors 
as W, with the exception that ¢ factors of the type (abw) are replaced by (abé) ; 
the power of 4, remaining in each term is 4,"~?~% and & replaces w in q 
places in all possible ways. 

Hence if we operate with QQ? on the product @k,"u” and then put y= 
we obtain the sum of a number of terms each of which has the same deter- 
minantal factors as @ except that in any g of them w is replaced by & and p 
new ones of the type (aku) are introduced while p factors of the type a, 
disappear and finally the factor 4,"~?—4% is introduced in each term, 

Consequently in the resulting expression there will be contained every 
term derived from @ in the reverse process explained above with these 
definite values of p and 4. 

We may conveniently call 

Q10? th, ky UP by =x 
the transvectant of d and £,” whose indices are p, g, the order of the indices 
being essential, and we have the result that every concomitant of degree 7 is 
the sum of a number of terms each occurring as a term in a transvectant of 


a form of degree r—1 with £,”. Naturally when there are different. forms we 
have to introduce in turn a symbol belonging to each. 


234. We next require certain relations that exist among the terms of 
the same transvectant, and to establish them we shall alter our notation for a 
moment. 


Suppose in fact that 
b=¢,0 0,2) 2. G8) Ug Ua, ** Ue, 1M ‘ 
where J/ contains neither w nor 2, 
In each term of the transvectant 
{b. har}Po4 
we have g of the w’s replaced by &, p of the terms a,(") by (aku), 


We shall call two terms 1, and WV, adjacent when p+q-1 of the factors 
affected in @ to obtain them are common, and two cases will arise according 
as the remaining factor affected is an a, or a w,. 


In the first case we have, supposing that a,(") and a,(*) are the additional 
altered factors in the two terms respectively, 


N,-N,=N {a ku) a) — (a) ku) a,{)} 


= NV {(al) al) k) uz, — (a alu) ky. 
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Now W (al) ah) is a term in 


(fy, He) aes td 
where ¢, is deduced from ¢ by changing a,(")a,{*) into (a(")a(*)w) and further 


N (aval) key 


\ 
is a term in {Paha} Pad 
where ¢, is the same as qj. 


In the second case let Ua. and u, be the additional factors altered in the 
two terms, then : 
(VW, -4,)=N' {a ha, — yb } 


= — WN’ fa;a;ku} 
and this latter is a term in 
( = 
fos, Hany * he} 
where $; is deduced from ¢ by changing Ug Ha, into (ajaj”). 


Now if we call the sum of the order and class of a function its grade it is 
evident that ¢,, p2, 3 are each of grade less by unity than that of ¢. 


Further between any two terms of the transvectant we can insert a 
number of others such that any two of the whole sequence are adjacent in 
our sense of the word and accordingly we have the important theorem: 


“The difference between any two terms of the same transvectant can be 
expressed in terms of transvectants of functions of lower grade than 
with k,".” 


Thus if we consider our function @ of degree r—1 in ascending order 
of grade we need only retain one term out of each transvectant that we 
consider—or if we please the sum of any number of terms will equally serve 
our purpose and in particular the transvectant itself might be used. It 
follows at once that if a transvectant contains a single reducible term it may 
be neglected entirely. 


Again, if there be a linear relation among a number of the forms of 
degree 7—1 there will be a linear relation among the transvectants of given 
index formed from them, so that we need only consider linearly independent 
forms of degree »—1. In particular, zero forms of degree 7—1 can be entirely 
put out of account. 


A knowledge of the irreducible system up to and including degree 7-1 
therefore gives us immediately all the forms ¢ of which transvectants need 
be considered, for we have only to include the irreducible forms of degree 7 — 1 
and such simple products of the others as are of total degree 7 —1. 


We have now effected our purpose of making the method at present under 
discussion of real value, and we proceed to illustrate it by reference to the 
complete system for a single quadratic. 
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235. Quadratics. We have here five different sets of indices for trans- 

vectants, namely 
p=1,q=0; p=9,9=1;, p=2,9=0; pal g=l; p=01¢=2. 

Consider now how far products need be taken into account, if p+q=1 
then all products may be neglected because only one factor is modified 
and hence some terms of the transvectant of a product are certainly re- 
ducible. If p=2, g=0, then a transvectant of ¢,¢. with 4,? will contain 
reducible terms unless the orders of ¢, and ¢, are both unity, also for 
p=0,¢g=2, we need only consider in like manner products of two forms whose 
class is unity. If p=1, g=1, we need only consider the product of two forms 
when one is of zero order and the other of zero class. Throughout products 
of more than two forms need not be taken into account. 


Further, in every case pure invariants of degree y—1 can give rise to no 
new forms. 
236. Single Quadratic Form. Of the first degree we have 
Oy’ =b=ee=... 
Proceeding to the second degree we have 
(abu) azb, for p=1, g=0 
and (abu)? for p=2, q=0 
of which the first is zero. 
Third degree. From (abu)? we get 
(abe) (abu) ez (01) 
(abe)? (02) 
and from a,”b,? we can only get reducible forms. 
Now (abe) {(abw) cz} =4 (abc) {(abu) ex + (bew) az + (abc) uz} 
=4 (abe)? uz” 
so that of the third degree we have only the invariant (abc)’. 


Fourth degree. From (abw)?c,? we need only consider 


(abd) (abu) (ed) Cx 
arising from p=1 and g=1. 


This is 4(abw) (edu) {(abd) cz + (bde) a, + (dea) by + (cab) dz} =0. 
For further forms we need only consider transvectants of products of 
powers of ¢,? and (abu)? with p+q}2. 


These all contain reducible terms and hence there are no new forms 
so that the complete system consists of a,*, (abu)? and (abe)? as already 
indicated. 


For the case of three quadratics and incidentally two see Baker, Camb. 
Phil. Trans, Vol. xv. 


CHAPTER XIV. 
APOLARITY (continued). 


237. Apolar Conics. ‘T'wo conics S and S’ whose equations 
in point and line coordinates are respectively 


S= af? = ax? t+ ba? + cage + 2 fax; + 2gu3x, + 2ha,2,=0, 
and S =u,? = A’u? + Bu? + Cue + QP ucts + 2G’ugu, + 2H’u,u, =0 


are said to be apolar when the invariant a,*, or what is the same 
thing, 

aA’ + bB’ + cC’ + 2fF’ + 2gG’ + 2hH’ 
vanishes. 

This relation between the two conics is not a symmetrical one, 
inasmuch as it arises from the point equation of one and the line 
equation of the other; it is convenient to have an alternative 
name shewing the exact relation between the curves. For 
reasons to be explained later we shall say that S is harmonically 
inscribed in S’, and that S’ is harmonically circumscribed to S. 


The curves are also apolar when a’,? = 0, but in this case S’ is 
harmonically inscribed in 8. 


As is well known from the geometry of conics, a.?=0 is the 
condition that there should exist an infinite number of triangles 
self-conjugate to S and circumscribed to S’, or an infinite number 
of triangles inscribed in S and self-conjugate to S’—in fact the 
equations a,2=0 and u,?=0 can be so transformed that the first 
has no product terms and the second has no square terms, or that 
the first has no square terms and the second has no product terms. 


The relation a,?=0 is linear in the coefficients of the equations 
G2 =H 


and Uw = 0, 
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hence a conic apolar to the conics S,, 8,,... S,is apolar to any conic 
Aida ge “bene Apion Os 


Further if these 7 conics are linearly independent there are 
(6—r) linearly independent conics apolar to them. In particular 
there is a unique conic apolar to (harmonically circumscribed to) 
five given linearly independent conics. 


The same remarks apply to p given conics 
> eel nee O, 


and in particular there is a unique conic apolar to (harmonically 
inscribed in) five given conics. 


» TA 
fy = 


238. Particular Cases. (i) If a,?=0 represents two 
straight lines and a,* = 0, the two lines are conjugate with respect 
to ua =0. If a,? =0 represents two straight lines coinciding in 1 
then the line J touches the conic u,”? = 


(i) If u.*=0 represents two points then these points are 
conjugate with respect to a,2=0. If u,? =0 represents two points 
coinciding in / then the point / lies on the conic a,? = 0. 


All these statements can be verified immediately by using 
the apolar condition expressed in terms of actual coefficients or 
symbolically, eg. if a.2=v,w,z the apolar condition is 


O= {af uta?\>? = (Uz Wy, Ua? )e* = Uae’, 


which is the condition that the lines v,=0, w,=0 should be 
conjugate with respect to us”?= 0. 


239, Ex. (i). Jf two pairs of opposite vertices of a complete quadrilateral 
are conjugate with respect to a given come so also is the third pair. 


Let the conic be a,?=0, and suppose the two pairs of opposite vertices are 
given tangentially by 
Up=0, Uy=0; Uqg=0, Ug =0. 


The general equation of a conic inscribed in the quadrilateral is then 
NUp Up + piggy =9, 


and since Upp =0 and uzug=0 are both apolar to a,?=0 it follows that every 
conic inscribed in the quadrilateral is apolar to a,?=0. But the third pair 
of opposite vertices is one such conic, hence these remaining vertices are 
conjugate with respect to the given conic. We shall call such a quadrilateral 
a quadrilateral harmonically inscribed in the conic a,?=0. 
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Ex. (ii). Four conics have in general one common harmonic quadri- 
lateral. 


Let the conics be S,, S,, S83, S,, then the apolar system is of the type 
2, +A,B=0, 


consequently the apolar conics in general all touch four fixed straight lines. 
The opposite vertices of the quadrilateral formed by these lines taken in pairs 
constitute conics of the apolar system, and hence pairs of opposite vertices are 
conjugate with respect to each of our four conics. Hence the quadrilateral is 
harmonically inscribed in each of the given conics. 


Ex. (ili). A triangle ABC and its polar triangle with respect to a conic 
are in perspective. For if the polars of Band C meet the sides CA and AB 
respectively in Q, /, and the line YA meet BC in P, then the quadrilateral 
formed by BC, CA, AB and the line PYZ has two pairs of opposite vertices, 
viz. (B, @), (C, R) conjugate with respect to the conic; therefore (A, P) are 
conjugate with respect to the conic, or the polar of A meets BC in P. Thus 
the polars of A, B, C meet the opposite sides in three collinear points, and 
they therefore form a triangle in perspective with 4 BC. 


By Xen (sve) sae elt Ug =0) eg =0, uz2)=0, r¢,(4) = 0 


be the sides of a quadrilateral harmonic with respect to the conic S=0, then 
we have 
SHA UO? + Ay UP ln? + ASU)? +AU, 


For let two pairs of opposite vertices be (pp’) and (gq’); then apolar to the 
conics (pp’) and (gq’) we have the five conics 


wh),2=0, wl),2=0, wlx?=0, w4z2=0 and S=0. 


But the first four are linearly independent and hence /S is a linear combination 
of them. 


240. Some interesting applications can also be made to the 
metrical geometry of conics. 


In fact, suppose that the tangential equation of the circular 
points at infinity (J, J) is 


g=u/= 0. 


Then a conic apolar to ¢ has J, J for conjugate points and is 
therefore a rectangular hyperbola. 


Again, the tangential equation of a circle whose centre is p is 


of the form 
Up? = XD 


where X varies with the radius. 


302 THE ALGEBRA OF INVARIANTS [CH. XIV 


If a circle C be apolar to a conic 
> =u? =0 
then the director circle of the conic cuts the circle C orthogonally, 


Use rectangular Cartesian coordinates, and let the equations 
of the conic and circle respectively be 


Al?+2Him+ Bm?4+2Gl+2Fm+C=0, 
and e+ y+ 2gu + 2fy+c=0, 


so that we have . 
A+B+29gG+4+ 2fF+cC=0. 


But the equation of the director circle of the conic is 
C(a+y) —-2Gae—2Fy+A+B=0, 


and this cuts the cat circle at right angles if 


Mio A 4B 
ao pe C — fae ie —c=0, 
ae. if 29G +2fF +cC+A+B=0 


which is precisely the condition of apolarity. 


The director circle of a conic inscribed in a triangle cuts the 
self-conjugate circle orthogonally. 


For since the self-conjugate circle has the triangle for a 
self-conjugate triangle and the conics are inscribed in the triangle, 
each of the conics is apolar to the circle. Hence their director 
circles cut the self-polar circle at right angles. Or thus,—the 
system apolar to the inscribed conics is of the form 


MPa + Me + rg =0, 


where pz=0, ¢z=90, rz =0 represent the sides of the triangle. 
By suitably choosing A, w, v this equation may be made to 
represent a circle, and from the form of its equation it is the 
self-polar circle of the triangle. 


The locus of the centre of a circle which has two fixed pairs of 
conjugate lines is a rectangular hyperbola. 


In fact, suppose the lines are 


Pu = 90, Iz = 9 
iio) ae 
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‘ 


The system apolar to the tangential system of conics having 
these two pairs of conjugate lines is 
Mpa da + Mase = 0. 
There is one value of the ratio X : w for which this represents 
a rectangular hyperbola. 


Let S=0 be the rectangular hyperbola in question and let 


Up = AP 
be one of the circles. 


Then S is apolar to ¢, because S=0 is a rectangular hyperbola, 
and as it is apolar to 
Up = AH 
it is apolar to wu, Hence the point p must lie on S and therefore 


S is the centre locus of the circles. 


In general when a rectangular hyperbola S is apolar to a 
circle > the centre of the circle lies on the rectangular hyperbola. 


241. Apolar Curves in general. The two curves whose 
equations are 


J =a, = 0) 
and peu," =0 
are said to be apolar when the form a,”a,”~”", which we denote by 
vy, is identically zero. 
Except for a numerical multiple we have 
2 “2 oz \n 
ae (san # Soe a Ou, ) Ga Ve 


= (ay, Did Wait 


The following are analogous to theorems on binary forms. 


I. The form ¢$ ws apolar to any polar of f whose order is not 
less than n. 


For Ona aj, Ug} h=ig@ Ome Ag 
and this is zero as we see by polarizing the identity 


PAL Oe = 0 
y times with respect to y. 
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Il. The form f ts apolar to any form which contains > as a 
factor and whose class does not exceed m. 


For if ¢’ be any form of class n’ we have 


Lf soynen = (A sym, gi)" 
= 0), 


since (f, d)*” vanishes identically. Hence f is apolar to $¢’. 
We have supposed that m>n hitherto. Exactly similar remarks 
apply to the case in which n > m. 


The search for the forms of given class (n) apolar to a given 
form f is facilitated by the fact that the necessary and sufficient 
conditions for ¢ are that it should be apolar to every (m—n)th 
polar of f. 

For an (m—n)th polar is 

Ox Oe 
and this is apolar to wu,” if 
Ga Gy = 0. 
But if this relation be true for all values of y then the form ¢ is 
apolar to 
242, Ex. (i). A ternary cubic has three linearly independent apolar conics. 


For the first polars of the cubic are linear combinations of 


oe) Cele eet 
Oi = Clip a On, 
which are three linearly independent quadratic forms. Hence there are three 
linearly independent conics apolar to all first polars and therefore apolar to 


the cubic itself. 
Ex. (ii), A ternary quartic has an upolar conic only when the deter- 
minant of the coefficients of its second differential coefficients vanishes. 


For an apolar conic must be apolar to all second polars and they are linear 
combinations of 


ef Of Of oF of af 


a Pa 99) mua S met rea 
On?” Om,*” Ou?” 08, 0%,. 00,00, ~ C2, Or, 


In general there is no conic apolar to each of these six, but there will be 
an apolar conic if the six be not linearly independent, ze. if the determinant 
of six rows and six columns be zero. 


243. General Theory of Curves which possess an 
Apolar Conic. By using suitable coordinates the analysis of 
ternary forms apolar to a given conic may be reduced to that of 
binary forms. 
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Suppose that the fixed conic is 
WX, — 22 =0 
or in line coordinates AU, Uz — Up? = 0. 
There is no loss of generality in taking the equations in this 


form, because by suitably choosing the triangle of reference, the 
equation of a proper conic can be always reduced to the form 


ili, SO; 


Thus we may take for the parametric representation of points 
on the conic 
LL=Vy, W=VjVz, L3= V2’, 


and we shall call this point (2, 7,, v3) the point v. 


If the line u,=0 meet the conic in the points (A, w) the 
quantities , mw are given by 


Uz Vy? + UgV, Vg + UzVe2 = 0 


so that Jey 
Ug =—_— (Aj Me + De fr) a ee (A) 
Us = Aap 


except for a constant factor. 


Hence we may regard the quantities 


Noble, — (Arbo + ropa), Arpas 
as the coordinates of the line, and a homogeneous relation of 
order m connecting the u’s becomes a homogeneous symmetrical 
relation of order 2m between the d's and ws. Thus any 
symmetrical relation between > and w is equivalent to. the 
tangential equation of a certain curve whose class is one-half of 
the order of the given relation. 
The coordinates of the tangent at the point v are 
Ve, —2Uiva, Va 
and hence the points of contact of the tangents from the point « 
to the curve are given by 
LyVoe? — 2H_V,V_ + Xs vy? = 0, 


so that we may take 


Ly = My py 
XL = 4 (Ay Me a ofr) seem ee ered rere ereseee (B). 
Ls = Do fs 


306 THE ALGEBRA OF INVARIANTS [CH. XIV 


Consequently a homogeneous symmetrical relation between 
the X’s and p’s of order 2n represents a curve of order n. Being 
given a symmetrical relation we therefore deduce twq curve 
equations from it, one in line coordinates and the other in point 
coordinates. The curves represented are reciprocal with respect 
to the fundamental conic because, taking d, mu to be fixed, the line 
u given by (A) is the line joining them, and the point a given 
by (B) is the intersection of the tangents at » and y, ze. the pole 
of the line w. 


This method of representing a point by the parameters of the 
tangents drawn from it to a fixed conic and a line by the 
parameters of the points in which it meets the conic was 
practically used by Hesse and first explicitly used by Darboux. 


244. By means of this system of coordinates we can readily 
find all curves apolar to the given conic. 


I. Suppose that Us c'() 
is a class curve apolar to the conic, then we have 
(Y2 = Ws) Uy"? = 
Thus (2 — yy3) multiplied by any function of the y’s is zero 


if it be interpretable, hence this symbolical expression must be 
zero, and we may write 


Yi A", 
Yo — UM, 
Oe vet ay’, 


and our equation is 
(a.2u, — MW AgU2 + Crus)" = 0. 


The a’s are now the only symbols used, and it is clear that 
as any expression of degree n in the y’s represents an actual 
quantity, any expression of degree 2n in the a’s is an actual 
coefficient, or in other words the a’s are the symbols of a binary 
form of order 2n. 


On introducing the 2’s and p’s our equation becomes 
{Aq? ropa + Aye (Aapla + Aopr) + Gr? Agpa}” = O, 
or {(GyAq + AAs) (Arla + ofta)}” = 0, 
that is finally ana,” = 0. 
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The binary 2n-ic of which the a’s are symbols has an 
important significance, for if we make X= 4, the line wz is the 
tangent to the fundamental conic at the point X; consequently 
the equation 

peal 
gives the parameters of the points of contact of the 2n common 
tangents of the apolar curve and the conic. 


Conversely, when the equation 


is given, the equation ay"a," = 0 


is uniquely determined by polarizing, and hence we have the 
theorem that a class curve apolar to a conic is uniquely deter- 
mined when its common tangents with the conic are given. 


By proving this theorem from first principles, and then 


observing that 
a,"a,” = 0, 
or its equivalent 
(Gg? — UyAytly + 27s)” = 0, 


certainly represents a curve apolar to a conic, we can shew that 
any apolar curve may be reduced to the form 


a aie = 0, 


without using a parametric representation of the symbolical 
equation 
Ys — Ye = 0%. 


II. Suppose that the curve 
C—O 
of order m is apolar to the given conic 


4u,u; — u,? = 0, 
then we must have 
(4c,cs — 6,7) cz"? = 0, 


and reasoning as before, we have 


4c,c; — 6 = 0. 


* See Schlesinger, Math, Ann. Band xxi. 


20—2 


308 THE ALGEBRA OF INVARIANTS [CH. XIV 


We may now use the parametric representation 


and the equation of the curve becomes 
(,2a, + 20,092, + Apa)” = 0 
or introducing the 2’s and p’s 
{2 Ng fy + Aye (AqMa + Aoflr) + Mo”Aofto}”™ =.0, 
Le. ara,” = 0, 


and as before the a’s are the symbols of the binary 2n-ic a,*”, 
which, equated to zero, gives the points of intersection of the 
apolar curve and the conic. 


Example. To find the conic apolar to x,%,—42=0 which touches the 
tangents to this conic at the points given by v,4—-v3=0. 


Here an =0 18 Ays—Agt=0, 
thence axa," =0 
‘ AW 
ss (u i) (Ait —Az4), 
or Dy"? — Ag? po” =0. 


On using the substitutions 
Uz =Agby, etc. 


the equation becomes Us? — Uy2=0, 
OH (U3 +1) (uz —%)=0, 


so that the conic consists of the two points (1, 0, 1)(1, 0, —1), and in fact it 
is easy to see that these points are conjugate with respect to the conic. 


245. Theorems on conics apolar to the fundamental 
conic. The equation of a conic apolar to a,,—#,2=0, and 
touching the tangents at the points given by 


a =). 
is equivalent to ayn*a,” = 0, 
and hence to DLp= 0, 
where IS AQ 


Now suppose that A, B, C, D are four points (A, p, v, p) on 
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the fundamental conic, and that the lines AB, CD whose equa- 
tions are 
%,= 0 and w,=0, 
are conjugate with respect to the apolar conic w,? = 0. 
Then since the condition of conjugacy ‘is vywy=0 and 
Vy = Andy, ‘Wy = Alp, 
we have 
ArAyA,A, = 0, 
that is the quartic giving X, p, v, p is apolar to a,4=0. 

This is one of the simplest geometrical representations of forms 
apolar to a given form. From the symmetry of the result, we 
see that each pair of opposite sides of the quadrangle A BOD are 
conjugate with respect to the apolar conic. 

Thus there is an infinite number of quadrangles inscribed in 
the fundamental conic and harmonic to the apolar conic; the four 
vertices are given by forms apolar to the form 

GA =); 

Now if A, w, v be chosen so that p is arbitrary, any line 
through A is conjugate to BC, so that A is the pole of BC, and 
hence ABC is a self-conjugate triangle of the apolar conic u,?=0. 
In this case the cubic giving X, w, v is apolar to a,4 = 0, and therefore 
to every first polar of this form; hence there is an infinite number 
of triangles inscribed in the fundamental conic and self-conjugate 
with respect to the apolar conic, and their vertices are given by 
the singly infinite number of cubic forms apolar to a,4= 0. 

Next suppose that the linear factors of the quartic giving 
DM vaprare l,,1,, 5 7,, then 

a= LLté+Mm,'+ Nn + Rr, 
where Z, M, NV, R are independent of 7. 
By polarizing we obtain the identity 
aga, = L (lel)? + MU (mem, + WN (nen, + B (rer,)’, 
where &, » are any two points on the conic. 


Now by means of the usual substitutions 


Uy, = E33 
a (Ens a Em), 
U3 = Em, 


the left-hand side becomes w,?. 
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Consider next the term Uel,. 

Since J, = A, and J, = — dy, this becomes 
L20tg — UDottg + 0,?e0, 
or DAU, + Ayre + Ao'Us, 
and 2,2, AA», 2, are the coordinates of A, so that 
Lgl, = Wa, 

where w4=0 is the tangential equation of A. 

Hence we have 

uf = lue+ Muy? + Nuc? + Rup’, 

and the conic is represented as the sum of four squares. 


In particular, if A, B, C be the vertices of a self-conjugate 
triangle, we obtain in lke manner 


uy = Lue + Muz? + Nuc. 
These results are well known and easily obtained otherwise, 


but the methods here used may be applied with equal success to 
more difficult problems as we shall presently shew. 


Exactly the same reasoning applies to a conic ¢,? apolar to 
4uU, — U2 = 0, 


and now the triangles are circumscribed to the fundamental conic 
and self-conjugate to the apolar conic. 


246. Condition of apolarity of two conics apolar to the 
standard conic, 


Suppose the two conics are 
¢, =0, uf =, 
that the first meets the standard conic in the points a,t=0, and 


the second touches the tangents to the standard conic in the 
points b,*= 0. 


Then we have 
Cy = Aaa, and wu, = dabj, 
and in particular 


Cy — Oe Df = b.? 
CC, = 2a,d5 ) 5) b,b, ? 
Cz = (Oe: V3 = b? 


hence Cy = ay°b.? + a2by — 2a,ab,b, = (ab)?, 
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and the conics are apolar when c,?= 0, that is when 
(ab)‘ = 0, 


or when the two binary quartics a,‘ and b,‘ are apolar. This gives 
another simple geometrical representation of apolar quartics. 


247. To many of the theorems developed for conics there are 
analogues for all curves possessing an apolar conic. For brevity we 
introduce a definition. 


If the equation of a curve of order m be 
F Qik @) =9 
and f can be written as a linear combination of the forms 
Vip Mee. Ps, 2; 00, 
then the n lines Uz” =0 
are said to form a conjugate n-line with respect to the curve. 


In like manner if the tangential equation of a curve of class 


m be 
d (Uy, Us, Us) = 0 


and ¢ can be written as a linear combination of the forms 
Un) PHI, ooo We 
then the n points Un) = 0 
are said to form a conjugate n-point with respect to the curve. 
Suppose then that the curve 
GES 
is apolar to the fundamental conic 
0a, — £7 = 0, 
the equation may be written 
aa,” =0 
where ae" =0 
gives the 2n points in which the curve meets the conic. 
If a," be apolar to the form 


. by” — 0) 
whose linear factors are 
pr”, pa”, eee pr”, 
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then a,?” can be expressed as a linear combination of 


Qn 2n 2n 


pr . pr” Maen pr” : 
so that a;”a,” is a linear combination of 
pep, ", ete. 
and hence just as in the case of the conic it follows that the 
tangents to the conic at the points given by 
pr™ =0, pr =0, ... pra” =90, 
ae. by by ==) 
form a conjugate r-line with respect to the curve whose equation 
can accordingly be expressed as a sum of 7 nth powers. 


The above will suffice to indicate the general principles which 
we shall now apply to the ternary cubic and quartic. 


248. Ternary Cubic. A cubic curve, as we have seen, 
§ 242, always possesses an infinite number of apolar conics. Take 
the fundamental conic for one of these and let 
Cri) 
be the equation of the cubic. 


This may be written 
ava e=0 


and meets the conic in the points given by 
a° =—()), 


This binary sextic has three linearly independent second 
polars, and therefore a singly infinite number of apolar binary 
quartics but not in general an apolar cubic. 


Hence a ternary cubic may be written in an infinite number 
of ways as the sum of four cubes for each apolar conic it possesses, 
but not in general as the sum of three cubes for an arbitrary 
apolar conic. 


The condition that the binary sextic 


Oc=09=6 (=o. 


may have an apolar cubic is that the determinant formed by the 
coefficients of its third differential coefficients may be zero, 2.e. that 
any four third polars may be linearly dependent. 
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This condition is 


(aa’y (aa? (a”ay (aa)? (a'a’”’ (a”a’”)? = 0. (§ 187) 


Now a=, 
26.0, = C. 
Of O%. 

hence (aa’) (a’a”) (aa) 


= ay Ay Ge be 3 (cce’c’) 


| a’? de: a2 


| Wo yd y 
| Dy GQ A, a's | 


and the condition reduces to 
(COC m) (oe 4/ g (C0) (CC, re 0. 


This is an invariant of the cubic 


Cagwhistd’s S 


2 
3 


“ / / » Mt 
Ce =O ge HC e=C x 
and hence however we choose the apolar conic we cannot reduce 
the cubic to the sum of three cubes unless a certain invariant of 


degree four vanishes. 


249. Ternary Quartic. Here there is no apolar conic 
unless the six second differential coefficients are linearly de- 
pendent, ze. unless a certain invariant called the Catalecticant 
vanishes. 


Now if the quartic can be written as the sum of five fourth 
powers it must have an apolar conic, because a conic can be chosen 
apolar to any five fourth powers—in fact we have only to describe 
a conic touching the five straight lines represented by the linear 
forms. 

Hence in general a ternary quartic cannot be expressed as the 
sum of five fourth powers. 

But if the catalecticant be zero there is an apolar conic and, 
taking it for a fundamental conic, the equation of the quartic may 
be written 

ava. = 0, 
where a,’ = 0 gives the points of intersection with the conic. 

Now a singly infinite number of quintics can be found apolar 

to a binary octayvic, hence in this case the quartic curve has a 
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singly infinite number of conjugate five-lines, and all such lines 
touch the apolar conic. 


250. We shall conclude this chapter with a brief account of 
the class of invariant forms known as combinants, confining 
ourselves to binary forms. 


An invariant or covariant of any number of binary forms 
Wes has Je ae 
of the same order is said to be a combinant if it be unaltered, 


except as regards a factor independent of the forms, when each 
form f is replaced by a linear combination of the type 


eA ry Ae head ys 
~in which the /’s are constants. 
For example in the case of two binary forms we have 
GA thf, mfi + m fz) 
= (lm) (Af); 
so that the Jacobian of two binary forms is a combinant. 


For the sake of brevity we shall deal with the combinants of 
three binary forms . 


fi = Qe" + nada a, + ... +t Ones" 

Fea Opt? Pb ee One 

Fre SE nC ae ee Cea 
A combinant is not only unaltered by a linear substitution 
effected on the variables, but also by a linear substitution of the 


type 
Ay = 1a, + mb, + Mey 


b,’ = 1de + Moby + NeCy 
Cy a ls dy + m3b,, + N3Cy 
effected on the coefficients. 


Regarded as a function of the coefficients the combinant is 
therefore an invariant of the linear forms 


rE, + bE, + CrE,, PS hy Mocnsoc nN, 


because if we put 
& = L&, ap ta + ls&s. etc. 
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we find a, =a, +m), + n¢, ete. 
which are the substitutions above. 


Hence, by the fundamental theorem on the symbolical 
representation of invariants, a combinant, as far as the coefficients 
a, b, c are concerned, is a rational integral function of determinants 


of the type 
SUR) ood? a 
ipa ea - 
Cp Cpa CFs 


A like result applies to any number of binary forms. 
Thus for example for two quadratics 
Ay 0,2 + 2a &, Ly + An Ae? 
bv? + 2b, 2, £2 + b,2,2, 
a combinant is a function of 
(aod, — aby), (a,b. — ayb,), (ob, — ybo), 
as far as the coefficients are concerned. 
But the Jacobian is 
(ab, — Gy Do) @2 + (Ay b2 — Az by) X; Ly + (yb, — Agb,) x2”, 
and hence a combinant is a rational integral function of the 
coefficients of the Jacobian and the variables. Hence any 
combinant is an invariant form of the Jacobian, and therefore the 
complete system of combinants in this case consists of the Jacobian 


and its discriminant—the latter is equivalent to the resultant of 
the two original forms. 

It is easy to form any number of combinants of two binary 
forms, for 

@) An invariant or covariant of a combinant is itself a 
combinant, since it is manifestly an invariant form and further 
involves the coefficients of the original forms in the manner 
peculiar to combinants. 

(11) Let f, and f, be two binary forms, J, an invariant form of 
jf, and the corresponding form for \,f, + fr, 

RT AN Las he dy 3 

then an invariant of this expression considered as a binary form in 
(Ay, Ae) Is a combinant of f, and fi. 
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For such an invariant is unaltered when we effect a linear 
substitution on the a’s because each J is an invariant form; and it 
is unaltered when we effect a linear substitution on the coefficients 
because it is an invariant of the form in 2» written above. 


251. Combinants naturally occur in the discussion of rational 
curves as we shall now shew. 


Suppose such a curve is parametrically represented by 


&=a,"=f, 
& = b," = fr 
Es= 0," =f, (cf. § 196) 


then the curve is unaltered by a linear substitution effected on 
‘the w’s since its equation is found by eliminating the 2’s. 


Now if-a_set of points on the curve be defined by some 
projective property the equation giving their parameters is 
derived from fi, fo, fs in a definite way, hence if by means of a 
linear substitution f,, fo, f; become f{’, f,’, fy the transformed equation 
for the parameters is derived from f\’, fy, f; in the same way as its 
original form was derived from f,, fo, /s. 


Thus if the equation be C=0 it follows that C is a covariant 
Oia owe 


Next, keeping the parameters fixed, to change the triangle of 
reference we replace &, &, & by linear functions of themselves, so 
that f,, 4/3 are replaced by linear combinations of the form 


LAthfe t+ ls fs. 

Now the equation giving the parameters of the set of points 
must be independent of the triangle of reference, for such points 
depend on the curve itself, and the parameters of every point of 
the curve are unchanged when we alter the triangle of reference ; 
hence C is not only a covariant but a combinant of the forms 
fi, fo, fs, and the rational curve is the natural geometrical 
representation of the system of combinants. 


The curve can be equally well defined by the system of 
forms apolar to fi, fo, fs, because these determine fi, fi, fs, 
and the projective properties of the curve are also given by the 
combinants of the apolar system of forms. 
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We are therefore led to the theorem that the combinants of 
two apolar systems of forms are identical, and in fact a rigorous 
algebraic proof of its truth will be found in Meyer’s Apolaritdt, 
§ 11. 

As an example the reader may verify that in the quartic curve 

E, = a", &= bet, Es= Ca", 
the points of inflexion are given by 
(bc) (ca) (ab) ay?bz? Cx? = 0, 
and that, if d,* and e,! be two forms belonging to the apolar system, 
they are also given by 
(dejdges =10: 

The first equation follows from the ordinary methods of the 
differential calculus—the second from the fact that the conditions 
of collinearity of four points are easily expressed by means of the 
apolar system; if X% be a point of inflexion, and w the point in 
which the inflexional tangent meets the curve again, we have 
d,d, =9, ¢2¢, =0 so that w~ may be eliminated. 

The full discussion of the theory of combinants would lead us 
too far from the methods of the present treatise, and accordingly 
we shall content ourselves with the explanation of a “translation- 
principle” connecting the combinants of binary forms with the 
covariants of ternary forms. 


252. It will be convenient to change the notation and to 
suppose a rational curve given by 


B= Ge nba ay ees. + ky a") 
Gy Oat tt 1D yay 4 one + Kya,” | . 
Bel A Nb, tats as cca + kyaq” 


Consider the problem of finding the locus of the point of 
intersection of two straight limes which meet the curve in two sets 
of n points given by binary forms for which a certain combinant 
1s zero. 


Let the two lines be 
te= 0, 07=.0, 


and denote by & their point of intersection. 
The two binary forms are 
Oy Ly + ND y Ly + 00. + Key” 


and Ay 2,” + NDyH," ay +... + ky t”, 
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and any combinant is a function of determinants of the type 


Qu by 
Gy Oe 
Now Ay by = IMD oo (abé), 


hence the equation of the locus is found by changing (ab) in the 
expression of the vanishing combinant into (abé). 

For example if two lines meet the cubic curve 

E, = 0,23 + 3b, 42a. + 30,0, 02 + dx} 
ete, 

in two apolar sets of points we have 
(ay dy — dydy) — 3 (Oy cy — bycy) = 9 
or (ad&) — 3(bc&) = 0, 
and hence the locus of their common point € is a straight line. 

It is evident that if A be a point of inflexion then the tangent ~ 


at A and any line through A satisfy the conditions of the problem, 
so that all the points of inflexion of the curve lie on this straight 


line. 

As a second example let us find the equation of the cubic. 
Here the two straight lines meet on the curve and the vanishing 
combinant is the » eliminant of the two binary forms. 

Following Bezout’s method, the eliminant of 

pe + Gah, + TL, 02 + sxe 
and pa? + ox2 a, + 1 a,02 + 8x3 
is (PY) (pr’) (ps’) | = 0, 
(pr’)  (ps')+(gr’) (qs') 
(ps’) gs’). 8’) 
and hence making p = ay, ¢ = 3b, etc. the equation required is 
3 (abé) 3 (acé) (adé) |=0. 
3(ac§) (ad&)+9(bcE) 3 (bdE) 
(adE) 3 (bdé) 3 (cd) 

It is clear that a similar method applies to the curve of the 

nth degree. 


CHAPTER XV. 


TYPES. 


253. It was proved in § 35 that the effect of operating with 


0 0 
aBe see + Ana 


Ca a) 

(4 sm) SA *5R a 
on a covariant ® of a simultaneous system of binary forms, which 
includes a,” and b,” where 


a= (Age Ay... As Oe ay" 
oO = CB (Bie were 50a BO 
is itself a covariant of the system. 


All covariants thus obtained from ® are said to be of the same 
type as ®. In other words two covariants are said to be of the 
same type if one of them is obtainable from the other by means 
of operators of this kind. For example the invariants 


(ALY (FL bys (b 6) 
of two quadratics 7, ¢ are all of the same type. 


It should be noticed that this connection between two co- 
variants is not necessarily reciprocal; two covariants ®,, ®,, 
where ®, is obtainable from ®, by operators of the required 
kind, are of the same type, even if ®, is not so obtainable from 
®,. Thus if F(a, a, ...) is a simultaneous covariant of a system 
of quantics which includes f=a,;"=a',”, 6 =b,", and if F is of 
the second degree in the coefficients of f but does not contain 


those of ¢, the covariant 
0 


Fa CR oC € 7) F(a, a’,...) 
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is of the same type as F(a, a’, ...); but here 


ECG hO er oa) EGO) 


and we see that F(a, a’,...) and F(a, b,...) are of the same type. 


It will be seen in this way that two covariants &,, ®, may 
each be of the same type as a third covariant ®, although neither 
®, nor ®, is obtainable from the other by an operator of the kind 
considered. In view of this the further statement is necessary 
that covariants which are each of the same type as‘a third 
covariant are (by definition) of the same type as each other. 


254. Every covariant of degree m, of one or more quantics, 1s 
‘of the same type as a covariant which is linear in the coefficients 
‘of each of m quantics—the number of quantics in the system 
being, of course, increased if necessary. Any such representative 
covariant is, for convenience, called a type; a type is then a 
covariant which is linear in the coefficients of each of the 
quantics concerned, it being understood that these are not special 
quantics of the system and that the word type is used in a purely 
formal sense. 


Thus for three quadratics (§ 139 a) 
(ab) (be) (ca) 
is an irreducible type, and furnishes only one invariant of the system ; (ab)? 


is also an irreducible type and furnishes six invariants. 


It should be noticed that if f,, /2, f, are the quadratics, and 


J, Da (Ay Jo), 
the invariant (Ji,29 fs)” 


is not of the same type as (ab), because J,,, is not one of the fundamental 
quantics of the system. 


Consider the covariants of a simultaneous system of binary 
forms of the same order. When the number of binary forms is 
indefinitely increased, the number of irreducible covariants will 
also be increased without limit; in fact the number of irreducible 
covariants belonging to any one type will be indefinitely increased. ° 
The question arises—does the number of irreducible types increase 
indefinitely too? This question has been answered in the negative 
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by Peano*. Peano’s theorem is the following: Every type of a 
system of binary n-ics which does not furnish irreducible covariants 
for a system of n n-ics is reducible, with the single possible ex- 
ception of the invariant type 


eee Ayes CAMs 

Beer: B, 

rene EK, | 
where CAV Ages SA Oe a) 


(B,, Bi, sie Bia, 2)" 


Ch, Lee FY oe ib 


are n+1 n-ics. But of this invariant is reducible, all types are 
reducible which do not furnish wreducible covariants for n—1 
N-UCS. 


A proof of this theorem is given in the next chapter. 


255. As was pointed out in § 21 there are two principles 
by means of which the reduction of a covariant has to be 
attempted, viz. : 


(i) The fundamental identities 
(bc) (ad) + (ca) (bd) + (ab) (cd) = 0 
(be) dy, + (ca) by + (ab) c, = 0. 


(ii) The fact that the interchange of two symbols which 
refer to the same quantic does not alter the actual value of a 
symbolical product. 


To effect the reduction of a type the first of these two 
principles must alone be employed. 


256. The quadratic types. The quadratics will be denoted, 


as usual, by 
Uy’, b,?, Ce’, EO) 


* Atti di Torino, t. xvu. p. 580 (1881). See also Jordan (Liouville, 1876, 
2 Sér. m1.), who proved that the number of irreducible types belonging to any 
simultaneous system of forms, the order of each of which is less than some fixed 
number n, is finite. 


G. & Y. 21 
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For invariants the only symbolical products to be considered 
are 


(aby 
(ab) (bc) (ca) 


eee ee eee ee 


The first two of these are irreducible, for the fundamental 
identities give us no relations by which we may reduce them. 


The other invariant types are all reducible. For 
2 (ab) (be) (cd) (da) = (ab)? (ed)? + (bc)? (da)? — (ac)? (bd)? ; 
operate on this identity with 
' ae a 
& CG, «Ody. 
then 
(ab) (be) (ed) (de) + (eb) (be) (cd) (da) 
= — (cd)? (ab) (be) — (bc)? (ad) (de) + (bd)? (ac) (ce). 
But 
(ab) (bc) (cd) (de) — (eb) (be) (cd) (da) = (be) (cd) (db) (ae). 
Hence 
2 (ab) (bc) (ed) (de) 
= (bc) (cd) (db) (ae) — (ed)? (ab) (be) — (be)? (ad) (de) + (bd)? (ac) (ce). 
By means of these two identities all the invariant types of 
degree greater than three are at once reduced. Now any 
covariant of a system of quantics of even order must be itself 
of even order (§ 20); hence any covariant type of the quadratic 
may always be obtained by replacing one or more letters in 
the symbolical expression for some invariant type by the variable. 
For example, from (ab)? we obtain a,’ on replacing 6, by — a and 
b, by #,. Hence the irreducible covariant types are 
Ayz2, (ab) az bz. 


The quadratic has then only four irreducible types (compare 


§ 139 4), 
(ab), (ab) (be) (ca), 


Gn’, (00) 20x. 
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The second is in fact the determinant type referred to above, 
for as has already been pointed out, 


(ab) (be) (ca) = — | A” AA, a," 
6; bb, b,? 


ee. cre, ice «|. 


257. The cubic types. It is possible to obtain the complete 
system of types for binary forms of a given order by a method 
almost identical with that of Chapter vi. for covariants of 
a single binary form. The reductions in this method are . 
generally very difficult to obtain. The cubic types, however, 
can be thus obtained simply. It is thought unnecessary to go 
through the general argument, the alterations in Chapter VI. 
to meet. the case of types being mainly verbal. It should be 
noticed that the finiteness of the complete irreducible system of 
types could thus be demonstrated. 


Let a,’, bz’, cz’, ... be the cubics. The symbol F will be used 
to denote any one of them indifferently. The types of degree two 
are 

(ibd 0 =J, (avy G:0e=11..(ab)., 

Consider first the types of grade unity. These all contain 
a factor (ab), and hence are terms of transvectants of J with 
types of grade not greater than unity. 


In fact any such type is a term of a transvectant of the form 


(ES Red Ped JH ied OOS 

where the bar over the left-hand member indicates any type 
obtained by convolution from the product there written down. 
It follows at once that every type of unit grade can be expressed 
as a sum of numerical multiples of such transvectants. Now by 
§§ 74, 75 any type obtained by convolution from Jj, J, ... J, 
is of grade two at least. Hence the only irreducible types of unit 
grade are expressible as transvectants of the form 


CLI caiy SIN Uren a 
If }=1 this is clearly reducible—for J is a Jacobian. 
If ) >1, this contains a term of grade two. 


Therefore the only irreducible type of unit grade is J. 
21—2 
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Now the irreducible types of the quadratic H are 
A, (H,, Hey= kK, (AD Ca) (a a 
Hence the types of grade two are expressible as transvectants 
of the form 
(Hi, Ay) HOKE REG hei: Badia cond ays 
or of these multiplied by invariant types. 


In the first place we notice that AK and J are Jacobians and 
hence we may suppose that neither 8 nor 6 exceeds unity. 


We have the following types to consider : 
(HP) (EP YyeSCH Heh) Ci A ders pig)" 
(Orble Oe kel NO LA OTENTE, Ih. 
(GCP CLK, PY. GLEE, £9) GG I, CHE, SY, (ieee 
Of these (H, H,H;, F, F,)* contains the term 
(ab, (G22)? (asbs)? (arr) (161) (A202) (b262) (@s¢1) (bs C2) 
= (a,b,) (b,¢,) (C1) « (22) (b2€2) (Coe) . (az)? (a,b) (262) (A361) (b3 C2) 
=} | (@;0,)' (0,03) Mase.) | 
| (bya)? (b,b2)? (0162)? | (agb5)? (a1 b,) (debe) (Aer) (bs ¢2),... (§ 77). 
| (Gitte)? (rb2)? (C162)? 
This is a sum of terms obtained by convolution from products of 
four types H, and hence is reducible. In exactly the same way 
the type (H, H.K, F,F.)° may be reduced. 
The type (H, J)? contains a term 
(ab)? (bc) (ad) (ed) Cx dz, 
= — 4 (ab) {(ab) (ed)? + (bc)? (ad) — (acy? (bd)} Cada, 
which may be expressed in terms of the type (4H, H,) and reducible 
forms. 
The type (K, J) contains the term 
(H, H.) (H,c) (H,d) (cd) cxdy 
=—4 {(4,4H.) (cd)? + (Hc) (Hd)? — (H.d)? (Hic) czdz, 
and hence is reducible. 
The type (H,H,, J)* contains the term 
(H,, (A2, JY) == (A, (A, H;)) + reducible terms, 
and hence is reducible. In the same way the types (H,H., J), 
(HK, J), (HK, J)* may be reduced. 
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The type 
(K, FY =(H,H,) (AF) (HF) Fy, 
=(H,F)(H,F) Ho, —- (HF (HF) Hy2; 
and 2(H,H,, F)’=(H, FY (HpF) B+(HeFY (LF) PF. 


Hence both (K, fF) and (H, H,, Fy can be expressed in terms 
of the type 


Lastly, (HK, Ff)? contains the term 
(a,b,)? (dab)? (A353)? (by a2) (4) (A3¢) (b3C) box 
= ((a,b,) (a:05)? (0,02) (a,¢) (a5¢) (050) Aan", 022°). 
Now the left-hand member of this transvectant is a type of 


degree six and order two; looking back at the possible types of 
this order we see that it must be of the form 


VL,ly+w(aby K+ (HHH, Lb =, 
The second and third of these terms contain invariant factors, 


and can therefore only lead to reducible terms in the above trans- 
vectant. Also 


21D, = 2 (ab)* (ac) (be) ox. (de) (Af) (ef) fr 
ICE) AC Ie 
dt ek Oy | 
(cd)? (ce)? (| 
= CH i,) Het 2 CH Ay) Aes) 
== (Hd) 201g, 
The type (HK, F)’ is thus reducible. 
The complete system of irreducible cubic types is then 
(ab, (ab)* (be) (ed) (da), (ab)* (be) (cd)* (de) (ef')* (fa), 
(ab) (ac) (bc) cz, (ab)’ (cd? (ae) (be) (ce) dy, 
(ab)? azbz, (ab)? (be) (cd)? agde, 
ay’, (ab) (bc) azz’, 
(ab) az*be’, 
there being ten types in all. 


The system of irreducible concomitants for two cubics may be 
obtained from the system of types or else directly, they will be 


(H, F)} (HF) ®, = L». uf 


“ 


Let 
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found in the works of Clebsch and Gordan. The syzygies between 
them have been obtained: by von Gall (Math. Ann. Bd. Xxx1.). 


258. Perpetuants. The irreducible seminvariants (§ 32) of the 
binary form of infinite order are called perpetuants. The complete 
system of perpetuants for one binary form of infinite order has 
been obtained by Macmahon* and Stroh+. The system is, of 
course, infinite in extent, but the individual members of it have 
all been identified. 

The complete system of perpetuants for any simultaneous 
system of binary quantics of infinite order was obtained by 
Macmahont; and in particular the perpetuant types may be at 
once obtained from this paper. 

The method by which these results were obtained, does not 
fall within the scope of. this book. The results have been 
obtained more recently by means of the symbolical notation 
which has been here developed; and this investigation§ we 
shall follow. 


259. A covariant is completely defined when the determinant 
factors in its symbolical expression are known; it will be 
convenient to use this part of the symbolical expression only. 
In dealing with forms of infinite order, it must be remembered 
that the complete expression for a covariant contains each of the 
factors az, b,,... raised to an indefinitely high power. 

The identity 

(bc) dz + (ca) by + (ab) cz = 0 
may now be written . 
(bc) + (ca) + (ab) = 0. 

By means of this identity any factor (bc), in a covariant, which 
does not contain a may be replaced by 


(ac) 7 (ab), 
w.€. by factors which do contain a. Thus all covariant types may 
be expressed in terms of those which are of the form 


(ab) (ac) (ad)’... 
where a@ is any one of the letters chosen at will. 


* Proc. Lond. Math. Soc., vol. xxv1. See also Am. Journal, vols. vit. vut. 
+ Math. Ann., Bd. xxxyv1. 

t Camb. Phil. Soc. Trans., vol. x1x. pp. 234—248. 

§ Grace, Proc. Lond. Math. Soc., vol. xxxv. 
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The types of this form are all linearly independent, for no 
linear algebraical identity can connect their symbolical expres- 
sions. 


Hence if all reducible types were expressed in terms of types 
of this form, we should be able to write down the perpetuant 
types. 

It must be remembered that a is a perfectly definite quantic 
of the system. Further that the remaining quantics concerned in 


any particular covariant will be considered in a particular order 
determined beforehand. 


260. Consider the types of degree three; if w be the weight, 
we know that 


(bey = {(ac) — (ab); 
= (ac)” — w (ab) (ac)’ +. ...... +(— 1)” (ab). 
Hence the covariant (ab) (ac)”~ is expressible in terms of reducible 
covariants and of covariants in which the index of (ab) is greater 


than unity. Hence all perpetuant types of degree three are 
expressible in terms of the types 


(ab) (ach, NX 2, wl. 
It should be noticed that of the three quantics concerned any one 


may be chosen to correspond to a, b or ¢ respectively. 


Further, the only reducible covariants of degree three and 
weight w are represented by 


(bc)”, (ab)”, (ac)”, 


and hence the seminvariants (ab) (ac)* (A <2, w<1) are both 
independent and irreducible. 


261. Types of degree four may all be expressed in terms of 
the independent forms 
(ab)* (ac) (ad)’. 
If X or uw be less than 2, then as in the previous paragraph the 
index of (ab) or (ac), as the case may be, can be increased at the 
expense of the index of (ad). 
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Thus, since the reducible covariant 


(ab) (ed)”-* = (ab) {(ad) — (ac)}”-" 
= (ab) (ad)? — - ‘ a) (ab)* (ac) (ade 


+ (75) Cay (acy dyn =, 


the covariant (ab)* (ac) (ad)’-*— can be expressed in terms of 
reducible forms and of covariants 


(ab)* (ac)* (ad)e-#-* (uw > 1). 


When both 2 and yw are greater than unity, say 1 += M, we 
may express, by means of Stroh’s series § 64, the products 


(ab)* (ac) 
in terms of the following three sets: 
(i) (ab), (ab) (ac), ... (ab)* (ac)# ; 
(ii) (aceY%, (ac) (ab); 
(iii) (bc), (be) (ab). 


The products contained in (ii) and (iii) need not be considered, 
for the corresponding covariants can be expressed linearly in terms 
of reducible covariants and of covariants in which the number 
of factors involving a, b, ¢ only is greater than A+yp. These 
latter forms can be dealt with in the same way. 


Thus we see that ultimately we can express all the covariants 
of degree four in terms of reducible covariants and of such as 
have the factor (ab)*. Further we have seen that we may suppose 
the coefficient of (ac) to be greater than unity: hence all covariants 
of degree four can be expressed in terms of reducible covariants 
and of covariants of the form 


(aby (acy (ady" 
where 744, w<2, v¢1, and the arrangement of the letters 
a, b, c,d has been fixed beforehand. 


262. The theorem can now be proved in general by induction. 
We shall assume that all covariant types, of a system of binary 
forms of infinite order, which are of degree n+1 or less, can be 
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expressed linearly in terms of reducible covariants and of covariants 
of the form 
(Aa) (day)? ... (An), 


where Nit Sead ees ee uN ud, 
and the arrangement of the letters a, a;, d, ... Gn is fixed. 


For degree n+2 we have only to consider the covariants of 
the form 
(@a,)* (Ad)? ... (AAngi)"t! = (aa,)™ (aaa) RK. 


Now (aa,)"R is of the same symbolical form as a covariant 
of degree n+1 of the system; hence, using the result for that 
degree, we may, if A,< 2”"1, express it in terms of covariants of 
the same form but for which the index of (aa,) is not less than 
2", and of reducible covariants. In the same way, if \,< 2”7, 
the index of (aa,) in the product (aa,) R can be increased. 


Let Ap Ags M42 O8-. NSO : 


then, as before, by means of Stroh’s series all products 
(aa) (aa,)* can be expressed in terms of the M+41 following 
products : 


eG) oe OE ae (0 oe (0a) 
(11) (aa,)™, (aa,)#-1 (Ga), ... (aa,)*- et (aa,)*—1, 
CD e105) os) dh, ) a (a) 


The products contained in (ii) and (iii) need not be considered, 
for the corresponding covariants have factors of the ‘form (aa)PR 
where p< 2”; hence these covariants can be expressed in terms 
of reducible forms and of products which contain a greater 
number of factors involving a, a, ad) only. 


The products contained in (i) all contain the factor (aa,)%. 
Hence all covariants of degree n+2 are expressible in terms of 
reducible forms and of covariants which have the symbolical 
factor (aa,)°¥. But these can, by an application of the assumed 
result for degree 7 +1, be expressed in terms of reducible forms 
and of the covariants 


(ad;)* (dy) ... (dings), 


where Neer PASEO i. PAY ei. 
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The theorem is then true for degree n+2 if it is true for 
degree n+1; it has been proved for degrees three and four and is 
therefore true for all degrees. 


263. It should be noticed that it has not been proved that the 
covariants retained are irreducible. It is practically certain that 
this is so, but no rigorous proof has yet been given. The number 
of covariants retained which are of degree n+1 and weight w 
may be found as follows. If 


<a 2 ey 


we. if w< 2”—1, all the covariants are reducible. If wt2”—1, 
the covariants retained are of the form 


(da, (aay (ae 
where & is any product 
. (aa,)™ (date) ... (Ady), 
and MtAt... $A, =W- 24-1. 


Hence the number required is the coefficient of #”-?"+* in the 
expansion of (1—w#)~-”—this being the number of homogeneous 
products of dimensions w—2”+1 of n letters. This is equal to 
the coefficient of 2” in the expansion of 


Gap 


This generating function for perpetuant types is the same as 
that obtained by Macmahon’s methods. 


264. The results thus obtained for perpetuant types are of 
great use in obtaining either the types or the ordinary covariants of 
a binary form of finite order. All that was required in the course 
of the argument was that the weight of the covariant under 
consideration should not exceed the order of the quantic—or 
quantics. Thus any covariant of weight w and of degree 6 of the 
binary n-ic which is such that 


21-1 >w}n, 
is reducible. 


In § 114 the system of forms A; for a single binary form of 
order 212 was discussed. The above considerations of weight, 
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alone shew that the following forms which were there retained 
are reducible 

(ab)° (bc)? (ed)? (de), (ab)°(be)° (ed)? (de), (ab)? (be) (ed)* (dey ; 


the argument applies to the last of these three covariants only if 
the order of the binary quantic a,” is greater than 12, it will be 
seen later that this is indeed reducible for the 12-ic. 


The remaining forms of the system would not be reducible as 
perpetuants and hence we cannot hope to reduce them for forms 
of finite order ; the two forms 


(ab)° (bc)* (ed), (ab)° (be) (ed)s, 


however, are congruent mod. (ab)’, as will be presently proved. 


265. The theorem for covariants of forms of finite order 
corresponding to that which has been proved for perpetuant types 
is the following*. 


All covariants which are of the first degree in the coefficients of 


each of the quantics 
u,”", Ay, oes as" 


can be expressed linearly in terms of 
(1) covariants of the form 
(Gt, G2)" (GeQs)*? «.. (As As)*85! 
where Re oa Ny ae eee NAIL 
and the arrangement of the letters ay, ds, ... ds 18 fined ; 
(ii) covariants which have a symbolical factor 
(Ap, y)* (4401) >; 
(iii) products of covariants of lower total degree. 


The proof of this theorem follows that for perpetuants very 
closely. We first assume that it is true when the total degree of 
the covariant considered is not greater than 6—1, and prove it 
when this total degree is 6. 


Now the covariants to be considered can be expressed in terms 
of transvectants 


* Young, Proc. Lond. Math. Soc, 1903. 
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where C;_, is a covariant of the first degree in the coefficients of 
each of the quantics a,™, a)”, ... a3"8. 


On the assumption made C;_, can be expressed linearly in 
terms of covariants of the second class, of covariants of the form 


(yg)? (gy)... (Ass), 
and of products of covariants of lower total degree. 


If Cs_, is of the second class the transvectant (I), and each of 
its terms, must be of the second class. 


If Os, is a product of two covariants P, Q, then the total: 
degree of P being less than 6 we may express it in terms of 
covariants of the form 


(ab) (bc)... (fg)h, - 


and of covariants of the second and third classes. 


If w+, be greater than the order of the form a the trans- 
vectant contains a term of the second class; if it be not greater 
than this order the transvectant contains a reducible term. 


If P is of the second class the transvectant itself belongs to 
the second class; and if P is of the third class, we may take one 
of its factors and proceed as before. 


If Cs_, belongs to the first class, we may take 
Cy. = (Go Gg)** (ig @y)** ... (Ags s)*8, 


then when A, + w ¢ m, the transvectant contains a term belonging 
to the second class; but when A, + w <n, it contains the term 


(Ay y)* (Ag@y)** (Az 4) ... (Ag ag)*8, 


and hence covariants of this form alone need be considered. 


266. Let us now, for the sake of shortness, write 
Uy My— Ag dy? 
= (0,05) (Age)? on< (Apis) 0=1 Oy OF Oy OO OO Ose le 
x y = y 


Then we shall proceed to shew that, if « < 2°*, the trans- 
vectant 
((ay Ay) (G23), Ure Gyan 


can be linearly expressed in terms of covariants of the second and 
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third classes, and of covariants which contain a greater number of 
factors involving @, a, a; only. 


The two sets of covariants (a,d,.)" (d.a3)*, and ((a,42)", s,”)*, 
where w+ has a fixed value and « takes all possible values less 
than 2°-*, are equivalent. 

Hence if (G50, )e = G0 Saree 
the above transvectants may be linearly expressed in terms of the 
following, 

((aas3)*, a," —gy Py’. 
Any one of these transvectants is a covariant of unit degree in 


the coefficients of each of the 6—1 quantics 
Qt nee As cy as”, ae. a,"8 ; 


az 


it can therefore, by hypothesis, be expressed in terms of covariants 
of the form 

(acs) (Asy)Y? ... (Up_1s)M5-2, 
where M$ 273, pg F VP. pa $1, 
and of covariants belonging to the second and third classes. 
Thus the number of factors involving a, a, as; only, can be 
increased when x < 2°-*. 


It should be noticed that covariants of the second class here 
include those which contain the factor 


(Gh a)’ (G0) ee, 
It is easy to see that such a covariant belongs to the second 
class in the enunciation ; for, we may suppose 
y>ntM—2w-v, NSN, 
and therefore y>n,— pb, 


the covariant considered then contains the factor 


(ip, ,)™—* (A, a)". 


267. The covariant 
(Gy dy)" (A2A3)** (As Qs)*8 «.. (Ag As)*8-1 
is a term of the transvectant 
((G, G2)" (23), CPi Gp Vee 


and hence differs from the whole transvectant or from any one of 
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its terms by covariants in which the number of factors involving 
(h, Az, d; Only is greater than A, + pw. 


By § 266, we see that we may suppose that neither A, nor. is 
less than 2°-*; and hence that A.+u<¢ 25-2 The covariant ° 


(dy dy)" (daa) 
can be linearly expressed in terms of the covariants 
(i) (ayaa)2**, (a, a,)*t#—1 (digas), ... (Arde)™ 7 (agagrete- 2-2, 
Gi) (Gast, (a, 0,4"! (a,a,), ... (Gias)et#-2?-*+1 (g,0,)" =u 
(iii) (dacs) FH, (gg) t #1 (yd), ve (gg tH- 2" B41 (agg, 78-1, 


Transvectants of a covariant from one of the last two rows with 
@s,"-4q,P can be expressed in terms of covariants which contain 
a greater number of factors involving a,, a, ds, only. Hence we 
may ultimately express all covariants in question linearly in terms 
of covariants having a factor (a,a,)*, where 2, ¢ 2° and of 
covariants belonging to the second and third classes. Proceeding, 
as in § 266, with the covariants which have a factor (a,a,)* where 
Mi < 2°*, we see that all covariants may be expressed linearly in 
terms of covariants of the form 


(Gy Gy)" (Apt)? ... (Ag_1Gg)*8, 
where Niet aN, cee ume ate 
and of covariants of the second and third classes. 


Thus the theorem is true when the total degree of the 
covariant is 6, provided that it is true when this total degree is 
less than 6. 


268. It remains to shew that this theorem is true when the 
total degree is three. 
The covariants to be considered are 
(Gy dy) (Ags)? (Aga). 


Unless 4, +, +A, is less than each of the numbers m, m, rs, 
this covariant belongs to the second class. For let 


My + Ae + Ag SN, 
then by means of the identity 


(<ts0ts) = — (42) — (dpa) 
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the above covariant can be expressed in terms of the forms 
(a, hy)" (a, I) ccm (ds Gyre ss od 
and belongs to the second class. 


If A, + Az +A, Is less than each of m,, n., n; the argument used 
for perpetuants may be repeated here word for word. The theorem 
is then true for total degree three, and therefore for any total 


degree. 


269. If all the quantics are of the same order n we obtain a 
theorem concerning covariant types of a simultaneous system of 
binary ‘-ics. 


In this case the covariants of the second class contain a factor 
of the form (ab)* (bc)”-4, and hence a factor of the form 


(ab) (be)*-* (ca)?, 
where Bes, p< 2n—3y, 
(see § 68). 


Hence all covariant types of a system of binary n-ics can be 
expressed linearly in terms of 


(i) Covariants of the form 
(yy) (AeG3)*? ... (As—1 As)*85) 
where Me Bo Ne per Nat Le 
and the order of the letters is fixed beforehand. 
(ii) Covariants which have a factor of the form 
(aby (bo)"-A (cay, 
where 45, p< 2n—3n. 


(111) Products of covariants of lower total degree. 


270. The theorem just proved expresses all irreducible co- 
eae , 
variants, of grade <=, in terms of a certain number of forms, 


which, there is good reason to believe, are irreducible when n is 
infinite. If this be so, these forms are certainly irreducible for 
finite values of n. 
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However, it does not follow that we cannot express them in 
terms of covariants of higher grade or else of covariants of the 
second class. 


In this connection we shall prove the following: all covariant 
types of the binary n-ic can be expressed linearly in terms of 
covartants of the form 


(G2)! (Gy Qz)*2 ... (@3_ @3)*8-1, 

where Nes BN Ng Na a Ne eee 
and of covariants belonging to the second and third classes. 

Using the previous theorem we see that covariants of the form 

C = (a, G_)"* (Agds)¥2 «2. (Ag. Ug )Md~1 

alone need be considered. 

Let p, $2, then C is a term of 

((@, 2)" (gs), (gs )M4 ... (Asg)“8-1 OP SLE Ae LS aegere 


and differs from any other term by covariants which involve a 
greater number of factors containing a, a, a; only. 


Then by Stroh’s theorem, we may express (a,a.)" (@,@5)"* in 
terms of covariants of the form 


(ab) (be), 
where MU 2r,, A tA= Mit Me, 
and a, b, c are the letters a,, a, d; In some order. 
Let (ab)* = a,2%—2, 


we have then to consider covariants of the form 
(ads) (d3a4)" eee (Gs_1Q3)M8-1. 
If X.< ms we may consider the transvectant 
((aa3)* (AgQ4)"2, (Ag)... (gag )M3—1 Os,” "5g MMS He os, 
Then (aa;)*(a;a,)" can be expressed linearly in terms of 
(a3a,)"*"s, and of members of the sets 
(aa;)* (ds Gorse (aa,s)* (Gs As) ths—K, 


= Mat is 


where K 
Z 
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We may proceed in exactly the same way at every step, and so 
prove the theorem. 


It will be noticed here that the order of the letters in the 


covariants 
, (A, Q2)™ (yg)? «2+ (Aga Ag) -1 
is not fixed. 


271. The Maximum Order of a covariant. Let us con- 
sider the covariant types of a system of quantics of which none of 
the orders exceeds n. By § 265, these types can all be expressed 
in terms of covariants of three kinds. Consider the covariants of 
the second kind. These contain a factor of the form 

(OiGe 40s, 
We may suppose that ) ¢ n.—2; the order of the covariant 
(ay Ga). ay a -A Ay r 

is then 4 +N.— 2X $n, <n. 
Now let us introduce a new symbol, for each covariant whose 
order does not exceed n. Covariants of the second kind are thus 
at once reduced in degree. Covariants thus reduced may them- 
selves be expressed in terms of covariants of the three different 
kinds. The covariants of the second kind may again be reduced, 
and so on. Hence finally we have expressed the system of 
covariants in terms of covariants of the form 

(a, Q) (GpQ3)™ sae (a@s_143)*8-1, 
where Nidan, aa Ons ye va Ne LS 
—d,"™, a)”, ... a3”8 being either members of the original system 
of quantics or covariants of that system whose order does not 
exceed n—; and of products of covariants of lower degree. 


The covariant of maximum order must then be of the form 
(Gy Gy) (Ags) ... (4g—1s)*8-1 dy, is Ue Bg as as" are Pos 6 
where eee a aA ee ee Aga 
and 7,, %», »-. % are all equal to or less than n. 
The order of this for a given value of 6 is a maximum when 


Ve A A= 1; 


i) 
bo 
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In this case the order is 
nd —2(1 424+... + 25°) = nd — 2°42. 

The maximum order is then the greatest of the numbers 
n, 2In—2, 8n—6, ... NO— 2542, .... 


It is easy to see that if n=2*+n,, where n,< 2*, then this 
maximum order is 


(A+1) (2+) — BPH 42=(N—-1) B40, (A41) 42. 


Comparison with perpetuants shews at once, that if the results 
for these are absolutely accurate, then the maximum order just 
obtained is always reached—even for a single quantic of order n 

except for the case n=3. 
Ex. (i). The covariant (ab)® (bc) (cd)! (de)? of the twelvic referred to in 
§ 264 is of weight 13 and hence must be reducible to covariants of the second 
and third classes; it is evidently reducible in the usual sense of the word. 
Ex. (ii). Shew that the following covariants of the ten-ic can be expressed 
in terms of reducible covariants and of covariants of higher grade : 
(ab)! (be)3 (ed), 
(ab)° (bc)? (ed)*, 
(ab)° (be)? (cd)? (de). 
References to papers by Jordan and Sylvester on the problem of § 271 and 


allied problems regarding weight and degree will be found in Meyer. The 
limits hitherto given are much too high for large values of x. 


CHAPTER XVI. 
GENERAL THEOREMS ON QUANTICS. 


272. In this chapter certain results are obtained by an applica- 
tion of the theory, or rather the notation of the theory, of finite 
substitution groups. So little knowledge of this subject is required, 
that, for the sake of readers unacquainted with it, we shall start 
from the commencement, and prove the few well-known theorems 
required. 

In the first place a function of n variables 

Ff (Hr, Wa, Ly, «++ Ln) 
is under consideration ; the function 

SF (&s, DH, U3, oo Ln) 
is derived from this by the interchange of the two variables #, and 
%,. The operation by which the latter function is obtained from 
the former is called a substitution, it is usually denoted by the 
symbol (#,7,). Thus we may write 

SI (&, Ly, Ly, 006 Ln) = (&, 22) f (1, Ln, Ly, +++ Ln). 

A more general example of a substitution is the operation by 

which the arrangement of variables 
Ly, Uy, 00. Un 
is changed to We Uases i Uns 


the y’s being the variables 2, 7,...”, arranged in some order. 
This substitution is often written 


ce De vxesc sl 
4 
Yi Yares Yn 


ens @ : ss i SF (ayy Wa, 0+ Bn) =F (Yr) Yor ++ Yn). 


bo 

bo 
| 

bo 


340 THE ALGEBRA OF INVARIANTS [cH. XVI 


Substitutions which represent merely the interchange of two 
variables are called transpositions; thus the substitution (#2) 
introduced above is a transposition. 

The product of two substitutions. Let s,, 8s, be any two sub- 
stitutions of the letters 2, 7,,...#,, the meaning here attached to 
the product s,s, is that it is an operation which when applied 
to a function of a, %,..., 18 equivalent to the operation first of 
s, on this function and then of s, on the resulting function. (The 
usual convention is that the substitution on the left is the first to 
operate, but the above is more convenient for our present purpose.) 
Thus 

9195.7 (ty, Go... By)-=% [Sof (M, Ly, --- n)]. 

The effect of s, is merely to produce a rearrangement of the 
variables, the effect of s, on the resulting function is to produce a 
fresh rearrangement; thus the product of two substitutions is a 
substitution. 


It will be seen at once that substitutions obey the distributive 


law, for 
i [Sahel (Cty Wa wari On) = Sr [SeSe 7 Diaetay one) 


= 8, [8 {8 f(y, V2) --- La)} | 
= [$185] 8 [( Oi, Lay avn): 
On the other hand substitutions are not in general commutative, 
tor example: 
C229) (x, 43) f (&,, Ly, Ly) = (&, 42) f (as, X25 2) 
=f (4s, Ly) Io), 
but (& 3) (4X2) f (41, Xa, Lz) = (0, Hy) f (Ho, Ly, £3) 
=f (%2, Xz, XL). 
Any substitution can be represented as a product of trans- 
positions. 
For any rearrangement of the letters 2, a,...%, can be 
produced, first by an interchange of 2, and one other letter by » 


which «, takes its new position, next by an interchange of #, and 
another letter by which «, is brought to its new position, and so on. 


It will be found that a substitution can be represented as a 
product of transpositions in a great number of ways, e.g. 


(£2) = (yg) (& £3) (Ws) 3 
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but the number of transpositions in a product which represents a 
given substitution is always even or always odd. For consider the 
function 


HN Late Vii Lenape ee bel 
| 
op W—1 op .W—2 | 
A= % W, 1! Lt (a,—2,): 
IPS Rocks: esevtaveesy 8 9G 


the effect of any transposition operating on A is merely to change 
its sign. Hence : 
sA=+A 

according as s is a product of an even or odd number of sub- 
stitutions. Substitutions will be called even or odd according as 
the number of transpositions of which they are composed is even 


or odd. 


Consider any rearrangement of the letters 2, %,...%,3; let a, 
be the letter which takes the place of w,; w, that which takes the 
place of x,; «, that which takes the place of #,, and so on; we must 
sooner or later arrive at a stage when 4%, is the letter which takes 
the place of w, the last of the series. The substitution which 
replaces ”, by 4,, a, by ”, “, by a, and so on, and finally a, by a 
is usually written (%,7,7,%...%,) and is called a cycle. It is 
evident from the definition that 


(Det Pilg ane tg) = (LW; ors Cyl). 


The rearrangement considered may be produced so far as the 
letters in the cycle are concerned by operating with (7,4,%,% ... Gy). 
Let x, be one of the letters not contained in this cycle, then we 
may suppose that zg in the new arrangement takes the place of a, 
and proceed as before. Thus we see that the rearrangement may 
be produced by operating with a number of independent cycles, 
i.e. cycles such that no two contain a common letter. Hence uny 
substitution 18 equal to a product of a number of independent cycles. 


That operation which leaves any function operated on un- 
altered is called the identical substitution and is written 1. The 


product 
(WW) . (0,02) = (040,)? 


leaves every function unaltered, hence 


(2, 4,)* = 1. 
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Consider the rearrangement of the letters a, #,... #» produced 
by any substitution s; there is a perfectly definite substitution 
which will change this new arrangement back to the old arrange- 
ment. This is called the inverse substitution of s and is written 


s7, In virtue of the definition of s we see that 
§13f' (a), Ba, «.- Gn) =f (ay, ha, «0s Bn); 
and hence sogs=l1., 


Again it is to be observed that the result of operating on the 
new arrangement of the letters with ss“ is to leave it unaltered, 


hence 
Som 


Consider the powers of any substitution, 
SSUES e oes 


they are all substitutions, and since the number of different sub- 
stitutions of n letters is finite—in fact n!, the number of possible 
arrangements of those letters—these powers cannot be all different. 
Hence for some values of h, k, 

gh = s*, 


In virtue of the associative law, we can write 
gig — git, 
Hence ghtl — gktl, 
Further, whatever substitution o may be, 
o.s= ask 
hence if ¢ = (s)*, we see that 
OMe (gh = (Saya ee = (Seuemec a er) | ; 
and hence Vase; 


We may suppose that k>h, hence among the positive powers 
of s we must find the identical substitution. Let p be the smallest 
positive index for which s?=1, then p is called the order of the 
substitution. 


The substitution oso7 


is said to be conjugate to s. 
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In o let the letter which replaces , be denoted by z,’; let 
— e Tyme es : 
Yr Yar Yn 
where 4;, Y2,--. Yn are the letters 7, #,... £, arranged in some 
order. 


Naw o=(%, Lips Cae Yr be 


4 oe 4 % / / 
bi HS sn HBr Ti Yo eran 


/ / 
lays cee LX ea 


/ / / 

Pea Uru (oi eg eA ie | epee 
T80nt =|", ‘ ; a 

Yr Ya ee Yn Yr Yoees Yn \® Lg + In 


= ie Yo ve Ze (fe Be =) es & (ae a 
Ue Pree NY Be Yak ot hy Ye Uy Mey 
Therefore cso is the substitution which would be obtained by 
operating on the expression for s with the substitution c. It must 
then be a product of cycles each having the same number of letters 
as the cycles of s; and is obtained from s by permuting the letters. 
Such substitutions are called similar. Every substitution similar 
to s is obtained from s by a suitable permutation of the letters, 
and is therefore of the form oso. 
Now if s be any cycle (7a... 2,) then 
Sat (ee. Wal,) 
as may easily be verified; and hence s™ is similar to s. But 
every substitution is a product of a number of independent cycles, 


the inverse substitution is then the product of the inverse cycles ; 
hence any substitution is similar to its inverse, 


273. If m substitutions s,, s,, ... 5, are such that the product 
of any two of them is itself one of the m substitutions, these m 


substitutions are said to form a group. 
Thus as may be at once verified 
1, (4%); 1, (4 %2%s), (©1322) 
are groups. 
The number of substitutions included in a group is called the 
order, the number of letters affected is called the degree of the 


group. 
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Thus the two groups written down are of order 2 degree 2, 
and of order 3 degree 3 respectively. 


Now the m letters 2, a, ... @, can be arranged in n! ways, 
hence the total number of substitutions affecting n letters is n!. 
These substitutions obviously form a group, it is of degree n and 
of order n!. This group is called the symmetric group for the n 
letters 21; a, ... Gas 


It is useful to have a symbol by which to denote this group, 
the symmetric group for the letters a, #7, ... @, will be written 
1s cen Drs 
More particularly this symbol will be used to denote the sum 


of all the substitutions of the symmetric group. 


Again the product of two even substitutions is obviously an 
even substitution, hence the even substitutions which affect n 
letters form a group. This group is called the alternating group. 
Let 


heat Bevery ni PA 
be the members of the alternating group, and 
CR Ciiy cao Oni 
the remaining substitutions which affect the letters 7, 2, ... dp. 


Then these latter substitutions are all odd; and hence the 
product of any two of them is an even substitution. 


Now if &, f,, ¢; be any three substitutions and 


ht = ht, 
then i t ty = i t ts , 
and hence t= t:. 


By hypothesis the substitutions s,, 8, ... 8m, 01, G2, «+» Gm are 
all different, hence the substitutions 


0181, F182, 06+ F18m, Ty", T1Fa, --. Ti Tm’ 
are all different. But the former set include all the substitutions 
of the m letters, hence the latter must do so too. Hence the even 


substitutions 
ne: 0,02, eee 010m’ 


form the alternating group. And therefore 


m=m'=n!. 
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The symbol | lacs ea 
will be used to denote the sum of the even substitutions minus 
the sum of the odd substitutions of the letters 
lips Wi Sho CONE 


This will be called the negative symmetric group, and on 
the other hand 
LO canl Dy 


will be called the positive symmetric group of the n letters. 
For example 
(Wy Ugg} = 1 + (274 gtr) + (ary 3.9) + (Ly Lg) + (223) + (#32), 
{1 Uy Hoh" =1 + (1H) + (Hy L3Xq) — (@1%q) — (&y.H%5) — (452). 
274, As an illustration of the notation just introduced we 
remark that the determinant 


G sz Gn | 
bben a bal) 
edateiehecsletatevl sit sveleievers | 
| | 
| k, is kp | 


may be written 

1G me. 0, Os nan, 
the substitutions being supposed to affect the letters and not the 
suffixes. Or adopting a double suffix notation we may write 


/ 
= tn Acie Se, Gian. Uni Onde g On ms 


On,1 Gn,2 +++ Ann 


where the first suffix only appears in the substitutions and is alone 
affected by them. 
Or again 
a? bP cP | 
at bt of |= {abe} abt’. 
ar br c’ | 
As an example of the use of the positive symmetric group, 
referring to § 44, we observe that the rth polar of the form 


nr— 
Ay — a tee An, 
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may be conveniently written 


275. Consider any function F of the coefficients of certain 
linear binary forms @,, Bz, yz, which is homogeneous and linear 
in the coefficients of each form separately. We may write 

F=a,Bh, gi + m Bs h. + 02; bs; + a Bohs; 
where the ¢’s are functions of the coefficients of the linear forms 
Yx, Ox, --. Of the same character as F’. 


Then {a8} F = (a8) [bo— $s] ; 
»2.e. {a8} F is the product of (48) and a function which does not 
contain the coefficients of a, or By. 


Again we may write 
F= Xa,Bs Vt br, 8, t» Up S, t= i 2), 
but here the suffixes 7, s, ¢ can never be all different. 


Now 
{aBry}’ a Bsye=| & Ge a | 
LCR fen ish 
| Oe Ue Ohi | 
hence faBry}’ F=0. 


In the same way if Oy» Moy s+ be any p-ary linear forms, where 


d 


By, = Ap 1B + Ay oot... + Ay, pLp, 
x 


and # be any function homogeneous and linear in the coefficients 
of each, 
{Oy a, eee Qe} k= 0, 


/ | 
{a see Ap} r=) O11 2 cabled 2, p 7 Wy, 


| 


oO Ao. 9 eee As 


“5 


re re 
where the substitutions affect the first suffixes only, and > is a 
function of the coefficients of 


Apt.» Ap+2,9 eee 
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The expression CAC sana, 
will be used as an abbreviation for the determinant just written 
down. 

Again, if r > p, 

bhi a= Ole 
and if 7 <p, it 1s easy to see that 
(Oy ..- Gy) F= SA, 
ar 


where A, is one of the determinants of the matrix 


Chon. hips epee ich, 

It is unnecessary to suppose that a1, ao, ... &,» are the 

coefficients of a linear p-ary form a, . The facts just established 

are true if F is homogeneous and linear in each of any m sets of 
quantities 


Am,1 Am,2 +++ Am, p 
there being p quantities in each set; and a one-to-one corre- 
spondence between the members of any two sets. 
Thus in particular: If F is a function homogeneous and linear 
in the coefficients of each of m binary n-tes 
(a, 0 U,1, +++ G, aes Tyee ses (Gre 0» Am,1y +++ Am, AVL, Ly)", 


m being greater than n +1, then 


(GHC Putte Psa Ve eee ene ae (1), 
MCD a Pekar AU OUR ce Baas: Dos NW Lee are (ii), 
hceaeee sail =| OO a Ayn nce ss teehee (iii), 


where the substitutions affect the first suffiwes only of the coefficients 
Op, g3 | U1Oe «++ Ont as the determinant of n+ 1 rows and columns 


formed by the coefficients of the n + 1 quantics concerned ; 
CAEN Cyd | 
is the same determinant with quantities By, By, ... Bx replacing 


On+i,o> Antiyis +++ Anti, n> 
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these quantities being homogeneous and linear in the coefficients of 
the quantics represented by Gnii, Onto» ++» Am; and where F, is 
homogeneous and linear in the coefficients of the quantics represented 
GY Orica ot ra 


The first two of the above results are sufficiently clear from 
what has already been said. As regards the last we observe that 


{Ay eee an} f= ZAVEis 
r 


where A, is one of the determinants of the matrix 


| 

| Qy, 41,1 On 

| Azo Ae As n 
a | 
| An, 0 O&,1 nN, 


That is A} may be taken to be the minor of aj, in the 


determinant 


| 
| GA woe Any iF 


and hence PG tee Cyt ll LO Oss Cale | 
276. Let the quantics of the last paragraph be represented 
symbolically thus 
(Gs..05 Si, i> see Cnn 0s a)” = Oe | rae Le ere 


Then the determinant | aa, ... @4,| is an invariant, for it may 
be written symbolically 


II (a™a®) (fs 1,2) 3: he; r + 8). 
r,s 


Hence if F is an invariant, then F, is also an invariant. 
Again we can shew that if F is an invariant, then 
(Bo, Bis tse: noes a)” 
isa covariant. For let A, be the minor of a,,4,,, in the determimant 
(Gg OG cee Caaalls 


Then since Fis an invariant 


28,4, 


is also an invariant. 
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n 
Now we know that Ya,.,,A, and La, Eats) al—ey are 


both invariantive, and hence that the quantities 
Ay, Ai, ... An 


sn mI n 
and ti", (7) GOT, we 6 id 


form two cogredient sets. Therefore, since £8,A, is an invariant, 


Hah ("") a" £f must also be invariantive. In other words 
(Bos By, eieig. Brian, CO) 


1S a covariant. 


If F were a covariant, and contained the variables «,, 7, then 
8, Pi, ..» 8, would also contain these quantities; in this case the 


form 
(Bo; Bu vee Bad, Yo)” 


iS a covariant in two sets of variables. 


277. As examples of the use of the results just established 
we may instance the fundamental identity for binary forms 


fabe}' (ab) (cd) = 0; 
that for ternary forms 
‘abed}’ (abc) (def) = 0, 
or {abed}’ (abe) (cdf ) = 0; 
those for quaternary forms 
{abede}' (abed) (efgh) = 0, 
{abede}’ (abfg) (cdhi) (ejkl) = 0, 
and so on. 


Let Z be an invariant linear in the coefficients of each of n+1 
binary n-ics ; then with the notation of § 276 we have 
1O;0y Onan} Le A OO, o 3s Oper | 
where X is some constant, possibly zero. 
If n is odd we may take 
T= (a a) \n (a) a y Sag (a™ qs) Va 
In this case, provided the »+1 quantics are all linearly inde- 


pendent, 
a Lew 
{Oy Ly eee Gniis 
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is different from zero, for all terms of J in which two coefficients 
have the same suffixes are destroyed by the operator, and the rest 
are obtained from 


n n 
[a0 Baal E @ G31 Oy, 1 (3) As. 9 a teeeee 


n-1 n 
(- 1) 2 M— 1s) a tyay O n+1 
——— nN, ———= 
D) 2 2 


by interchanging both the first suffixes of pairs of brackets in all 
possible ways keeping the order of the three first suffixes un- 
altered—so that the first suffixes of any one bracket are always 
_ of the form (2r—1), (27) and in this order—and by then inter- 
changing the first suffixes inside individual brackets, each such 
interchange being accompanied by a change of sign. But both 
these operations are effected by 


Nd 
VOCs ce Oyen 
_—since the first only requires even substitutions. Hence 
/ / 
{ay Oy eee Caan L=d {a a, eee Cad M1, 0 Qs, n 31 As n—1 con & nm-1 a ntl 
=" NGOs ..= Oy ia'| 
where A is not zero. Hence when n is odd 


ISCAS Pee he 
is reducible. 


Again, if n=4, it is easy to see that this invariant is irre- 
ducible. Let us suppose that it be reducible, then 


| 1 Oats, | = DIT, 
where J, is an invariant of degree r. 


Now J, must be of the form (a” a)‘, where 7, s are two of the 
numbers 1, 2, 3, 4,5; hence 


{Oy Gy My O15 O15} 1,I, = 0, 
and therefore {Oy Gs As O40s}” | Oy to Qs 4 Qs | 
= 5!| a a,a;a,a;| = 0. 


This we know to be untrue in general, hence the hypothesis, 
that the invariant in question is reducible, is false. 
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278. Let s be any substitution of the symmetric group 
{Oda =. ns 
then 1G OO Pi ON eee Ck 


For {a,a,....@,}s contains n! terms, which are all different 
(if o and o’ are different substitutions, then os and a’s are also 
different), and are all members of the positive symmetric group 


EUR raat 
Similarly SHOWOy <6 Og = (0 Oan v1 Ont. 


Now any purely formal relation between substitutions will 
still hold good if the sign of every transposition be changed; 


hence 
Sh One aa On) oad On net 


according as s is an even or odd substitution, in particular 
(GG) {0,0 ... On} = — {0,02 ... An}. 
Again if {a,a....d,} be any positive symmetric group and 
pe O seagate 


be a negative symmetric group, the two groups having a pair of 
common letters, then 


HOC Oy) Ors Ogee.. Orn 
= {QQ .... An} (Gre) [— (Grae) {41 Gedz ... Dm} 
= — (Ody ©-- Un) (aa 0s «Om =O. 


Similarly {Ay 0305 «0 Dig} {AiQg --- Ani =O. 


Thus if two symmetric groups, one positive the other negative, | 


have a pair of common letters, their product is always zero. 


279. The following purely formal theorem enables us to 
establish various results relating to invariants. 


Let the letters a,, a, ... @ be arranged in any manner in 
horizontal rows, so that each row has its first letter in the same 
vertical column, its second letter in a second vertical column, and 
so on; and so that no row contains more letters than any row 
above it. 
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Thus for four letters a,a,a,a, the five possible kinds of arrangement of 
the tableau would be 


Ay Ay Ags j Ay Uy Ae 3 Ay Ay ; yy 3 ay 
ay As Ay Ay Ay 

My as 

UN 


Then form the substitutional expression 
Bat GG Gk eee 


such that G, is the positive symmetric group of the letters of the 
first row, G, that of the letters of the second row, and so on, Gy, 
being that of the letters of the last row; and that I’ is the 
negative symmetric group of the letters of the first column, 
Ty that of the letters of the second column, and so on, Ty’ being 
‘that of the letters of the last column (in case a row or column 
contains only one letter, it is understood that the positive or 
negative symmetric group of a single letter is unity). 

Let us suppose that in the tableau considered there are a, 
letters in the first row, 4 in the second, and so on; where owing 
to the conditions laid down 


t+4,+...+-4,=n 
(ye 


wy tit py ke 
let Ty,,a,...0, be the sum of the n! expressions S obtained by @ 
permuting the letters in the tableau in all possible ways, the | 
numbers o, %,... 4 of letters in the various rows remaining 
fixed. 


Then SAE On, v0. Oy hs Coysceatiiy a 1 
1s ? 19 ’ h 
where the summation extends to all possible values of the numbers 
0, %, ... a Which satisfy the conditions (1); and A,,,4,,...4, 18 @ 


numerical coetficient which can be uniquely determined. 
For two letters we have 
1=47,+ 42,1 
=} {a,a.} + $ {a,a2}’. 
For three letters we have 
= 3734+ $2oitdelian 
= {enc} + 4 {ene} {aya} + § {enaac} 


as can easily be verified. 
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280. Let the 7’s be arranged in the order defined by the con- 
vention that 7,..4,,..2, comes before Tg, .. s, When the first of 
the differences 


&'— Bi, % — Bo, ... 


which does not vanish is positive. 


Now if S be one of the m! expressions of which 7,, «,,.. a, 18 
the sum, then 7,,,.,,...., 18 obtained from S by permuting the 
letters in all possible ways and:taking the sum. Hence if when S 
is expanded as a sum of substitutions, any particular substitution 
s occurs in it, then in 7, .,,...., the sum of all the substitutions of 
the symmetric group of the letters a,, d2,...@, similar to s must 
occur. Hence defining ¢,,¢,...2, to be the sum of all those 
substitutions which are formed of k cycles of orders 8,, 8;, ... B; 
respectively, it follows that 


es Gaye Oe Dg, (Shy case} tg, Bo, B, tttttseeeeee (11), 


where Ag, g,,... 8, 18 a numerical coefficient. 


If cycles of order unity, which are equivalent to the identical 
substitution, be introduced, we may suppose that the suffixes of 
te,, 6, ... 8, Satisfy the conditions 

= 


Bi + Bot... + Bp=n 


Shes ag ote Ce eey +t By. 


The ¢’s are now defined by numbers which obey exactly the 
same conditions as those which define the 7’s. The number of ¢’s 
must then be equal to the number of 7’s, let us say equal to M. 
Now the equations (II) may be regarded as a system of linear 
equations expressing the ¢’s in terms of the 7’s. Hence if these 
equations are all independent 


t,, Ibe. con (pe Die, On, +e. Sie Cs ca 
and in particular 


= ty, Wy copa Wax SAy Og) 2 Oy 


re 


i lees Gosia Oye s 


h 


If these equations are not all linearly independent, there must 
be a relation of the form 


{BT =0. 
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In order to prove the impossibility of such a relation, it will be 
shewn that 


(1) is AQ, «+ A, ae Ba,» a= 0 


when Ty, a,,..2, comes after Tg, ,,...g,, the T’s being arranged in 


the order defined above; and that 

(11) fhe see Ay + 0. 

Let S= PN be one of the n! pete of which! 2,05, snl 
the sum, where P denotes the product of the positive symmetric 
groups, and V that of the negative symmetric groups. Similarly 
let S’=P’N’ be one of the expressions of which 7'g,/g,,...g,, 18 the 


~ sum. If one of the groups of P’ contains a pair of letters contained 
-in any one group of JW then, § 278, 


NP =, 


Consider the tableau by means of which S is formed, a, is the 
number of letters in the top row, it is also the number of columns, 
and consequently it is the number of the positive symmetric 
groups in oe Again a, is the number of letters in the second 
row, and hence a@,—a, 18 the number of columns which contain 
one letter only. Similarly a,—a, is the number of columns 
containing exactly two letters, and in general a;—a;,, is the 
number of columns containing exactly 7 letters. 


If 8,>«a, there are more letters in the first row of the tableau 
for S’ than there are columns in the tableau for S. Hence one 
group at least of the product P’ contains a pair of letters belonging 
to the same group of V; and therefore ‘ 


ING ei: 


In order that NP’ may be other than zero, we must then have 
3, +a. If this condition be satisfied but 


Bit By > m+ a, 


we see that there are more letters in the first two rows of the 
tableau for S’ than can be arranged in the tableau for S with 
the condition that no three occur in the same column. In this 
case some group of V must contain three of the letters of the 
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first two groups of P’, and therefore two of the letters belonging 
to one of these groups. Hence if 


Bi +B, >% +, 
then NP’ =0. 
Again if Bit B,+ 83 >% +44 4, 


some one group of V must contain four of the letters belonging to 
the first three groups of P’, and again NP’ vanishes. 


Proceeding thus we see that VP’ is always zero unless 


at Bi, HtHHE B+ Po, ... Gtat tat Bit Bot... +8;. 
We deduce that if the first of the differences 


a—P,, O,— By, «.- 


which is other than zero is negative, then NP’ is zero, 1¢. if 
Ta,, ,..a, comes after 7’, 2, ..2, then 


NP’=0; 
and hence 


Te. Ce one Ts, [Pin cos om (2PN) (CaRENe) = 0. 
Next we must prove that 
fie (con Ch dhas CPS con = Dest (25 Soe are 0. 


For this purpose it is only necessary to shew that the 
coefficient of the identical substitution is other than zero. Now 


LEN Bi DNB, By, --- By EB, Bayo Bye 

but every substitution is similar to its reciprocal substitution ; 
hence if s be any substitution contained in fg, ¢,, ... g, 8”? must also 
be contained in this expression. It follows that in 7,,.,,...., both 
s and s! have the same numerical coefficient. In 7, .,,..., the 
only products which produce the identical substitution are those 
obtained when a substitution s is taken in the first 7, and s™ in 
the second. Hence the required coefficient of the identical 
substitution is of the form =A’, which, being the sum of a number 
of positive terms, cannot be zero. 


Let us now suppose that there is a relation of the form 


2B = 0, 
23—2 
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and let AZ... «,,...2, be the first term of this relation, the terms 
being arranged in the order defined above. Then 
et sy bt Pee OE 
And hence by the relation (1) 
ND 4, 0g) ns oy, = 95 
therefore by (ii) v= 0 


Thus no 7’ can be the first term in such a relation; in other 
words the equations (II) are linearly independent. Hence 


ewe er racer oe MPa it rele eh ON ALC, (III). 


281. The coefficients in this series have been calculated* but 
as their values. are not of importance for our present purpose we 
merely quote the formula 


II (a,—a,;—7r+s)\? 
Ag Cay soa ao = PS 
Seay ( Il(a,+h—r)! ) 


The substitutions s,s, and s,s, are similar, for 


$182 = 821 (S581) S82, 


their coefficients in the expansion of T7,,,,,,...., ave therefore the 
same. Hence since 


ie O25 v0 Ay a SPN, 
it follows that also 
fae Ag, wn. H, — SINTE. 


If Ts, @, .. By = “LE N’ comes before T7,,, a, ...a, it has been shewn 
that 


NP’ = 0, 

Hence also PN =; 
and NP NP 0: 
and [SN PALSNP] = 0, 
and therefore dy eet Se Pe et 


That is, the product of any two different 7”s is zero. 


* Young, Proc. Lond. Math. Soc. vol. xxxtv. p. 361. 
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Now multiply the relation (III) by ly Jes Ae a, We obtain at 
once 
dee Oo, vo» A, = ae Gay eon a fe Ag, +. Ap? 


282. By polarizing the form 


GO ton On = i 


once with respect to each of the sets of variables 


Xr (1) 493) Pere Ly 
a) — at”) Ln”) 
DN See cea, 


we obtain an expression which may be written 


{a@a® ... co} adage) ... &™ pln 


=— fa%a® ... a) a maga ... Ooi), 


If in F, each of the sets of variables is replaced by the 
original set 2, @, ... Z,, we obtain the form F from which we 
started. Neither the passage from / to F, nor that from F, to F 
affects the invariant properties of F, so that we may regard F and 
F, as equivalent. 


Similarly if f(a”, a®, ... a™) be an invariant linear in the 
coefficients of each of m quantics of the same order, whose 
coefficients are 

Cg Pe? 2 os (7 = 1, 2-7 Mm), 
then ag ae a, a? a) 


is an invariant which may be obtained by means of Aronhold 
operators from an invariant of a single quantic. 


Again if P be the product of h positive symmetric groups, 
which between them contain all the letters a, a4®, ... a™, but no 
two contain the same letter, then 


Pf (a, a, ... a™) 


is an invariant which may be obtained by means of Aronhold 
operators from an invariant of h quantics. 
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283. Peano’s Theorem. Let F(a, a”, ... a™) be a 
covariant linear in the coefficients of each of m binary n-ics 
(CARE ae PRE HA GK Nid a ii, 
Operate on F with the two sides of the identity § 280 (IIL) 
l= 2Ag Gy, ... Ay 1 Oy, ... Ay? 
then ROSA ear 
Now Tn, ANS 


where JV has a factor of the form 
fa%a® ... gM)" 
If h >n +1, then by § 275, 


fa%a® ... a)’ F=0, 
if h=n+1,_ 
faa ... al P=|a%a? ... a” |. ht, 
inv— 1 
ae aa = Vag ag | 


where (Q), Qi, --- Qn a, Z)” is a covariant of the forms considered. 


Hence when h>n +1, 


Drivin at =05 
when h=n+1, 7,.0,...0,/ is a sum of terms each of which 
contains a factor of the form |a%a® ...a™*) |; when h=n, 
Ta, 0, ...0,4 is a sum of terms of the form | a%a® ...a™Q|. 


Now the number of positive symmetric groups in P is h; 
hence by § 282, 7,,\.,,...4,/ is a sum of terms each of which is 
obtainable by means of Aronhold operators from a covariant of 
only h different n-ics. 


Let us suppose that /’ is a covariant type which does not give 
any irreducible covariant, unless we are considering a system of 
more than n n-ics. Then 


F = Pave Gay +++ Oy dip Oe o,f; 


ifh<nt1, Tu, a, ...a,f is reducible for it is obtained by Aronhold 
operators from reducible forms: ifh >n+1 


SES Cannes ey 0 ; 
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1s Bay vv 


andat h=n-+1, 7, o,/ is a sum of terms each of which 
contains a factor of the form | aa? ...a@” |, and is thus 
reducible unless m=n-+1. 


Hence every type of the binary n-ic which does not furnish 
an irreducible covariant for a system of n n-tcs is reducible, 
unth the possible exception of the invariant type 


eC a Ty) ihe 


Further it has been shewn that, if h=n, 7... «,,... a,” is equal 
to a sum of terms of the form | aa ...a%Q.. But if the 
invariant | aa ... a+) | is reducible, the invariant 


| ae ...a™Q | 


is reducible in the same way. Hence when the above invariant 
is reducible every irreducible type furnishes an irreducible co- 
variant for a system of n—1 n-ics. 


It has been shewn § 277 that this invariant is reducible when 
n is odd; thus the covariants of any number of cubics can be 
obtained by means of Aronhold operators from those for two 
cubics. 


Similar results may be obtained in exactly the same way for 
ternary forms, or for forms involving any number of variables. 


Thus all covariants of any number of ternary n-ics may be 
obtained by means of Aronhold operators from the system for 
n+ 2 
CS 


invariant determinant of ( 


)-1 ternary n-ics with the possible exception of the 


n+2 
OF 


being formed by the coefficients of one n-ic. 


) rows and columns, each row 


Ex. Shew that the determinant formed by the coefficients of six conics is 
an irreducible invariant of the system. 


284. Peano’s theorem was first proved by means of an ex- 
pansion due to Capelli*, which is virtually the same as the 
expansion used here, but is expressed in terms of polar operators. 


* «Sur les Opérations dans la Théorie des formes Algébriques,” Math. Ann. 
Ba. 37. See also ‘‘Lezioni sulla Teoria delle Forme Algebriche,” Ch. I. § xxi. 
by the same writer. 
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It is sufficient, in order to make the comparison clear, to point 
out that if f be a function linear in each of n sets of q-ary 
variables, d,, do, ... Gy; then 

; 
{Ay As eee ay} f= Sanh 


where A, is one of the determinants of the matrix 


[te OP eae apg 
Ao,1 Ae,2 As, q 

> 
| Oy Oho weccns Wh, 4 


and in fact is equal to Ha,,a,,..a,f where 
Fa,,a,,...0 ae = ZA,D,, 


D, being the determinant of ae matrix 


od AGO F 
| 00,3 Ody,» teeeee On, 9 

ge eo6 a 
| Od, Od, eeccee Ot, 9 
nose f 

Nina faq a 


obtained by writing a g ar d,s in each element of Ay. 


In the case of eats forms, if a,"b,” be polarized so as to 
obtain a function of m+n sets of binary variables, and then the 
identity § 280 (111.) be applied, we obtain a proof of Gordan’s series, 
§ 52, which is a particular case of the series of Capelli, The 
coefficients in Gordan’s series are not apparent, but it is possible 
to obtain them by these methods*. | 


Thus if SH Ay Az)... Alm) by bylad ... Dy, 
then y ines ee i) 
when h > 2. 


If h=2, we need only consider those expressions PN which 
are of the form 


PN= 


{ae a) ee api) yt) Foes y} {yO yir2) ae y™} {ae y uy ae {a r—B ym)" ; 


* See Young, Proc. Lond. Math. Soc. vol. xxxu1. 
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and in this case 
PN. f=P (ay) ... (a? y™) (ab) agin)... Aelmby) ... by, 
which may be obtained by polarization from 

CTE ALO aA A 


In just the same way we see that, if 2, y, z be ternary variables, 
az'"b,"¢,” can be expanded in a series each term of which may be 
obtained by polarization from a term of the form 


» (wyz)' (abe)' (abay)> (bowy) (cay) ag dybcg*, 


where 
(abay) =| A, 0, LoYs— LeYo | 
| Ay db, a4, — THYs | 
ad; 0s Ly Yo — LoYj | 
Let Uy = LaY3 — L3Yo 
Ug = L3Y1 — HY 
Us = Ly Y2— MY; 
then =O 


is the condition that the point z lies on the straight line joining 
the points # and y. Hence wm, w%, us are really the coordinates 
of a straight line. 


We see then that all covariants of ternary forms which contain 
any number of variables can be expressed in terms of polars of 
covariants which contain the variables # and u only. The w’s were 
introduced for geometrical reasons § 207, but it is now apparent 
that they are necessary to make the analytical theory complete. 

285. Let x”, #°),...%™ represent n sets of g-ary variables 

PIPE, CAINE AR) Ac pho! Dp -a sete 


Then if F# be a function linear in each of these sets, we see, in 
the same way as before, that PIF is a function obtainable by 
polarization from a function, not necessarily linear, of 


lst the single set Oy”, 04) os By”, 


2nd the determinants of the matrix 
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3rd the determinants of the matrix 
Pee aa corr ene x5” 
{eagle ane Sys 


| 
(3) » (3) 3) 
Wadena oF Sere ek’: 


OO ee se Ly") | 
FA A scl eos L_” | 
G9 a8 os x) | 


These may be all regarded as auxiliary variables. It will be useful 
.to denote the variables of the 2nd set, viz. the determinants of the 
matrix 


by the letter .2, with appropriate suffixes. Similarly the third set 
will be denoted by 5x and so on. 


Then in taking the complete system of concomitants of q-ary 
forms we have q—1 different kinds of variables which may 
appear. 


The geometric meaning of these variables is easy to obtain. 
A space of g—1 dimensions being under consideration, the variables 
& or ,@ represent point coordinates: the variables .v are line 
coordinates; the variables ,;# are plane coordinates, and so on. 


The linear substitutions by which these auxiliary variables are 
transformed, when any linear transformation of the point coor- 
dinates is made, are easy to find. The variables ;# and ,_,# are 
contragredient, and in fact 


> i@ g-ik 


is an absolute concomitant. As a particular case, when q is even*, 


this leads to a relation between the variables ,2. This remark 
j 2 
has already been illustrated for quaternary forms § 220. 


* The case of binary forms is of course an exception. 
| 
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286. Let az", az”, ... az” be any n linear g-ary forms; and 
F' a function linear in the coefficients of each. Then apply the 
formula 


F= BA, GBasherice fl Rene 


+O), ~~ Ay, G2, 
where substitutions interchange the sets of coefficients 
CUE each 


Consider the form PIF, it is a sum of terms each of which 
is a product of determinants of matrices of the form 


TPL Re as Oo Ag” 
Oi EO oe oie ag” 
CeO eae a," 


Moreover if NV has two negative symmetric groups of degree 7 
and A;,, B;,, represent determinants from each of the correspond- 
ing matrices (the particular determinant being defined by the 
second suffix), then every term of VF has a factor of the form 

| Air Bins 
Hence every term of PIF has a factor of the form 
A,B; wo A;,B;. 
as is evident when the tableau from which PW is constructed 1s 
considered. But this is a coefficient of the expression 
[ZA; iv] [=B; iw] 
which is a covariant since the a’s are contragredient to the a’s. 

Now if PN is a term of 7,,,.,,...2,, NV contains a, groups of 
degree h, a,_,— a, groups of degree h—1, and so on; hence PVF 
is a linear function of the coefficients of concomitants of the form 

7A Oe nA Ce aiave 7A (On) oe arg | Dee rele vA isa ee 

Thus every function of the coefficients of certain linear forms 
can be expressed in terms of coefficients of concomitants of those 
forms. 

It is unnecessary to assume that the function is linear in the 


coefficients of each of the forms, in order that the above theorem 
may be true. For the function can be made linear by means of 


364 THE ALGEBRA OF INVARIANTS [CH. XVI 
Aronhold operators, and after the above process the original 
coefficients can be restored without affecting the ivariantive 
properties in question. 

Further the forms considered may be symbolical, and we at 
once deduce that every integral function homogeneous in the 
coefficients of each of certain q-ary forms can be expressed as a 


linear function of the coefficients of the concomitants of those 
forms. 


APPENDIX I. 


NOTE ON THE SYMBOLICAL NOTATION. 


As we have said in § 82 the notation used in this work 
is really equivalent to Cayley’s hyperdeterminants. The great 
advance made by the German school lies in the possibility of 
transforming symbolical expressions, and, of course, in the proof 
that every invariant form can be represented as a combination 
of hyperdeterminants. The reader may feel the need of justifying 
directly the results obtained by manipulating umbral expressions 
and accordingly we shall indicate how the whole theory can be 
made to rest on differential operators. 


There are different ways of doing this. Salmon has remarked 
that, f being a binary form of order n, since 


1 0 ol Ne 
Iz (m5 +5) han 


we may regard f as being equal to 


ty 
Hie : mae 


(1% + G2. 


/O\P/8\4 
Cea EEN (tee 
where ay? a, an ene 
Hence we may suppose that 
ont ae 
1 ae OY, ? 2 a OY ) 


and that the final operation is on 


ty 


nl 
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Any symbolical expression can be thus at once transformed 
into one exactly like it but involving only differential operators, 
e.g. if 

f= Ay, co) = 2", 


then (aB)" Cn foo Pay tmat’ 


f C2 ; ; ia r , fs) ] m—r a i is 0 iam siy bz 
‘i re se (a, aa a, (a Tee a m!n! 


(see § 82). 


In any calculation we may omit the operand while we trans- 
form the operator. 


After this the reader who wishes to do so will have no difficulty 
in developing the theory of the symbols when they are regarded 
as differential operators. 


For another method see Kempe, Proc. L.M.S. vol. xxiv. p. 102 
and Elliott, Proc. Z.M.S. vol. XxxiIl. p. 231. 


Some interesting general remarks on the underlying principles 
of the symbolical notation will be found in Study, Methoden 
Terndire Formen; and some very curious remarks in Lie-Scheffers, 
Vorlesungen tiber Continuierlichen Griippen, p. 720. 


This is the most convenient place to give a brief explanation 
of the so-called Chemico-Algebraic theory—an idea originally due 
to Sylvester which has perhaps attracted more attention than its 
intrinsic merits deserve. 


In this theory an atom in chemistry corresponds to a binary 
form in algebra, and the valency of the atom to the order of the 
form. To each unit in the valency of an atom, in the chemical 
theory, a bond is supposed to correspond, and each such bond can 
connect the atom in question with an atom of valency one such as 
Hydrogen. Thus Oxygen is of valency two, and there exists a 
compound OH, which is written graphically 


H—O—H, 
there being two bonds proceeding from O and one from each H. 


- Since each unity in the order of a form gives rise to one 
possibility of transvection with another form, the analogy is evident 
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—if we have a binary quadratic 0,’ and two linear forms hy, h’, the 
formula OH, corresponds to the algebraic expression 


(oh) (oh’) 
an invariant of the three forms. 


Then Carbon being of valency four we have the compound 
(Marsh Gas) 
H 


| 
(CUorei =Car 


| 
H 


and this corresponds to the invariant 
(ch) (ch’) (ch”) (ch’”’) 
of a binary quartic and four linear forms. 


The four hydrogen atoms in CH, are supposed on chemical 
grounds to occupy similar positions* in the structure of the 
compound and hence CH, is more naturally like 


(ch) 
an invariant of a quartic and a single linear form h,. 


Then the compounds CH,Cl, CH,Cl, etc. may be supposed like 

the invariants 

(ch)? (ck), (ch)? (ck) 
where & is written for Cl and we see in the chemistry an analogue 
to polarizing in algebra. 

Guided by the above the reader will have no difficulty in 
writing down an invariant corresponding to any graphical formula 
however complicated—in fact the algebraic form of the invariant 
is only a different (perhaps a more concise) way of writing down 
the chemical formula. 


Difficulties arise when we recollect that some atoms have 
apparently different valencies illustrated by S in SO, and H,S, 
for of course a binary form can have only one order. Gordan 
and Alexeleff suppose that the corresponding algebraic form is 
then polarized. Thus 8 in SO, would correspond to S,4 and S in 
H,S to S,?8,? and now the degree available for transvection is two. 


* For an explanation of this and the other chemical facts we have referred to 
see Scott, Chemical Theory, chap. vt. 
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The idea has been developed by various writers in the 
direction of making the algebraic methods graphical (references 
in Meyer) and lately Gordan and Alexeleff *\have written several 
papers in which the algebra is applied to chemistry ; the papers 
were criticised by Study+ and from the objections and the replies 
the reader may be able to form his own opinion. We venture 
only to remark that the wonderful feature of the algebra is the 
capacity for reduction, and that, unless there is something cor- 
responding in chemistry, the whole theory seems to be no more 
than a superficial analogy. It is of course certain that a reducible 
invariant often corresponds to a stable compound—moreover the 
general features which lead an algebraist to suppose a form 
reducible and a chemist to suppose a compound unstable are as 
“nearly opposite in character as they can be. 


It hasbeen stated in Chapter 1. § 21 that there are two 
ways of obtaining relations between concomitants symbolically 
expressed, viz. : 

(i) By means of the fundamental identities 

(bc) dz, + (ca) b, + (ab) cz = 0, 
(bc) (ad) + (ca) (bd) + (ab) (cd) = 0 ; 

Gi) By means of the fact that a concomitant is left unaltered 
when a pair of letters which refer to the same quantic is inter- 
changed. 

We give here a demonstration of the fact that all relations may 
be thus obtained?. 

Let F(C;)=0 be any identical relation (supposed rational 
integral and homogeneous) between concomitants C; of any system 
of binary forms. 

Let F(C;) =P; 
each term P; being itself a concomitant. Also let 

GAGs Assert A GUO Wi Op el are 
be one of the quantics of the system. The introduction of the 
symbolical notation may be effected by operators like 


Ae aes Lae eel + Te ae 
OA tO AWe tae ede 


* Wiedemann’s Annalen der Physik, 1899, 1900. + In Wiedemann. 
+ Cf. Gordan, Invariantentheorie, Bd. 11. § 117. 
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operating on F(C;). These operators do not destroy the property 
that F'(C;) considered as a function of the coefficients of the 
quantics is identically zero. 

Hence if F'(C;) =P; becomes SII;,, where each term I]; is a 
symbolical product of factors of the forms (ab), az, 

S,=0 
considered as a function of the symbolical letters. 

Owing to the manner in which the symbolical letters were 
introduced no distinction was possible between two letters which 
refer to the same quantic, hence XII, is unaltered by any inter- 
change of two such letters, and therefore the second method 
of obtaining relations between forms will have no effect here. 

Let a, ds, ds, ... a, be the symbolical letters, and 1, me, ... My 
the orders of the quantics to which they refer—if the forms I], 
are covariants we shall suppose that a,.= 4, @,;=—«#, and that 
n, is the order of II. Then applying the theorem of § 47, w being 
replaced by a, and y by a, we obtain 


II, => HS; (a, Gy)! E a ics (>0,], 
j=0 Oa, 


where SII; does not contain dy. 

Now XII;,=0, hence every term of this series is identically 
zero. For if the jth term be the first which does not vanish, we 
may divide by (a a,)/, and then put a, = a,, whence 

Ay [21,4] = 0. 

But this series is merely obtained by repeated use of the 
fundamental identities (see § 46), hence the reductions used so far 
belong entirely to the two classes mentioned. 

It may happen that SII,” is not identically zero considered 
as a function of symbolical factors. In this case we may apply the 
same process again. 

Each time we do this the number of letters in the function 
under consideration is reduced. Hence in (r—2) steps at most 
the expressions are reduced to expressions which are identically 
zero when considered as functions of the symbolical factors—for 
when only two letters are left there is only one possible symbolical 
factor. 

Thus the identity #(C;)=0 is made to depend entirely on 
the two fundamental methods of reduction. 


G. & Y. 24 


APPENDIX. IT. 


ON WRONSKI’S THEOREM AND THE APPLICATION OF 
TRANSVECTANTS TO DIFFERENTIAL EQUATIONS. 


THE form of Wronski’s theorem used in § 189 is not the usual 
one, but the determinant, which there vanishes, can be transformed 
in the following manner. 


If fH ae; 
of n! 


then et g ING fel 
Ox, Ox (n—A—p)! ” agen 

and 
orf n!} 


a ee 
Hes 0x, Ore 5 (n See ) ois EOE (Gy =, A,X, )* 


n!} 
GS ae {Cz fo Oz Ay ie ae . 


It follows that 


ir A+ 
ae =A,“ EF A a on at Al oP Geb 


a Ox, Oar, 0 vn Om, t#’ 
where the A’s are numbers depending on n, 7, A and p. 
Now in § 189 the determinant whose typical row is 


aye ioe Mas 


Oe Onl Om Oa 


vanishes, hence so also does that whose typical row is 


aly Ae Cae 


4 w. w 
On"? —* Ox," Oa?" ? Ory? 
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On using the value found above for 
of" 
On Ga. 
the typical row of the determinant becomes 


fe Ne ee 


A,” f’ +A," ee ay os Oa ne a 


and since this determinant vanishes we infer, on modification 
of the columns, that the determinant whose typical row is 
af ay’ 
On”? “ont? a 
vanishes. 
It we replace #, by unity in the /’s, this is the usual form 
of Wronski’s determinant. 


For the sake of completeness, we shall give an easy proof 
of Wronski’s theorem. 


If wy, Ue, -.. Una: be n+1 functions of a single variable 2, and 
the determinant whose rth row is 


du, du, Ou, 
Or da? dat? de® 


vanish, then there is an identical relation of the form 


AyUy + Age +... + Andi Uns =O, 
where the 2’s are constants. 


In fact the vanishing of the determinant is the condition that 
the w’s should be solutions of the same linear differential equation 
of order n, say 


dvy ay 
a + py ia +... + Pny =0. 


Po 
We have therefore to prove that such an equation cannot 
have (n+1) linearly independent integrals. 


The theorem is easy to establish when m is unity, so we 
assume it true for »—1 and proceed inductively. 


Now w, being a solution of the equation of order n, write 


y =u, fwdz. 


24—2 
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It is quickly seen that w is given by an equation of order 


n—1, say 
dw dw 


qo Gat +H Gama te + nw =0, 


and this equation is satisfied by 
d (‘) d 2) d (=) 
da\u,/’ da & NG tt 
hence by hypothesis there is a relation of the type 


a 7 ts ad /Us dQ (Unsa\ _ 
Ne (2) + Ne ade) +...4+ Nati ApS ("=") — 0. 


Integrating and multiplying up by uw, we obtain a relation 
‘of the form 


Ayla + AgUe +--+. + Anny = 0 


between the (7+ 1) functions w,so Wronski’s theorem is completely 
established. 


The application of the result to the (r + 1) functions f shews 
that if 7 be replaced by unity, there is a relation of the type 


Mfitrrfot + Meir tran =, 


and then making each f homogeneous again by the introduction 
of x, the result quoted in § 189 follows at once. 


The device of changing from differential coefficients with 
respect to two variables to differentiation with respect to a single 
variable is often useful. 


For example, the rth transvectant of 


VE = Ag, co) = be 
18 ab = (ab)’a2"b,". 
Thus tb = (4,b,0,;—4,b,9,)a," 7b," 


— (a,bz are Ayb,)" Oe 


as a” *a,"b,” A Tog IG Tb Pao, ae te (- Lya hb ba 


(n—r)! of EAC leg OY (m—1)! of OT 


TN On & n! m! 0," 0x, 


+(-1Y (m—r)! oa 


m\ oa," 
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Applying this to the nth transvectant of two forms f and ¢, 
each of order n, we can reduce the problem of finding a form f 
apolar to ¢@ to the solution of a linear differential equation of 
order n; it follows at once that there are not more than n linearly 
independent forms, and moreover from the algebraic theory we 
infer that all integrals of the equation are polynomials in 2. 

Conversely a differential equation whose coefficients are poly- 
nomials can be reduced to a relation between transvectants. To 
give a simple example, consider the equation 

dy dy 
dae “de 
the P’s being polynomials in a. 


2 + P+ Py=0, 


If di, $2, d; be three forms of orders 7,, 7., 7; respectively, 
and f be a form of order n, 


(Sor) =S¢:; 


il tater 
(foo) =o -* aa 


; ae ef 2 dd; Of 1 Ops 
Ly (fo:) ae n (n = 1) bs 02? os nr; Ox, On, * Ts (7 aia ed 


Now replacing «, by unity as usual, we can choose ¢y, 2, $3, 
so that 
i a (fobs)? + %2 (fox)! + ( fbi)" = 0 
is the same as 
Je oS +P, oP = 0, 


a in: Fo 
for the transvectant relation is 
1 af D, af dds rt i! fue 
n(n—1) $s dx? nr,dx, dz, 1. ae ear 
AER oa 
and we must have 
1 
os a we 
2 dds 
n ibm ae dx, 28k 


1 dd, 1 @¢s _ 
a %, dx, cs 13 (73-1) dx? Ps. 
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The first equation gives ¢; and its order is that of P,, the next 
equation gives ¢, and then the last gives ¢,; hence the trans- 
formation is always possible, but of course the coefficients depend 
on the order of the form / that is chosen to represent y. 


References to further developments in connection with Differ- 
ential Equations will be found in Meyer’s Berichte and in Klein’s 
lithographed lectures on Linear Differential Equations of the 
Second Order. 


APPENDIX III. 
JORDAN’S LEMMA, 


In Chapter Iv. great use was made of this theorem:—If 
“+y+z2=0, then any product of powers of x, y, 2 of order n 
can be expressed linearly in terms of such products as contain one 


2 
exponent equal to or greater than a 


In § 64 a proof due to Stroh is given. We shall now give 
a simpler proof’ in which a much more general theorem is 
incidentally established. 


The general theorem may be stated as follows :— 
If Gage a gia wks 
be a system of 7 distinct linear forms and 
DAG eens 
be r positive integers satisfying the relation 
a+ @B+yt+..=n—-rt+l, 


then it is impossible to find binary forms 


Ja teed 1h Be 
of orders DRC ys Ras pare 
respectively such that 
Of=t Att bee BD Pee! Chae Omer sens noes (1). 


In fact, suppose that such an identical relation exists and 
operate a+1 times with 


0 0 


78 Be, =r CUy Ain, = 


D. 
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It is easily seen, by making a, zero, that D** annihilates a 
binary form of order » only when that form contains the factor 
a,"—*; hence since az, bz, cz,... are all different, we have 


6,2 Poel BC ot yet a a On eee (Dy 
where go Os ey 
are of orders Bevse. 


respectively and do not vanish identically unless 


Joy Sis. 3 


do also. 


The relation (II) is of the same form as (I) except that r is 
changed into 7—1 and n is changed into n—a-—1 for 


B+yt...=n-—r—a+l=(n—a—1)-—(r—1)4+1. 


Now a relation of the type (I) is impossible when r = 1 for any 
value of n unless the form A (the only one occurring) vanishes 
identically, hence by induction it is impossible for all values of x 
and the theorem is established. 


The forms ASB ye: 
involve atl, 8+1, y+1,... 
arbitrary coefficients respectively, or in all 
a+B+yt...¢r=(n4+1). 


Any binary form can be expressed linearly in terms of (n + 1) 
linearly independent forms of the same order, and since there is no 
identical relation of the form 


Az? * A oe b,"-# B + CY (Gy + eee = 0, 


it follows that any binary form of order m can be expressed 
uniquely in the form 


dg” A +b," B+¢,"1C +..., 


where dz, bz, Cz,... are all different, A, B, C,... are of orders 
a, 8, y,... respectively, and 


at+B+yt+...=n—-—rt+l1. 
Consider now three linear forms 
uv, Y, 4, 


where z=—(#+y) and a, y are the variables. 
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It follows from the above that if 
at+B+y=n-2 


then any homogeneous expression of w, y, z of order n can be 
expressed in the form 


gnr-a P pte yf Q + gy R, 
where P, Q, £& are of order a, 8, y respectively. 


In other words, changing a into n —A, 8 into n — uw and ¥ into 
n—v, any homogeneous product of order n of w, y, z can be 
expressed in the form 


oP + y*Q+ 2” R, . 
where A+ ptv=2n+2, 
and the expression is unique. 


This is Stroh’s generalized form of Jordan’s lemma given in 
§ 64, and the lemma itself follows at once since we can always 
choose integers A, mw, v satisfying the relation 
N+ mtv=2n+2 
2n 2n 2n 
d NZ 2 > a 
= ee ere 


On expressing P in terms of # and y, @ in terms of y and z, 
and # in terms of z and a, it follows that any homogeneous 
product of order of a, y, 2 (2+y+z=0) can be expressed 
linearly in terms of 


Gye. gra Yy, a ae, eh a aes 
re I ee es, ee oe ed yt gn-K 
Ae IE) ms SOI oa tae) FL me 


and the same would still be true if z were changed into # in the 
second row. 


The reader will have no difficulty in modifying the above so as 
to obtain another proof of the fact that the general system of 
apolar forms constructed in § 178 contains n linearly independent 
forms. 


APPENDIX LY, 
FURTHER RESULTS ON COVARIANT TYPES. 


THE expression given in § 262 for perpetuant types, may be used 
to determine the perpetuants when the forms are supposed not all 
different. 


The result (using the notation of the paragraph referred to) 
for one quantic is 
Aa =l+ Es_, 
' Ag—2 = 2+ Es, ar E35 


eee ee) 


Mma PF + Fi thiot... +& 
Ay = 2974 2 (Esp + G+... +& 4+ &), 
where all the &’s are zero or positive integers. 
For two quantics the covariant can be written in the form 
(Ay iy)? (a Ay)? «. « (Uj Uj) 1-1 (A,B, )% (D1 2 )F* (b,5)F2 ... (Bj 1b; Pia, 
where the a’s refer to one quantic and the 0’s to the other; the 
indices satisfy the conditions 
Balt § 
B12 2+ G4+G4 
Bi= 27? 4+ 64+ 1+...+ 0 
a=WI+54+ 5 4+...+8 
a,1=2)+&_, 
Go = QI + E+ Ei» 
a, = 2S +E +E at... + & 
2a, = 27724 2(E_.+8.4+...4+&). 
For the proof of these results see Grace, “On Perpetuants, 
Proc. London Math. Soc., vol. XXxv., p. 219. 


” 
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The reasoning of this paper for the case of a single quantic 
may be applied to types, with the result that all perpetuant types 
of degree 6 may be expressed in terms of products of types and of 
types of the form 

(GOs) (ag) ss (Ag24 As) 6-1; 
where the 2's satisfy the conditions laid down above for types for 
a single quantic, except that 
y= 23-2 (Es 1 Es_.+ ia 2) oe &,, 
and where the order of the letters a,, a,,... is no longer fixed. 

The method of §§ 262, 265 can be extended to the case of any 
concomitant which is linear in the coefficients of each of certain 
binary forms 

y,™, Ge”, o0+ Oy,"5- 

Thus any such concomitant can be expressed by repeated 

transvection in terms of 


(i) forms of the type 
(( ... (((Gy G2)" G3)*2G4)*8 ... g_1)*8-2.05)*8-1, 
(ai) reducible forms. 
The relations satisfied by the indices are however somewhat 
complicated. They are given as follows :— 
A reduction (in the sense of § 265) is always possible when 
r, < 2° unless one of the following conditions is satisfied : 
Mi +E (2Ayz + 29 — 444) > — (2° *— 1), 
ri + EY (2Aj + 2S — 4.) > nm. — (28 *- 1), 
rN > Nia, — (25-* — 1), 
where 6>2>,/>1, but 2 and ) are otherwise unrestricted, as also 
is the number of terms under the sign of summation—in particular 
there may be none. 
In general, the condition that \,=2°?—a may not mean a 
reduction is that certain positive integers, 


A, (0), f2(9), fs (0); 
Ai(&) So (&); Ss (1) é, = 1; 2; 
AE, &) Als &) fa(Er &), G&=1, 2: &=1, 2; 


Rem em eee Re HEHEHE DH EHEHEE HEHEHE HEHEHE EE EEE HEHE EEE SESE EEO EE 


Ai(&, é., rege Ea Aa (1, &,, sieve. &,), WEACsE ae e588) E,.), 
rae 2s ep 1 2iess Ep = 1c, 
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can be found such that 
2=f,(0)+f:(0) + fs(0) +f) +f (2) 
FO=AO +h +hlOt+KE D+F 2) 


ee eee ee ee 


FEL, €o, + &)=filG, Ge, --- Ee) +falGr, &, --2 E>) 

+fs(&1, Ee, «++ Er) (Gs Eo, «01 Ep, 1) +f(E; & --- Eomeye 
(where the quantities f(&, &, ... &,) are positive integers which 
satisfy 


TACSE E., <0 E,, E41) > 7 mY = ales, &, eee E,) — fz (Ei, é; eee £,) 
when &,+ & +...+ & + &i,+7 1s odd, and 
FE, Gay wee Ges Eras) & 27? — fa Gr, Fe, -.- &) —falGr, Sa, arma 
when &,+ & +... + & + &1,+7 is even); 
Arte $27? + h(E, &, -- &)>m+tfAlb, &, ... &)—1*, 
rte + ra bo(b1, Ea, <> &) > m+fol&, &, ... &)—1, 
Negg th 2°03 — f (Eis Eo, cee: Ep) > Menta es (eis Say een ee) eae 
where, finally, the ¢’s are defined by the laws 
Pi Ernieen oe Sr) +f (Es, F251.) — Dy (ine Speen) Go) 
= f(&, é., sete E,5)) 


is zero if n+ &+&+...+€, is even, but if this sum is odd, the 
expression considered 


= (2rrp1 + 27 — Me) — 21F (Er, be, -- Ea) —f(K, be, «- ED, 
and $, (0) =—-a=—f (0), 

o:(1) + f(1) = 2 — 21 F(0) -—f)} 

$,(1) +7) = 0, 

oi (2) + f(2) = 0, 

fo (2) +f (2) = fe — 2 (Ff (0) — f (2)}. 


* In case f, (&, &, ... &) is zero, this inequality need not be satisfied; this 
remark applies also to the other two inequalities. 
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